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UPPER EIGENVALUE BOUNDS AND RELATED MODIFIED INCOMPLETE
FACTORIZATION STRATEGIES

Y. NOTAY*

Abstract. Upper eigenvalue bounds are obtained for the preconditioning by modified incomplete factor-
izations. To each bound is associated a factorization algorithm or “strategy”, which consists in computing the
approximate factors so that an a priori chosen upper bound is satisfied. The efficiency of the method, which
clearly depends then on the behaviour of the associated smallest eigenvalue, is analyzed through complementary
results.
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1. Introduction. We consider the iterative solution of large, sparse linear systems
(1.1) Au=1b

whose system matrix is positive definite, or, including the case of consistent singular systems
(A singular with b € R(A)), positive semidefinite. In this context, the use of the preconditioned
conjugate gradient method is of particular interest due to its optimal convergence properties. It
requires the choice of a positive definite ! preconditioning matrix B and the convergence rate is
then classically estimated by the foliowing formula

(1.2) ke < %ﬁ zn_:.

where k. denotes the maximal number of iterations necessary to reduce the relative error in the
A-(semi)norm by a factor e, while the (generalized) spectral condition number & is given by

o Vmax(B~1A)

) )

where

Ymax(B™'A) = max{v | veo(B'4)},
(1.4
() Ymin(B714) = min{v | ve o(BtA), v > 0}.

One may obtain sharper estimates than (1.2) when the eigenvalues of B~! 4 are not regularly
distributed between 4, and Vmin. In particular, attractive resuits are found when some upper
eigenvalues are isolated [2, 19, 7], but it is important to note in this respect that these bounds
are actually not valid in presence of rounding errors [15], and therefore that, as experimentally
ohserved in [27), one too large eigenvalue is sufficient for slowing down the convergence.
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F.D. Roosevelt, B-1050 Brussels, Belgium. Author’s research is supported by the "Fonds National de la Recherche
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! For ease of presentation only, we do not consider the extension that allows, in the singular case, the precondi-
tioner itself to be singular [23]. Singular preconditionings of singunlar systems are widely discussed in [20, 24, 25].
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The main quality one may ask for a preconditioner is thus of reducing the condition number,
although interesting convergence rates may still be obtained when a few lower eigenvalues are
isolated [19, 7], bounds whose reliability is proven in [26].

The modified incomplete factorization methods are precisely known to be efficient for re-
ducing the condition number. In these methods, the diagonal factor P of the approximate
factorization B = (P — F*)P~1(P — F) (where F is strictly upper triangular) of A is computed
from the relation Bz = Az 4 ADz, where 2 is a positive vector such that Az > 0 , D = diag(A)
and A = (\;6;;) is a nonnegative matrix of small parameters which we call the perturbation
term. Following Gustafsson [17], the version with A = 0 (the “unperturbed strategy”) is of-
ten satisfying. However, its results are sometimes disappointing, due to an unacceptably large
value of Vmax( B~ A). This explains the development of perturbed strategies, with perturbations
A; that are sufficiently large to significantly reduce vmax(B~'A), and sufficiently small to keep
Ymin( B~ A) close to 1 ( A = 0 implies that vmin(B~1A) = 1). Perturbed factorization algorithms
have been proposed in [5, 10, 17]. All these methods are based on the same philosophy, that is
the perturbations are chosen in such a way that a given upper eigenvalue bound, obtained from
Theorem 3.1 of [12], or from some (earlier) less refined version of this result, is satisfied.

New upper spectral bounds have been obtained in [6] and in [22] for generalized SSOR
preconditioners, and it is possible as suggested by Axelsson [4] to design alternate factorization
strategies on the basis of these new results. The first objective addressed in the present contri-
bution is the extension of these new algorithms to higher order approximate factorizations. We
further discuss the lowest eigenvalue behaviour. For each strategy, we obtain conditions under
which perturbations are not required, implying that vpm(B~1A) = 1. When these conditions
are only approximately satisfied, one may expect that the perturbations will be sufficiently small
to keep vmin(B~'A) close to 1, and, summarizing more involved lower eigenvalue analyses, we
finally state how precisely the restriction that “these conditions are approximately satisfied” has
to be understood. These conclusions are illustrated through numerical examples.

