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SOLVING POSITIVE (SEMI)DEFINITE LINEAR. SYSTEMS BY
PRECONDITIONED ITERATIVE METHODS

Y. NOTAY «

Abstract. The use of preconditionings obtainéd by so called modified incomplete factorizations
has become quite popular for the POC solution of regular systems arising from the discretization of
elliptic PDE's, Our purpose here is to review their recent extension to the singular case. Because
such conditionings may themselves be singular, we first review the extension of the general theory
of polynomial acceleration to the case of singular preconditionings. We emphasize that all results
can be formulated in such a way that they cover both the regular and singular cases. Examples of
application are given, displaying the superiority of the recently developed factorization strategies,

Key Words. Iterative methods for linear systems, acceleration of convergence, precond.iﬁmﬂng.

1. Introduction. Let A be a symmetric positive (semi)definite n x n matrix
and consider the consistent, system

(1.1) - Az =t

with b € R(A) (see below for notation). In the regular cese, the PCGQ method with -

preconditioning arising from modified incomplete factorizations has become a popular
technigue and our purpose here is to review its recent extension to the singular case.

in two stages, both of which will be reviewed here :(1) the extension of the general
theory of preconditioned polynomial iterative methods to the case of possibly singular
preconditionings, ¢f. [23], and (2) the more specific theory of modified incomplete
factorizations of possibly singular Stieltjes matrices, cf. [24). We shall additionally
stress that all results can be formulated in such a way that they cover both the regular
and singular cases with, in the latter event, both regular and singular preconditioners.

We are therefore first interested here in preconditioned (polynomial) iterative
methods for solving (1.1). That is we first make some splitting of the system matrix

(1.2) A=B-C

where the ” preconditioner” or ”preconditioning matrix” B is symmetric nonnegative
definite with ' :

13) N(B) C N(A)

Then, (1.1) is solved by an iterative scheme of the following form, starting with an

arbitrary initial approximation Ty !

* Université Libre de Bruxelles, Service de Meétrologie Nucléaire,50, av. F.D. Roosevelt, B-1050
Brussels, Belgium. Author's research is supported by the "Fonds National de la Recherche Scien-
tifique” (Belgium) - Aspirant, .
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For k = 0,1... until convergence do

(1.4) Solve Bor = b—Azy

-2

(1.5) | e = g4 ) didrei
i=0 '
E>i

(1.6) Trpr = 23 + ap by

where 8 > 0 is the order of the method (6x = g for first order schemes) and where
the paramefers ay and di are determined by the choice of an actual method. It should
be noticed that the system (1.4) to be solved at each step is consistent if and only if
R(A) C R(B), i.e. because symmetry, if and only if N(B) C M (A), giving rise to the
condition (1.3). This remark also shows that, in the singular case, there is no reason
to enforce A(B) = {0}, i.e. to consider only regular preconditionings. We shall
actually see in the following that all classical iterative schemnes used in the positive
definite case do extend to the semidefinite case, with both singular and nonsingular
preconditionings. . _

On the other hand, regarding preconditioning methods by modified incomplete
factorizations, the algebraic framework of the regular theory, cfr [3], [4], [6], [7], 8],
(91 , {10}, {11}, [12], [16], assumes that A is a nonsingular Stieltjes matrix (i.e. a
positive definite matrix with nonpositive offdiagonal entries) and we shall show how
this framework extends to the case of a singular Stieltjes matrix (i.e. a positive
semidefinite matrix with nonpositive offdiagonal entries).

It will further follow from the general theory of polynomial acceleration that the -
spectral reduction technique (called spectral equivalence in the case of discrete PDE’s)
used in the regular case to reduce a general symmetric positive definite matrix A to
Stieltjes one, also extends to the singular case.

. General terminology and notation. All vectors belong to €"; all matrices
are n x n real matrices. :

The symbol A}, A*, N(A), R(A), o(A) and p(A) denote, respectively, the trans-
pose, the Moore-Penrose inverse, the null space, the range, the spectrum and the
spectral radius of the matrix A. '

By Pp,r we denote the projector with null space L and range M (this notation
implying that L and M are complementary subspaces).

If Ais an n x n matrix and T a subspace of C®, we denote by A |p the linear
operator in C” defined as the restriction of A to T.

The order relation between real matrices and vectors is the usual componentwise
order : if A = (a;;) and B = (b;) then A < B(A < B)ifay; < bij(as; < byj) for all i, j;
A is called nonnegative (positive) if 4 > (4> 0). If A = (aij), we denote by diag(A)
the (diagonal) matrix whose entries are a;;8;; and we let of fdiag(A) = A— diag(A).
By e we denote the vector with all components equal to unity; by a ”(0,1) matrix”,
we understand a matrix whose nonzero entries are equal to unity. :

We shall also need a few graph concepts; we refer to [15], (18] for general termi-
nology about matrix graphs with the warning that, unless otherwise stated, all graphs
considered here are ordered undirected graphs with node set [1,n], i.e. the ordered
set of the first n integers or (when subgraphs are considered) some subset of 1,n). In
addition, we introduce the following more specific graph notions.
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DEFINITION 1.1. An tncreasing palh in 4 graph is a path i,,41,49,...,4; such
thali, <i <ip<...< .

DEFINITION 1.2. A node E of a graph G is clalled a precursor (successor) of
the node i of G if {i, k} belongs 1o the edge set of G with k < ¢ (k > i). The set of
precursors (successors) of i is denoted by P(i) (5(2)).

DEFINITION 1.3, For any node i of a graph G, we define the ascent Asfi) of i
as

As(t) = {k| There exists an increasing path from k to i} .

1t should be noticed that i € As(i) because a path of zero lenglh is an increasing
path.
DEFINITION 1.4, For any pair of nodes i and j of a graph G, we denote by

Pe(i,5) = P(i) N P(j)

their set of common precursors; we further define

Po(G) = | Peti,s)
f,7=1
i#]

If G is the graph of an n x n matriz A, we also write Pe(A) for Pc(G).

2. Iterative schemes with possibly singular preconditionings.

2.1. Convergence analysis. For covering the singular case, we need to avoid
assuming the matrices are invertible. The key of our ability to extend the regular
- theory lies thus in the use of generalized inverses. Some of their properties, needed
for a good understanding of the paper, are recalled in the text. We refer to [13] for a
more detatled exposition. ’ :
First, we assume in this paper that the operation (1.4) is achieved by the appli-
cation of a linear operator, that is, there exisis some matrix, say X, such that (1.4)
reduces in practice to -

1) g = X(b— Azy)

(as usual, it does not mean that X has to be computed explicitly). Now, g = Xy is
a solution of By =y for all y & R(B) if and only if BXy = yfor all y € R(B), ie. if -
and only if .
(2.2) BXB=1B

that is, by definition, if and only if X is {1}-inverse of B. It follows then [13] that

there exists some subspace S complementary to A(B) such that

(2.3) . ‘ X B = Pspp
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which means. t}hat‘ for any y € R(B), g = Xy is the unique solution to Bg = y that
belongs to S. Finally, it turns out from these remarks that, for all y € R(B)

(2.4) Xy = Ps By

where B(!) denotes any (other) {1}-inverse of B. :

The Moore-Penrose inverse B+ of a matrix B is a particular {1}- inverse which
verifies some additional properties. When B is symmetric, it is symmetric and can
be characterized by its eigenvectors and eigenvalues which are such that

- (2:5) Btz = Atz & Br=1)=z
with
A1 ifA#£0
+
(2.6) AT = { 0 otherwise

Using (2.4) with B() = B*, we can rewrite the iterative scheme (1.4-6)

(2.7) g = Psupy BY(b- Azy)
8~2
(2.8) = @+ Z diék—i;l
H=0
E>i
(2.9) Trpr = 2p+ag by k=10,1,2.

Further, it is of interest to also include in our analysis the schemes in which the
solution is at each step projected in a prescribed subspace T' complementary to N (4),
i.e. the schemes where the following is used rather than (2.7):

(2.10) 9k = Ps ygyBT (b — Azy) 9 = Pr a0k

Finally, because (2.7), (2.10) are particular cases of

(2.11) o= Q B¥(b— Azy)

where () is some projector such that

(2.12) - N(B) € MQ) C N4),

this formulation will be used from now on.
The scheme (2.11,8,9) is actually a polynomial acceleration of the basic uhaccel-
erated iterative scheme .

(2.13) Vhgl = U + QB"'(IJ — Avk) k=012,
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and polynomially accelerated iterative schemes in the positive (semi)definite case with
possibly singular preconditioning are studied in detail in [23]; we shall only briefly
recall here the main issues of this work.

First, letting (1) be the sequence generated by (2.11,8,9) with given z,, defining

(2.14) V =R(BTA) and Q= Py aa)

and letting 2} =5 zx for all k, it is stated that, for any (semi) norm | . { whose kernel

is N{A4) :

(2.15) | zx — 2 |=|zp — %]

for all &, T such that T=Q z. Whence, the convergence analysis of the sequence {z)

may equivalently be made on the sequence (Z). It is further shown that the latter
is identical to the sequence obtained when using the same iterative method (i.e. the

same s, di,, a;) with starting vector Z,=Q z, in order to solve the regular system

(2.16) Aly z=6

with the regular preconditioning

(2.17) . (B lry) ' =By
With the additional result

(2.18} - e(Blv) ' Alv) = o(BT AM{0},

we reach the conclusion that all classical methods used in the regular case for the
determination of the iteration parameters di, ax apply to our general iterative scheme
(2.11,8,9), provided that ”the extremal values of o(B~'A)” is understood as "the
extremal values of o( B+ A)\{0}". By way of conclusion, we find of some interest to
mention here that this reduction to the regular case is convenient but however nof
necessary for proving our results. Indeed, vsing generalized inverses in the classical
proofs for the regular case, we can cover directly both the regular and singular cases.
The interested reader may refer to [22].

2.2. Practical schemes. We have already mentioned that all classical methods
apply to our more general feature without any change except in the way of defining
the extremal eigenvalues associated with the preconditioning. We shall therefore not
review them, referring the reader to the litterature [1}, [3], [17), [20]. A brief summary
in which the singular case is included is also presented in [23].

We however reach some additional results for the following methods.

The extrapolation method. It is a first (s = 1) order scheme. For such a
scheme, letting
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P(v) = f:[(l — agvs) for _ E>1

My=  max |p()]

vee(B+AN(0]

the error evolution formula is given by
lz—zz |a< Mpfe—w,la

where | . |a4= +/(., A.} denotes the A-(semi)norm and # any solution to (1.1}. . The
extrapolation method is associated with ey = 7 for all k > 0, the basic unacceletated
iterative method being included with r = 1. Letting vynin and vy, denote respec-
tively the smallest and the largest value of o( B A)\{0}, the method is convergent if
7 < 2/Vinaz with then My = [maz(| 1— mmin ] TVmes —1 [)J¥. The optimum is thus
reached for 7 = 2/(Vmaz+Vmin ), which leads to My = [(#maz = Vmin )/ (Fmaz +Vmin 1% -

‘When A is a regular Stieltjes matrix and B = diag(A) (i.e. the point Jacobi
preconditioner), the basic unaccelerated method (r = 1) is convergent (see [27]).
Further, if the system fo solve is the 5-point finite difference approximation of a second
order elliptic PDE, I — B! A is cyclic of index 2 [27] and therefore ¥nae = 2~ Vmin,
showing that the optimum is effectively reached for ¥ = 1. On the other hand, when
the PDE is a pure Neumann problem, A is (with the same 5-point finite difference
discretization) a singular Stieltjes matrix (see definition below). With B = diag(A),
- we have still that I— B~ A is cyclic of index 2, whence ¥max = 2 and the unaccelerated
method is no more convergent. If, however, one uses a, = 1/2 with gy = 1 for k > 1,
then p(v) = (1 —v)¥~1(1—v/2), showing that this method is convergent if and only
if Uinas < 2 with My = [mez(] 1 — timin || Voo — 1 )IF~1, where vmu denotes the
maximal value of o{ Bt A)\{2}. Moreover our assumptlons imply v, .. = 2 = Viin,
so that My = [(¢y0e — umm)/ (V) az + Vmin)¥ 71, showing that the convergence rate
is then about the same as in the regular case. 'I‘he same remarks also hold for the
block Jacobi preconditioner.