General terminology and notation. All vectors belong to C™; all matrices are n X n real
matrices. The symbols A*, R(A), o(A) and p(A) denote, respectively, the transpose, the range,
the spectrum and the spectral radius of the matrix A. The order relation between real matrices
and vectors is the usual componentwise order : if A = (a;;) and B = (b;;) then A £ B(A < B)
if @i < bij(a; < by;) for all 4,4; A is called nonnegative (positive) if A > 0(4 > 0). If
A = (ai), we denote by diag(A) the (diagonal) matrix whose entries are a;;6;; and we let
of fdiag(A) = A — diag(A).

2. Modified incomplete factorizations of a Stieltjes matrix. As usual when dealing
with approximate factorization methods, one has to introduce the assumption that the system
matrix is a Stieltjes one, i.e. that it is nonnegative definite and has nonpositive offdiagonal
entries. More general cases are included through the reduction to the Stieltjes case by means
of spectral equivalence [5], or by the technique introduced in [12], or by a combination of both
these approaches [26].

An important property [13] is then that the existence of a positive vector z such that Az
is nonnegative is then ascertained, which allows us to compute the upper triangular matrix U
with P = diag(U) according to the following algorithm, where the 8;; which are nonzero are
equal to 1 while the parameters A; are nonnegative :
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fori=1,...,n set:
(2.1) u,-j:agj—-ﬂ,'jzw, j=i+1,...,n
k<i PEE
2
©) -1 Uki U Ukitkj b

(2:2) pi’ =ai =7 | Y, (1-B:) T+ YD (1 B) T 'Z

k<i ik Pk k<i j<i Pk de< /%4
(2.3) Pii = Pg-)) + Aia;

We say that U is the upper triangular factor and P = diag(U) the diagonal factor of the modified
incomplete factorization

(2.4) B=U'PTy

of A associated with z, A = (A:6;;) and 8 = (8;;), where P is the diagonal matrix satisfying

-1 .
+y.. ) Pu I pi#0
(2.5) (P )i = { 0 if puy=0

Noting F = of fdiag(U) and D = diag(A), the basic properties of this algorithm may be
summarized as follows (see [25] or [26] for a proof) :

(1) The algorithm cannot fail, U is an M-matrix and B nonnegative definite

(2) Uis regular iff P isregular iff B is regular

(3) of fdiag(U + U?) < of fdiag(A) and (P — F)z > Az > 0

(4) B = Az +ADz > Az > 0

(5) if B is regular, then A=0 = Yy, (B'4)=1

It follows from these properties that B will be an admissible preconditioner if one can ensure
its regularity, while on the other hand solving a linear system involving B will be cheap provided
that one has chosen 8 sufficiently sparse.

The essential discussion is thus that of the spectral properties of B~1 A, which are actually
closely related to the values used for the parameters or “perturbations” A;. The remaining
part of this paper precisely deals with the development and the analysis of what we call the
factorization strategies, which are nothing but the methods or the policies according to which
these perturbations are chosen. :

The simplest choice consists in setting the perturbation term A equal to zero. This “unper-
turbed” strategy, referred to as the Strategy no 1 in [10, 24, 25], has the advantage to guaranty a
lower eigenvalue bound equal to 1. Its behaviour depends thus on that of the associated largest
eigenvalue. Unfortunately, this behaviour is often not satisfying, see for instance the examples
given in [27, 14, 26].