The steepest descent and the conjugate gradient method. These respec-
tively first (s = 1) and second (s = 2) order methods present the particular feature
that the coefficients a), and df are computed during the iteration process according
expressions which involve the vectors zx and §;. Therefore, for that the convergence
result given above applies, the coefficients are to be computed, in the singular case,
not directly with the vectors 2z, 8, but with the vectors of the corresponding regular
method which solve the regular system (2.16) with regular preconditioning (2.17).
However, it is obtained in [23] that we may equivalently use the classical expressions
with the vectors z;, 6 as they appear in the iterative scheme (2.11,8,9). Namely, for
the conjugate gradient method, using

(b- Aﬂlk,ﬁk) 49 = (b— Al’k,gk)
(bp,A8) 7 F T (b— Azp1,9k-1)

we obtain the coefficients which minimize the A-(semi)norm |. [4 of the error among
all the schemes (2.11,8,9). One can find in the litterature {{5],{26]) some developments

(“2.19) | ay =
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about the convergence rate of this method in connection with the eigenvalue distri-
bution. It turns out that all these developments extend to the singular case, provided
that "the eigenvalue distribution in o(B~!A)” is understood as ”the eigenvalue distri-
bution in o( B+ A)\{0}”. Note that (2.19) allows the same implementation techniques
as in the regular case. A proof of the optimality properties that covers directly both
the regular and singular cases can be found in [29).

2.3. Numerical stability. For studying stability, we have to consider, rather
than {2.11,.8,9)

(2.20) g = QBY(b- Azy)
82
(221) b = @+ Y difeoi
f=0
k>i
(2.22) Crpt = T+ apbp e k=0,1,2,..

where €, assumed to be small, also synthetises the perturbations that may appear
in (2.20) or (2.21). Now defining the sequence (z)) by 7 zé zy, for all k (where (3 is
defined by (2.14)), it follows from the above mentioned results of (23] that (%;) may be
viewed as the sequence resulting from the perturbed iterative solution of the regular
system A |y & = b with regular preconditioning B |y. Thus, the stablhty analysis
of an iterative method in the regular case applies to the sequence (-"51;)- Further, one
easily sees with Lemma 4.1 of {23] that for all k& > 1

' ~ k-1 -~
(2.23) z=Q +(I-Q Qo+ Y (I-Q Qe

i=a

showing that (2.20-22) (with £, assumed small) will be stable if and only if the
corresponding regular method is. The stability analyses made for the regular case
extend thus to the singular case. (One easily verifies in addition that the particular
implementation we suggest above for the extrapolation method in the singular case
is stable because | 1 — azv |< 1 for all v € o(B* A)).

Besides these general aspects, Kaaschieter has pointed out in [19] that, in the
singular case, some particular stability problems may appear when using the steepest
descent or the conjugate gradient method. Indeed, we have to care that the condition
b € R(A} is not achieved in practice, due to roundoff errors. Generally, it is not
cumbersome, because a small perturbation to b leads to a small term e, in (2.22), and
if the iterative method used is stable, there will be no further problem. But, when
using. the steepest descent or the conjugate gradient method, we have to take into
account that a; is computed with the formula (2.19) in which & is involved. In order
to see what may happen, let b = b, + &5, where b, € R(A) and & € N(A), and let
be a solution to Az = b,. Then, for some given x; and 8, we have

P+ arby — 2 5=l 2 — 2 [} +af | 8k 13 420 (8, Az — 2))

so that we will have | zx + arfp ~ 2 {4 < |zi — z |a if and only if
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2(6;;, A(:c - a:k)) 2(5;,,50 - A:!?k)
0< < =
=% S T A (5, Adr)

2(6k, Alz — z)) _ 2(8, bo — AL)
{8, Abr) - (b, Ady)

With ag = (6,6 — Az)/(6x; A0:) as in (2.19), we see that this condition will always
be satisfied when b = b, while otherwise it is equivalent to

02 a2

(2.24) 1) 151 Grbe - Az

When b, — Az becomes small, (2.24) may be no more satisfied, so that the iterative
process starts diverging, as observed in [19]. However, if §; is only due to the roundoff
errors (as it is guaranteed by projecting the right hand side on the range of A), the
stopping criterion will usually be met far before || b, — Axzz {j=|| & ||, so that (2.24)
will always be satisfied. On the other hand, if one wants to compute the solution with
great accuracy, one can prevent problems by using (2.10) with T = R(A), so that
§. € R(A) for all k > 0. Then, since 8 € N(A), we will have | (8;,8) |= 0 within the
roundoffs errors, so that (2.24) will hold even when || b, — Az [~ & 1|

2.4. Conclusion. it follows from the results of this section that all iterative
methods effective in the regular case can be used in the singular case, with both regular
and singular preconditionings. Moreover, in the case of singular preconditioning, the
convergence properties of the scheme are completely independent of the choice of the
generalized inverse, i.e. on the way chosen for achieving (1.4). The convergence results
can be expressed as in the regular case, provided that "the eigenvalue distribution
in o(Bt A)\{0}” is used as the right extension of the eigenvalue distribution in
¢(B~1A)". This gives rise to the following generalized definition for the spectral
condition number : : '

+ 4y _ Vmas(BYA)
(2.25.) | &k(BTA) = mumin(B+A)
with
2.26 Bt A) = , Umin(BYA) =
( ) Vma::( ) ”Egr(lg%{h‘)v Y, ( ) ve;r(lgizi)'_u

r#E0

Finally, it is important to recall here the expressions obtained in [23] for ¥pmae
and Ypin. ' _ _ o

'THEOREM 2.1. Let A,B be symmetric nonnegative definite with N(B) C N(4),
and let Vmaz(BY A), Vmin (BT A) be given by (2.26). We have

(2,42)

(2.27) Vimaz = B

zec™

ng“B)
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) . Az)
Vmin(BTA) = min (z,
il . ) :€R(BT A) (2, Bz)
230
(2.28) ' = max min (z,42)
- s ses (2, B2)

SAN(A)=C™  zx0

Most results about spectral bounds are obtained, in the regular case, by proving
inequalities of the type (z,A2) < c1(2, B2) or (z,Az) > ey(A;)(z, Bz) for all z € C”,
where A, is the first eigenvalue of D14, with D = diag(A4); sce [3) for examples. -
It follows from Theorem 2.1 that the first type of inequality will give also an upper
bound in the singular case, while, as will be seen below, the inequalities of the second
type can generally be rewritten (z,Az) > cz()\m.-n)(z,Bz), where A, is the first .
nonzero eigenvalue of D714, so that they give also a lower bound in the singular
case.

Therefore, many regular conditioning analysis results can be rewritten with Jit-
tle handling so as to cover both the regular and singular cases. However, regarding
the modified incomplete factorization methods, the generalization is not straightfor-
ward because the classical existence theorems do not work in the singular case. We
summarize in the next section our new existence analysis that allows covering the
singular case and, in Section 4, our results on conditioning analysis and factorization
strategies. '

3. Modified incomplete factorizations of Stieltjes matrices. In the reg-
ular case, the basic framework of the modified incomplete factorization methods as-
sumes that the system matrix is a (regular) Stieltjes matrix. We first need to appro-
priately extend this notion to the singular case. To this. aim, we use the following
definition. ' . :

DEFINITION 3.1. A real square matriz A is called an M-matriz if there exisls a
non negalive number t such that

tI-A>0 . with p(ti — A) < #;

a symmetric M-matriz is called a Stieltjes matriz.

It follows from Definition 3.1 that a Stieltjes matrix has nonpositive offdiagonal
entries and that a symmetric matrix with non positive offidiagonal entries is 2 Stieltjes
matrix if and only if it is nonnegative definite. The latter property has already been
assumed in Section 1. The restriction concerning the offdiagonal entries is thus the
only one we have to introduce from now on. However, it should be mentioned here that
the modified incomplete factorization methods have actually a much wider scope of
application. Indeed, the spectral reduction technique used in the regular case, called
spectral equivalence in discrete PDE’s applications ([3], {16]), readily extends to the
semidefinite case. With this technique, an arbitrary symmetric positive (semi)definite
© matrix A may be reduced to the Stieltjes case provided that one can determine a
Stieltjes matrix A, and positive numbers «, # with

(3.1) Q(Z»Aoz) < (Z:Az) < ﬂ(z;Aoz)
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for all z € €"; then, we have obviously N(4) = AM(4,) and
&(BTA) < g &(B*A,)

readily follows from Theorem 2.1 for any preconditioner B such that N(B) C N(A,).
Note that in [3], [16], inequalities of the type (3.1) are derived for finite element
matrices by analysing element stiffness matrices. The latter are singular so that such
analyses do apply to the singular case without any modification. The Stieltjes theory
allows by this way to cover most discrete PDE’s applications. Its extension to the
singular case means, with this respect, that the pure Neumann problems are no more
excluded. . :

The modified incomplete factorizations of a Stieltjes matrix A are based, in the
regular case, upon the existence for such matrices of a positive vector  such that
Az > 0. The following theorem extends this result to the singular case (see [14] for a
proof). :

THEOREM 3.2. Let A = (0;;) be a Stieltjes matriz. Then, there exists a positive
vector z such that Az > 0. Further
(1) IfAisregular : 32> 0: 37, ajj2; > 0 for all i
{2) If A is irreducible and singular :

a) 3z > 0: N(A) = Span{z}
by Ve: A > 0= Az =10

We recall now from [24] our definition of modified incornplete factorizations.

DEFINITION 3.3. Let A = (a;;) be @ n x n Stieltjes matriz and let z > 0 be such
that Az > 0; let A = (Ai6;5) be a nonnegative diagonal matrix and g = (8;;) a (0,1)
matriz; let U = (ui;) be the n x n upper triangeler matriz defined by the following
algorithm : for i=1,...,n set

w; = a5 — By Zuuufkmj Jori<j<n
k<i :

= (A.‘!r)i + Ajaiizy — Zk<i uk.-ufk(U:c)k
wii = (U — gy wijzg)/e

where uj,c is defined by

uf = { v i v 7 0
kE 0 if up =0

We say that U is the upper triangular factor and P = diag(U) the diagonal factor
of the modified incomplete faciorization

B=ytpty

of A associated with z, A and 3.

Note that by (2.5), (2.6) we have P* = (u};§;). Ais often referred as the pertur-
bation term, the factorizations with A = 0 being called unperturbed factorizations.

The following theorem contains our existence analysis.

THEOREM 3.4. Let A be an irreducible n x n Stieltjes matriz and ¢ a positive
veclor such that Az > 0. Let U be the upper triangular factor of the modified incom-
plete factorization B = U'PU (with P = diag(U)) of A associated with z,A and 8,
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where A is @ nonnegative diagonal matriz and 8 a (0,1) matriz, end let D = diag(A);
then :

< {1) U is an upper trigangular M-matriz with Uz > Az > 0;

(2) B is symmelric and nonnegative definite with Bz = Az + ADz;
(3) N(B) = N(U);
{4) N(B) C N(4) if and only if, in the graph of U :

or
Vi: S(i)=¢ = 3j € As(i): (Az + ADz); > 0;

(5) if N(B) C M4) :

{Vi<n:8(i)7é¢

= | M4 if A=0
N(B) = { {O(} otherwise.