This gives rise to the development of factorization strategies based on the opposite philos-
ophy, that is on the a priori control of the largest eigenvalue vmax(B~1A) in place on that of
Vmin{ B~ A). Of course, the development of such “perturbed” strategies requires the statement
of appropriate upper eigenvalue theorems. These points will be addressed in section 4. Be-
fore, we shall introduce some graph notions, which is the price to pay for a purely algebraic
presentation of the theory.
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3. Graph notation. To each (triangular or symmetric) matrix A4 we associate an ordered
undirected graph with node set [1,n] and such that a pair of node (4, j) belongs to the edge set
iff ©#7and a; # 0 or aj; # 0. We refer to [18] for general terminology about graphs, but we
shall also need the following more specific graph notions.

A node k belongs to the set of precursors P(%) of a node 7 if (%, &) belongs to the edge set with
k < i. The set of common precursors of a pair of nodes i, j is given by Pe(Z,7) = P(i) N P(j),
and we further define the set of common precursors of the matrix 4 by Pe(A) = Uiz, Pe(3, 5)

An increasing path is a path i,,4y,1%,...,% such that i, < 4 <9 < ... < ip.

For any node ¢, we define the ascent As(i) of ¢ as the set of nodes & such that there exists an
increasing path from % to i (note that ¢ € As(i) because a path of zero length is an increasing
path). We further define the ascent of a nonempty subset M of [1,n] by As(M) = U;eprrAs(i).

The mazimal increasing length £(A) of the matrix A is the maximal length of an increasing
path in its graph, and the maximal increasing length ¢(M) of a nonempty subset M of [1,n] is
the maximal length of an increasing path whose nodes all belong to M.

These definitions are illustrated on Figure 1 for the graph of the matrix obtained by the
5-point finite difference approximation of a second order elliptic PDE on a rectangular region
and when using the lexicographic ordering.

M
( 7y
T+ 1 7 —4
7; k i
2
As(k
LA\

“Pe(A) = As(Pe(A))
1 2...¢ qg+1 ... N

{i,} = P(m) and {k} = Pc(i, j)
LA) = U(Pe(A))+2 =l As(Pc(A))+2=N+ M -2
LAs(k))=q+r~2 (= O{) for most of nodes)

F16. 1. Dlustration of graph notions for a lexicographically ordered graph

4. Perturbed factorization strategies. For each strategy, we first give the upper eigen-
value theorem which gives rise to it. In these theorems, we make the following general assump-
tions which will be referred to as (G'A) :

A is a symmetric nonnegative definite matriz, U = P — F with P = diag(U) is an upper
triangular M-matriz such that of fdiag(U + U?) < of fdiag(A), B = U'P*U, 2 is a
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positive vector such that Pz > Fz and Bz > Ax > 0.
One easily verifies that these assumptions are all satisfied within the framework of modified
incomplete factorizations of Stieltjes matrices as defined above. Note for completeness that
some of them are even sometimes superfinous, see [26] for details.

We then give the factorization algorithm which actually reduces to a practical rule for
achieving (2.3), a corollary which displays the basic properties of the algorithm as they straight-
forwardly follow from the application of the previously given theorem, and finally a property
which may be viewed as a first lower eigenvalue analysis result. The property associated with
Strategy no 2 is a simple reformulation and extension to the singular case of a result first proved
in [8], while the properties associated to both other strategies are original results.

We assume sometimes for convenience the irreducibility of A, more general cases being
included through the reduction of A to its canonical block diagonal form.

Strategy no 2. The following upper bound theorem is the most widely used for the analysis
of modified incomplete factorizations. Its algebraic formulation is due to Beauwens end Quenon
[11]. The present version, somewhat more refined and which includes the singular case, is already
proved in [24].

THEOREM 1. Assume (GA), A irreducible and Pe(U) # 0. If, in addition,

(4.1) T (Pz); > (Fe); for all i € Pc(U)
Jor some 0 < 7 < 1, then B is regular with

1
(4.2) Vmax(B_lA) < -7+

ALGORITHM 1. A being a Stielijes matriz, = a positive vector such that Az > 0 and the
Bij; 1 < i< j < n some given (8,1) values, compule the upper triangular matriz U = P — F
with P = diag(U) according to (2.1),(2.2) and

_ [ max(6, (Fe)i/(ra)) i i€ Pe(U)
(4.3) Pii = { p,ES) i id Pe(l)

where T, 0 < 7 < 1, i3 o parameter.

COROLLARY 1. Assume A irreducible. Fither Pc(U) = O which implies B = A, or B is
reqular with vmax(B~1A) < 1/(1 - 7).

PROPERTY 1. Assume A irreducible and Pc(U) # 0. If, with E = F*,

(4.4) (k+ 4+ 1) (F - E)z); < (Az);  for all i € As(Pe(U)),
where k is some nonnegative constant and {; the mazimal increasing length of As(3), and if
(4.5) r>1-—1

) =7 k+442

where £ is the mazimal increasing length of As(Pe(U)), then

Pii = pg-]) for all ¢ and o(B7'A) C [Lk+£+2)
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Proof. Tt suffices to prove that, for the Strategy no 1 (py; = pg-) ) for all t), (4.4) implies
(4.1) with 7 = 1 — (k+ £+ 2)"!. Now, since Bx = Az for this strategy, the latter result
straightforwardly follows from Lemma 1 of the Appendix applied with Az = Bz. [

The last result suggests the following policy for an appropriate use of this strategy: (1)
choose an ordering such that conditions (4.4) are as far as possible satisfied, while keeping an
interesting value for the parameter £; (2) use

(4.6) Tl -4

with £ defined as the mazimal increasing length of the mairiz A, so that the parameter T does
not vary with the level of fill-in allowed.

This strategy has first been proposed in [10]. The idea of controlling the largest eigenvalue
through Theorem 1 or some earlier version by the use of appropriately chosen perturbations
goes back to the works by Axelsson and Gustafsson [1, 16] and a dynamic version, which avoids
the a priori evaluation of the perturbations A; was already proposed in [5]. Finally, the last
refinement consists in eq.(4.6), which provides an easy choice of the parameter 7.

Strategy no 3. The same philosophy gives rise to alternate strategies when used with
alternate upper spectral bounds as recently suggested by Axelsson [4] for the preconditioning
by (perturbed) generalized SSOR. This third strategy will now be further extended to higher
order factorizations on the basis of the following generalization of Lemma 4.5 of [6].

THEOREM 2. Assume (GA) with A irreducible and let E = F*. If, in addition,

(4.7) . (2—1/A) P> (A+ F+ E)z
for some A > %, then B is regular with

(4.8) Vmax(BTTA) < A

Proof. Let G = A+ E 4 F. Note that diag(G) = diag(A) while of fdiag(G) > 0. Thus,
(4.7) implies that P is regular, which allows us to write

B-21A=((1-1/NP-EP Y (1-1/NP-F)+ 2" ((2-1/A)P-G)

Since H = (2 - 1/A)P — G is a Stieltjes matrix (by virtue of Hz > 0 with of fdiag(H) < 0),
this equation proves that B — A~14 is nonnegative definite, whence (4.8). O

ALGORITHM 2. A being a Stieltjes matriz, x o positive vector such that Az > 0 and the
Bij» 1 < i < j < n some given (0,1) values, compute the upper triongular matriz U = P — F
with P = diag(U) according to (2.1},(2.2) and, noting E = Ft,

(4.9) pii = max(p, (2 — 1/A) (A + F + E)a)i/z:)

where A, A > %, 8 a parameler.
COROLLARY 2. If A is irreducible, then B is regular with vmax(B~1A) < X,
PROPERTY 2. If A is irreducible and E = F?, then

kE+£4;+ 1) Y(F - E)); <(Az); for all i
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where k is some nonnegative constant and {; the mazimal increasing length of As(i). Moreover,
if
S k4242

(4.11) A2

where £ is the mazimal increasing length of A, then

Pii = pf-?) for all : and o(B14) C [1,(k+ £+ 2)]