Proof. Statements (1}, (2), (8), (5) are proven in [24]. The first sufficient condition
(4) is also proven in [24] while the second readily implies by induction that uy; > 0 for
all i, hence A(B) = {0}. For proving the necessity of condition (4), note first that if
the second criterion is not met, there exists some i with u;; = 0, hence B is singular
by (3). But by (5), we have that B singular is compatible with N(B) C M(A) if and
only if A is singular and A = 0, and in the latter case, the necessity of the condition
i< n=> S(i) # ¢ is proven in [24]. |

Note that the classical existence criterion used generally in the regular case to
ensure N{B) = {0} (that is the semi strict diagonal dominance criterion [11]) assumes

ZG,'_,-.T:_,' >0,

i=1
which implies
Vi:S(@E) =46 = (Az)i >0

and appears therefore clearly to be included in the second condition of (4) since
i € As(f) by definition. The same remark also holds for Gustafsson existence analysis
which only considers the cases where ADz > 0. However, both do not cover the case
of A singular with A = 0, giving rise to our first criterion which is also useful in the
regular case because there are no more restrictions on the entries of A nor on the
perturbation A, all being replaced by a graph condition to be satisfied by /. Since
the graph of U includes that of A, it is fulfilled by U when it is by A; otherwise, it
requires either some fill-in of the matrix U or an appropriate reordering of the system
matrix; note with this respect that the ordering procedure described in [10] leads
anyway to a system matrix satisfying S(i) # ¢ for all i < n. Finally, an alternate
technique, introduced in [24], may be used to prove that N(B) C N(A) which simply
consists in checking

{2, Az) < (2, Bz)

for all z € C*. The existence analysis may then be viewed as a part of the conditioning
analysis, the existence being guaranteed for any factorization algorithm or ”strategy”
for which an upper eigenvalue bound is obtained. :
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Definition 3.3 leaves open the choice of z,A and B. The choice of z is limited
in the regular case by practical considerations, while there is no choice at all in
the singular case. About B, its optimization would require to allow the fill-in of U
up to the point where the reduction of the number of iterations is compensated by
the increase of the algorithm computational complexity. The choice of 8 may also be
limited by the memory requirements and the data structure.one gives to the computer
program. In practice, one uses either the ”incomplete factorization by position”, for
which S is ‘a priori fixed, or the "incomplete factorization by value” in which f is
dynamically determined. Such aspects lie outside the scope of the present work, and
we shall concentrate in the next section on the choice of A, assuming that z and g

“are given. Tt should be noted that this assumption is actually not incompatible with

a dynamic determination of f, because the latter deals with the offdiagonal entries
of the approximate factor U, while A plays only a role in the determination of its
diagonal entries. -

4. Factorization strategies and conditioning analysis. We extend here to
the singular case the factorization algorithms (or »strategies”) developped in [10]. We
shall state their conditioning analysis together with their other properties referring
to {21}, [24], [25] for a detailed exposition of eigenvalue bounds which includes the
singular case. It should be noticed that, with the results of these works and those
of the preceding sections, most remarks and comments made in [10] for the regular
case actually apply to our more general framework. We shall therefore give a some-
what abrupt eéxposition, stressing only on the particularities involved by the singular
case. On the other hand, it clearly follows from [10] that the strategies No.2, 3 and
4 proposed there are not essentially different. For brevity, we shall therefore only
generalize here the strategy No.4 (our strategy No.2).

In each case, A = (a;;) is a Stieltjes matrix, z a given positive vector such that
Az >0 and 8 = (8;;) a given (0,1) matrix.

Strategy No.l. It consists in choosing A= 0, i.e. that B is the modified incom-
plete factorization of A associated with z,A = 0 and . (See Definition 3.3 for the
factorization algorithm). This strategy is also referred to as the unperturbed strategy.
Its properties are displayed in the following theorem (see {24] for a proof). .

TuroreM 4.1. Let A be an irreducible Sticltjes matriz and U the upper trian-
gular factor of the modified incomplete factorization B = UtP+U (with P=diag(U})
of A associated with z,A and 3, where z is a positive vector such that Az > 0,8 a
(0,1} matriz and A=0. Let 0 <7< 1 be given by

Y if Pe(U) # ¢
0 otherwise
We have :
(1) Ir<l,

(41) N(B) C N(4)

with
1

(4‘2} Vmax(B+A) <

1—-7
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) If N(B) C N(4)

(4.3)  N(B) = NA4)

with o

(44) ' Ymin(BY 4) > 1
3) In particular, if A is singular :

a) Be=Uz=Az =0 :

b) N(BYC M(A)  ifandonlyif i<n = S(i)+£4¢ _
- Depending on the case at hand, the bound (4.2) may be satisfying or not (see
- {10]). When A is singular, it however clearly follows from (3) that 7= 1 except in the
trivial case where Pc(U) = ¢ and therefore B = A. The bound (4.2) is thus useless in
the singular case. Now, the conditioning analysis of this strategy has been improved
in [9], [10}, giving an upper bound compatible with + = 1, the diagonal dominance
requirement being replaced by a graph condition to be satisfied by the graph of U/,
This theory has been further improved and extended to the singular case in {25). It is
not possible to summarize briefly these results because they require the introduction
of a somewhat involved formalism; we therefore refer the reader to the above quoted
- works. : :

On the other hand, it follows from Theorem 4.1 that this strategy leads in the

singular case to a singular preconditioning. As shown in Section 2, this is not anyway
disturbing providing that we can achieve the step (1.4) : "solve Bg = y” for eny

¥ € R(B) by the use of a linear operator. Now, !etting-('} be obtained from U by

"shifting” (in the singular case) its last diagonal entry up to an arbitrary positive

number, and setting P= diag(U), it can be shown that when N(U) = Span{z}, U, P
1

ot =1

and §=U P U are regular matrices such that g =§_ y provides a solution to

=1
Bg = y for all y € R(B). In other words B is a {1}-inverse of B (cfr. [24] for a
proof). From a practical point of view, it should be stressed that this “shift” is the
only modification to implement in a computer program (that uses the PCG algorithm
with the unperturbed modified incomplete factorization) to get it working for singular
problems too. .