Proof. Here again, it suffices to prove that, for the Strategy no 1, (4.10) implies (4.7) with
A= (k+4£+2)/2. Now, let the diagonal matrix A be defined by

(Az)i = (k+ 4 +2)""(F~ E+ Az); for all i

The first inequality (4.10) implies Az > Az, showing by Lemma 1 of the Appendix applied with
Bz = Az that

(1=1/(k+£+2)Pe>(F+ A=A

The required result follows from this inequality together with Az < 3(F — E + A)x (by virtue
of the nonnegativity of (F — E 4+ A)z ). O

This suggests the following policy : (1) choose an ordering such that conditions (4.10) are
as far as possible satisfied, while keeping an interesting value for the parameter £; (2) use

(4.12) AR g,

where £ is the mazimal increasing length of the matriz A.

Strategy no 4. The following theorem generalizes a result first proved in [22].
THEOREM 3. Assume (GA), A irreducible and let E = F*. If, in addition,

(4.13) 2 P& > (A+ F + E)z,

then B is regular with

(4.14) Umax(B™'4) < p(M) < max y7'(My);
for any positive vector y, and where

(4.15) M=(-P3iEP 1) 4 (I- P iFp3)”

Proof. Let G = A+ E + F. Note that diag(G) = diag(A) while of fdiag(G) > 0. Thus,
(4.13) implies that P is regular (the diagonal entries of an irreducible symmetric nonnegative
definite matrix being positive [26]). Then, since A = (G —2P)+(P-E)+(P - F) with 2P -G
nonnegative definite, one may write :

Vimax(B™'A) = p((PT — EP~5)7'A(P? — P~3F)7!) < p(M)
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and (4.14) follows from the nonnegativity of M. 0O

This theorem does not enable us to satisfy an a priori chosen upper bound. However, the
fact that the nonnegative matrix M has a Neumann expansion with about £ terms is a good
indication that the a posteriori computable upper bound (4.14), when it applies, will indeed be
O(£), and suggests therefore a fourth strategy according to which P is computed so as to satisfy
(4.13).

ALGORITHM 3. A being a Stieltjes mairiz, = o positive vector such that Az > 0 and the
Bij, 1 £ i < j < n some given (0,1) values, compute the upper triangular matriz U = P — F
with P = diag(U) according to (2.1),(2.2) and, noting E = F*,

(4.16) pii = max(ply), (A + F + E)a)i/z:)
COROLLARY 3. If A is irreducible, then B is regular and satisfies (4.14).
PROPERTY 3. If A is irreducible and if, with E = Ft,

(4.17) (E - F)z < Az,

then

Pii = pﬁ?) for all i and o(B™1A) ¢ [1,£4+2]

where £ is the mazimal increasing length of A.

Proof. One has 2P - A~ F ~ E = (F — E+ A)+ 2(P — F — A), showing that (4.17) implies
anyway (4.13), and therefore p; = pg-)) for all ¢ when using the Strategy no 4. Further with -
y= P%x, one obtaing

re) P
(My)i = (T + D _(EY )i+ (T+ X (F) )y
r=1 r=1

where B/ = P"3EP™%, F' = P"3FP~%, and where E,‘(“) (!ff-d)) denotes the maximal length
of an increasing path ending at ¢ (starting from 7) (thus, £§“’ = {(As(3)). Now, (4.17) implies

1

E'y< P 2(F+ A)z <y, while F'y < y. Whence :
(My); < 2+ £ + 6Dy,

and the upper bound follows from ¢ = maxlSiSn(!Zga) + Egd)) 0
Since there is no parameter to choose, the policy recommended here consists only in choosing
an appropriate ordering.