Now, even with the above mentioned improved conditioning analysis, the upper
~ bound obtained for this strategy may still be unsatisfying, giving rise to the following
strategy, in which an upper bound is anyway guaranted, at the expense of a decrease
of the smallest eigenvalue vy (Bt A).

Strategy No.2. It consists in computing the upper triangular matrix U/ = (i)
according to the following algorithm, where 0 < 7 < 11is an a priori chosen parameter.

ALGORITHM 1.

Fori=1,...,n sel

Ui Ui g . .
i = ey — fis Z -—;——-L, j=t+1,..,n
kePe(ij) Kk

max(r~! 30 s wijas, (Azk — iy wijzy
Uz = ~ Lrerg) Ukt (U2)) ifi € Pe(U)
(Az)i — Xojos sz — Lrepy Uritin (Ui - if i ¢ Pe(U)
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It turns out that this algorithm can never break down since we will have ug; > 0
for all i such that uy; # 0 for some j > i.

The preconditioner is then given by B = U'P*U, where P = diag(U). lis
properties are stated in the following theorem (see [24] for a proof).

THEOREM 4.2. Let A be an irreducible Stieltjes matriz, & a positive veclor such
that Az > 0 and B e (0,1) matriz. Let U be the upper triangular matriz computed
according Algorithm 1, where 0 < 7 < 1 is some given parameter. Set P = diag(U)
and B =U'PYU. We have :

(1) There ezists a nonnegative diagonal matriz A = (N;by;) such that U is the
upper iriangular factor of the modified incomplete factorizalion B of A, with
respect to ,A and 8. Further,

=0 if i ¢ Pe(U)
< maz{0,77 (1 — 7)2((P — U)z)i+

(1= (Ut - U)a)i — (Az))  if i € Pe(U) with P(i) C Pe(U)
< maz(0, 771 ((P — U)a); — (Az);)  otherwise

Aiayi T

(2) Ezcept in the trivial case where Pe(U) = ¢ and therefore B = AU P and B
are reqular with

’ 1
+ —_—
(4.5) Vmaz(B¥ A) < 1-71
and
(z,ADz)

Tes (2, Az)

(4.6) Vmin(BTA)> (1+  'min e I
.- SON(A)=C™ 270

where D = diag(A). :

Note that the factorization algorithm proposed by Axelsson-Barker in {3} (eq.
7.18) is also based upon the choice of a parameter o > 0 such that 1/« is an upper
bound on ¥magz (BT A) Clearly, the efficiency of such strategies depends on the smallest
eigenvalue (Vpmin (B¥ A)) behaviour. Now, one easily verifies with (1) of Theorem 4.2
that the perturbations ); involved by Algorithm 1 are anyway smaller ! than those
required for achieving Axelsson-Barker scheme when one uses o = 1 — 7 in the latter
(which leads to the same value for the upper bound). Therefore, the smallest eigen-
value analysis developped in [3] also applies to Strategy No.2. It consists essentially in
the proof of an inequality of the type (2, AD?Z) € e(z, Dz)+ea(z, Az) which, extended

to the singular case, leads together with (4.6) to Umin(BYA) 2 1/(14+c2 + clly;jn)
" where Apin denotes the first nonzero eigenvalue of D 'A. .

"This extension is included in an improved version of the Axelsson-Barker result,
proven in [24]. Our improvements allow first to remove some hypotheses of the original
version and secondly, by a more accurate analysis, to obtain bounds that are also good
approximations of Vi (see [21]). The major conclusion we can deduce from these
technical tesults is that, applied to discrete second order elliptic PDE’s, for a family

1 except possibly at nodes i € Pc{U) such that Pe(U) does not contain P(i); such nodes ave
however usually not met in practice
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of problems A;.a:h by which differ only by the mesh size h, chosing m, = 1 —¢1 b,
they give vynin(BF An) > ¢z, where cy is independent of &; further, with (4.5), this
leads to k(B Ay) < 0(h~1).

To avoid the difficulties that would be involved by the use of the above mentioned
results and other similar [8], [21] for a practical estimation of 1y,;,, it is proposed
in [10] an heurlstlc estimate: According to our general phllosophy, we propose to
genera.hze the latter by simply replacing A; (D~ A) by Amin(D~1 A); i.e. we propose

- 1
(4.7) : Vnin & — 5~ A
' 1 + Aml’u
where
- {(z,ADz)
(4.8) <A>= (. Da)
and
(4.9) Amin = mn A
’ Ae(D™'A)
A#£D

As in the regular case, (4.7) is justified from Theorem 4.2 by stating that, letting znin
be such that Azm,,, = Mnin Zmin

(4.10) min max (Z’ADZ) o~ (zml'ﬂsA-Dzml'ﬂ)
. - €8 (z, Az) (ZmimAzms‘n)
SeN(A)=C” 220

and

(zmt'mA-Dzmin) o~ (I,AD:E)
(zml'n;—Dzml'n) - (:E,A:!:)

generally hold for the matrices A as they appear in practical applications of approxi-
mate factorization algorithms like Algorithm 1.

For this strategy to be useful in practice, we have still to provide some rules
for the determination of . ‘To this aim, let use the ratio of the bound (4.5) by the
estimate {4.8) as estimate of k(B% A), and let further use .