5. Summary of lower eigenvalue analyses. Properties 1, 2 and 3 only establish the
existence of a class of model problems for which the control of the largest eigenvalue through
the associated theorem is compatible with unperturbed approximate factorizations. We need
to go further and analyze the lowest eigenvalue behaviour of Strategies no 2, 3 and 4 when the
associated “model problem” conditions (4.4), (4.10) or (4.17) are not satisfied. A first intuitive
answer consists in saying that vmin(B~1A4) should be kept close to 1 when these conditions are
approximately satisfied. Of course, we need some further mathematical analysis to know how
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precisely such a restriction has to be understood. This requires appropriate lower eigenvalue
bounds. A technique for obtaining lower eigenvalue bounds for modified incomplete factoriza-
tions methods has been described in {9, 21], while another technique has been developed by
Axelsson-Barker [5], and further improved by the present author [24]. We have unfortunately
no room to explain here how to manage with these results, since their application require some
handling of each example. We shall therefore only state the major conclusions one can draw
from them. We first write the following conditions :

(5.1) E Apin(D714) 2 1
where Amin(D~1 4) denote the first nonzero eigenvalue of D~1A (with D = diag(A)),
J(F—E)x)i~ (Az); § £ laye; if i€l

(5.2) %((F - E):I:), - (A.'c)z- g It a;;T; if iﬁ I
Card(I) < O(n/{)

and
((E - F)z); — (Az);

(5.3) ((F = E)z); — (Az);
Card(J) < O(n/¢)

1 ez if iedJ
{2 Q25 if 4 Q’ J

A A

Then, as widely discussed in [26], mainly on the basis of Theorem 4.1 of [24] (which covers both
regular and singular cases), one can obtain a lower bound close to 1 provided that :
o for Strategy no 2 : 7 is chosen according to (4.6) and conditions (5.1) and (5.2) are
satisfied;
o for Strategy no 3 : A is chosen according to (4.12) and conditions (5:1), (5.2).and (5.3)
are satisfied;
o for Strategy no 4 : conditions (5.1) and (5.3) are satisfied.

The condition on the lowest eigenvalue of D=1 A is not surprising since the existence of a
connection between the lower parts of the spectrum of the preconditioned and unpreconditioned
systems is a well known fact [4] for all perturbed modified incomplete factorization methods
(including unmodified, relaxed and SSOR methods), while the ather conditions may effectively
be viewed as weakened forms of the associated “model problem” conditions (4.4), (4.10) or
(4.17).

Note finally that, as discussed in [26], condition (5.1) may further be exchanged for a similar
condition to be satisfied by the p**¢ non zero eigenvalue of D71 A for p small. Indeed, if other
conditions are met, we may then still obtain a lower bound close to 1 for the p**¢ non zero
cigenvalue of B~'A4, and therefore prove an interesting convergence rate by combining this
result with a bound analyzing the convergence of the conjugate gradient process in presence of
small isolated eigenvalues.

6. Examples. By way of illustration, we consider the five-point finite difference approxi-
mation of the boundary value problem

~Va(e,y)Vu(e,5) = f(z,5) on £ =(0,1)x (0,1)
with {(Problem 1)

d in (%,l) X (%,1)
1 elsewhere,

a(xay)z{
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Dirichlet boundary conditions and a uniform square grid of mesh size 4, or (Problem 2)

_ ] 100 in (3 §) x (53
o, y) = { 1 elsewhere,

Dirichlet boundary conditions on the bottom (y = 0) boundary and Neumann boundary condi-
tions elsewhere, and a rectangular grid whose mesh h, x h, varies according to

p o4 /3 Hoe(}d
“ 2h/3 otherwise,

ho_ a3 ifye (3.3
Y71 2h/3 otherwise.

The resulting system matrix A is an irreducible Stieltjes matrix which verifies Ae > 0, where
e =(1...1)*. We use the lexicographic ordering (starting at the left bottom corner). Note that
n=(h7' —1)% and £ = 2h~" — 4 for Problem 1 while n = h~1(h™ + 1) and £ = 22! — 1 for
Problem 2 (where £ denotes the maximal increasing length of A).

We give in Table 1 the numerical results obtained for the modified incomplete factorizations
associated with @ = e and 8 = 0. (For the PCG experiment, we test the relative residual error
when using the algorithm with zero initial approximation in order to solve (1.1), where b = Au,,
g being the vector which approximates the function (14#)%(14y)(2—y)e® on the unit square).

TABLE 1
Numerical results for the test Problem 1 with d = 10°,1073,10°%, and for the test Problem 2.

Numerically determined value | Number of PCG iterations |
Strategy of K(B71A) (A~ =192)
for 7" = toreach || r; |la /[l ro [l2 <

12 24 48 96 192 1 10"% 10°% 10~7 10~?
Problem 1, d=1

11,2,3,4 1332 685 144 302 627 ] 12 28 44 59 |
Problem 1, d=0.001
1,2 449 960 206 437 916 | 14 33 49 66
3(A=1¢/2) 3.68 9.52 306 111. 423. | 49 83 110 133
4 3.55 911 29.8 109. 420. | 48 83 110 133
Problem 1, d=1000
1,4 310 6.75 148 318 675 | 14 29 44 59

2(r=1-¢£1%1350 721 152 32.1 669 13 30 45 59
3(A=1¢/2) 3.16 6.83 148 316 664 13 30 45 59

Problem 2
1 107. 375, 1432. 5625. 21.E3| 103 163 222 283
2(r=1-¢£1)]91.5 158. 316. 683. 1508.{ 54 74 94 115
3(A=14/2) 236. 850. 3256. 13.E3 53.E3| 171 228 281 326
4 249. 951. 3771. 15E3 62.E3| 184 243 301 349

These results show clearly that Strategy no 2 has the widest scope of application. This
follows from the fact that condition (5.2) always holds in the second order discrete elliptic PDE
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context (for the lexicographic ordering used here). Other strategies appear less robust. Strategy
10 1 behaves poorly for Problem 2 which satisfies none of the model problem conditions (4.4),
(4.10) or (4.17), while the lowest eigenvalue behaviour of Strategies no 3 and 4 become unreliable
when condition (5.3} is not satisfied, as occurs in Problem 1 with d < 1 and in Problem 2.

Note in this respect that one may try to improve the behaviour of Strategies no 1, 3 and
4 by changing the ordering so as to satisfy the model problem condition (4.17), or at least its
weakened form (5.3). This seems feasible for the examples considered here whose configurations
are particularly simple, but not in general since no ordering procedure is known to automatically
achieve this goal (nor even is it known whether such an ordering exists).

Thus, if the bound of Property 2 is the best, indicating a very interesting behaviour of
Strategy no 3 (as one could already deduce from the model problem analysis in {3]), one has to
remember that this result is obtained under very restrictive conditions, and that Strategy no 3
has actually the narrowest scope of application.

Acknowledgements. We are greatly indebted to Professor Robert Beauwens and Mr
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Appendix.

LEMMA 1. Let U = P -~ F with P = diag(U) be an upper triengular M-matriz. Set
B = U'P*U (where Pt is defined by (2.5)) and E = F*, and let z be a positive vector and A
a diagonal matriz such that Ax < Bz. If, for some subset M of [1,n],

(A.1) (B+4;+2)7Y((F - E + B)z); <(Az); for all i € As(M)
where k is nonnegative and-{; the mazimal increasing length os As(i), then

(A.2) (1-1/(k+ 4+ 2))(Pz); > ((F+ B - A)a);

forallie M.
Proof. By induction. Assume (A.2) for all i € P(j). Note that (A.2) and Az < Bz imply
(P = F)2); > 0 while i € P(j) = (Fz); > 0, so that ((P — F)a); > 0 implies p;; > 0. Then :
((P-F-B); = (EPT(P- F)z);
= - % Z(P-Fa)
iep(j) P
> = Y (k44 +2) e
iEP(J)
(k+4; + 1) (Ee);
1 b+ f_,' + 2
s L CRUEE Aat wrypa

v

v

(Aw);

whence the required result. O
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