(4.11)

(4.12)  (2,ADz) = (s, (—1::—)2(19 —U)z + (1 — Dmaz(0,U* — U)x),

(413 (2, (P~ U)2) & 5(s, D),

we have then, with a = (1 —17)
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' ' o 1 a i '
+ oAy D
{4.14) w(BTA) & a + T—o T +

where = is some constant independent of 7. The optimum is reached in (4.14) when

1-2«
2 = Qpin s
« Am (1-a)?’

i.e. when Amin << 1:

(4.15) 1-7=avV2hnin
~ Then, (4.14) becomes

(4.16) : k(BYA) = /2 in + 72 k(D71A) +v

showing that Strategy No.2 allows generally when y is not too large, to improve the
original conditioning by an order of magnitude. Unfortunately, Amin is generally not
known in advance so that (4.15) can generally not be achieved in practice. In discrete
PDE’s applications however, we have Amin = 0(h~?) so that we can deduce from
{4.15) the following rule '

hS

4V

where h denotes the - or a typical - mesh size, V the area (volume) of the domain
and S the length (area) of its boundary, and where £ is a parameter. Our present
experiments indicate that £ has to be chosen not far from unity, (B A) being in that
case generally relatively insensitive to its actual value. When using the preconditioned
conjugate gradient process, we further observe that a sharp optimization of k(B A)
is not needed, due to the optimal convergence properties of the method. This is
illustrated in the following section. Note that (4.17) is compatible with the above
mentioned results Zmin = 0(1), vmaz < 0(h~1) and s(B* 4) < 0(h~?). '

5. Example. We apply here the results of the preceding sections to the finite
difference approximation of the Neumann problems

(4.17) : l—-7=

— v Dz, vu=f on@=]0,1[x 0,1

DE?—2 = on §§
dn
where D(z,y), 0 < z,y < 1, is given by
Problem 1 :
D(z,y)=1for all 0<z,y<1
Problem 2 :

D=4{ 1000 if<zy<l

010 if0<zry<}
1 otherwise
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Prob]em 3:

1000 f2<z,y<]

100 if 0 <zy< 3
D
1 otherw1se

In each case, we use an uniform mesh size b = 1/N, the order of the resulting
Hnear system Aa: = bbeing n = (N +1)*. A is ordered according to the lexicographic
ordering and we consider only modified incomplete factorizations with 8 = 0, while the
positive vector to be used in e because N(A) = Span{e}. For both strategies proposed
in section 4 and for the Incomplete Cholesky preconditioner, we have computed vy, 4z
and Vi, (given by (2.26)) for N = 12, 24; 48, 96. We also report the number
k of preconditioned conjugate gradient (PCG) iterations necessary for meeting the
relative residual error ||ri||/||ro}] < e, for £ = 1073,1075,1078. In each case, b = Au,
where u is the vector that samples the function (1 + z)2(1 + y)(2 — y)e®¥. The initial
approximation used is z, = 0.

Strategy No.l. U = (u;j) is determined by

of fdiag(U +U*) = of fdiag(A) and Ue =0

and we set P = diag(U), B = U'P*U. We have N'(B) N(A), and, in order to
perform 1teratlons, we have still to choose a {1}- inverse of B. For this purpose,

we define U— (u.j) by u._,—.. uy; for all 4,5, except { = j = n while unp= 1 and we

P -1
set P= dzag(U) and B=U/ P /. As mentioned in Section 4, B is then a {1}-
inverse of B and we use it for the solution of our test problem by the PCG process.
For completeness, we also mention the upper bound that would be obtained for this
example by applying the results of [25].

Strategy No.2. U is here computed according to Algorithm 1, where 7 is deter-
mined by (4.17) (ie. r=1-£/N) with ¢ = 5 1.,2.. We also ment;on the estimate
obtained for ¥in by the use of (4.7).

Incomplete Cholesky. Kaasschieter has proposed in [19] the use of the In-
complete Cholesky (IC) preconditioner for solving singular systems. For comparison
purpose, we have included the latter in our experiments. Actually, one easily verifies
{see [4]) that the Incomplete Cholesky preconditioner is identical to that obtained by
a modified incomplete factorization w1th z=e, f=0and A= (\&;) (dynamlcally)
determined by

(5.1) Mgy = Z Z "’““’“

J#i

This allows us to use (4.7) to estimate vp,ip.
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TaABLE 1
Results for Problem }

Num. of iterations
Umin est. | vmae upb. | w(BtA) | 1073 107° 1078
S1 1. 1. 32. 48. 32. 12 17 25
N=12 | £{=5 .83 .87 8.2 24. 9.9 10 156 21
n=169 | é=L. 65 7l 5.2 12. 8.0 10 15 21
£=2. .38 A3 3.0 6. 7.8 10 15 21
1C A1 0 i.2 11.5 11 16 22
Si 1. 1. 70. 96, 70. 17 27 39
N=24 |¢=5 .83 - .87 17. 48, 20. - 15 22 32
n=625 §£{=1. 65 1 10. 24. 16. 14 20 29
£=2. 40 44 5.8 12. 15. 14 271 29
IC | 28E-1 .28E-1! 1.2 43, 19 30 38
s1 1. 1. 150.  192. 150. 26 40 62
N=48 | £=5 .83 .87 34, 96, 41. 21 32 47 .
n=2401 | {£=1. 66 a1 21. 48. - 32. 20 29 42
£=2.1 40 44 11. 24. 29. 19 28 40
1Ic | 73E-2 .73E-2| 1.2 168. 36 55 70
S1 1. 1. 242, 384, 242, 41 863 97
N=96 |é=.5 .83 87 70, 192 24, 30 47 70
n=9409 ; £=1. .66 1 42. 96. 64. 29 42 61
£=2. 40 A4 23. 48, 57. 27 4] 58
I¢ | .18E-2 .1BE-2 |'1.2 668. 71 9 136

The results are displayed in Tables 1,2,3 (81 refers to Strategy No.1,£=.5,1,2.
to Strategy No.2 with the corresponding value of &; est. refers to the estimate (4.7)
of Umin; up.b. refers to the upper bound obtained in [25] when the Strategy No.l is
concerried, and to the upper bound (4.5) when it is Strategy No.2). The following
remarks turn out :

e For the Strategy No.2, we observe that the value of § in (4.17) has little in-
fluence on k(BT A) (except for Problem 8) and nearly not on the number of
-iterations.

e For Problems 1 and 2, both Strategies No.1 and 2 present a spectral condition
pumber 0(h~!), entailing a number of iterations bounded by 0(h~1/2). The
Strategy No.2 gives better results for Problem 1, while, for Problem 2, in spite
of an higher spectral conditioning, the Strategy No.1 gives somewhat better
results for realistic stopping criterions. For small ¢, however, the Strategy
No.2 is still better. Such behaviours can be explained by the superlinear
convergence of the PCG process in connection with the eigenvalue distribution

in o(B¥ A)\{0} (see [4], [5], (26])-
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TABLE 2
Results for Problem 2
Num. of iterations
Vinin est. | Vmar up.b. | k(BtA) | 107% 10-% 108
S1 1. 1. 14, 48. 14. 7 12 18
£E=5 .60 .55 5.7 24. 9.5 8 13 20
n=169 | {=1. 37 .34 4.1 12. il 9 13 20
£=2. 17 15 2.7 6. 15.7 9 14 21
IC | 42E-1 42E-1] 1.2 20.5 1t 15 21
51 1. . L 33. 96. 33. 11 18 29
E=51 .60 53 11. 48. 19. 12 20 28
n=625 § é=1. .38 33 7.9 24, 21. 13 19 29
£=2. .18 .16 5.0 12, 29. 12 20 30
iIC | 11E-r 11E-1] 1.2 114. 21 29 40
S1 1. 1. 74. 192. 74. 17 27 46
£=5 .60 i1} 24. 96. 39. 18 29 41
n=2401 | £=1. .38 32 16. 48. 44. 18 27 40
£=2. .18 16 10. 24, 56. 18 28 42
IC | 27TE-2 27TE-2| 1.2 455. 39 h6 75
51 1 1. 185,  384. 165. 25 42 69
. =5 .60 .51 Bl. 192. 84. 27 40 61
n=9409 | £{=1. .38 .32 24, 96. 91. 27 38 59
¢£=2. 18 15 21. 48. 114. 25 35 59
IC | 70E-3 .T0E-3 | 1.2 1819. 76 113 148

¢ The Problem 3 presents some pathological features. First, the upper bound
obtained in [25] for the unperturbed Strategy is no more 0(A~1), and the
actual value of v, .y as well. Therefore, in spite of a nice value for & obtained
" for moderate h, the method is less interesting with respect to very small h.
Second, the first non zero eigenvalue of D='A (with D = diag(A)) is about
100 times less than those of Problem 1 (it is a ” quasi-singular” singular prob-
lem}. This explains, by the relation (4.7}, the very small values obtained for
Vmin With the Strategy No.2. In spite of its behaviour which is still 0(h~1),
x(B* A) presents then a very high value. Howeveér, comparing the conver-
gence behaviour with those observed for Problemns 1 and 2, we see that only
a very few extra iterations are needed. Again, this has to be explained by
the super linear convergence in connection with the eigenvalue distribution.
We further observe that this super linear convergence is particularly effective
for small h and ¢, i.e. when the Strategy No.1 fails to be completely satisfying.

Regarding to the "model” Problem 1, we see that the number of iterations
involved by the IC preconditioner is prohibitive for small and even moderate
h. This is due to the spectral conditioning which is 0(h=2) for this method.
This behaviour is readily explained by our estimate (4.7) (which is found
accurate enough). Indeed, by (5.1} we have < A >= 0(1), so that {4.7) gives,
with Anin << 1
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TABLE 3

Resuls for Problem &
Num. of iterations
. Vimin est. Vmaz up.b. | k(BYA) | 107 107° 10-8
S1 1. 1. 17. 100. 17. 8 13 19
N=12 | ¢é=.51} .38E-1 .38E-1| 5.7 24. 152. 13 16 24
n=169 | £=1.] .16E-1 .16E-1} 4.1 12. 251. 12 16 22
£=2. 1 63E-2 63E-2| 27 6. 428. 13 17 23
IC | .14B-2 14E2| 1.2 BT7. 15 18 23
S1 1. 1. 41, 311. 41. 13 20 33
N=24 | ¢=45 | .35E-1 .35E-1| 11. 48, 315. 18 24 33
n=625 | é=1.} .15B-1 .i6E-1| 7.8 24, 508. 17 23 32
£=2. | 61E-2 61E2| 5.0 12, 831. 18 24 32
1C B5E-3 35E-3| 1.2 3497. 28 33 42
S1 1. A 110. 934. 110. 19 33 53
N=48 |¢=.5 | .34E-1  34E-1| 23. 96. 692, 27 3% 40
n=2401 | é=1. | .156E-1 .1BE-1} 16. 48. 1090. 24 33 45
£€=2. | HYE-2 58E-2 ] 10. 24, 1701. 25 34 45
IC B7E-4 8TE4| 1.2 : 14030. 54 64 80
S1 1. 1. 334. 2690. 334. 32 53 86
| N=96 |£¢=5|.33E-1 .33E-1| 50. 192. 1509. 38 50 71
n=9409 | £=1. | .15E-1 15E-1} 34. - 96. 2311. 36 47 67
£=2. | .B9E-2 ~ BOE-2 | 21, 48. 3408. 37 49 63
IC | 2284 22E-4 | 1.2 56198. 105 127 156

Vmin(B+A) = )'min/ <A>= O(Amin)

showing that the IC preconditioner fails to improve the original conditioning
of an order of magritude as both Strategies No.1 and 2 do. We further ob-
serve that, when passing from the ”model” Problem 1 to the more realistic
Problems 2 and 3, the convergence behaviour associated with the IC precondi-
tioner deteriorates much more than those associated with the Strategies No.1
and 2. The IC method (often referred as the unmodified incomplete factor-
ization method) should therefore, in our opinion, be considered as less robust
than the modified incomplete factorization methods. For further comparison
between modified and unmodified methods, see Axelsson [2}.

6. Conclusion. The major conclusion we can draw from our results is that mod-
ified incomplete factorizations of semidefinite systems do not require a special theory
or, otherwise stated, that their regular theory does cover the singular case provided
that it is written in a formalism which does not exclude singularity by itself. From
a practical point of view, it means that a computer program designed for the PCG
solution of positive definite systems with preconditioning determined from a modified
incomplete factorization can actually also work for semidefinite systems with nearly
no changes.
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