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1. Introduction 

There are many excellent works which analyse the convergence rate of the conju- 
gate gradient method for solving the symmetric positive definite system 

(1.1) Au = b ,  

among which Axelsson [2], Andersson [1], Jennings [8] and Axelsson and 
Lindskog [4], where explicit bounds on the number of iterations are derived under 
simple assumptions on the eigenvalue distribution, are particularly relevant for the 
discussion of preconditioning techniques. All of them however make the assump- 
tion of exact arithmetic computation and, since rounding errors imply some loss of 
orthogonality (see for instance [7]), their validity in the context of finite precision 
arithmetic remains subject to further examination. 

Greenbaum made recently [5] a thorough stability analysis of the conjugate 
gradient algorithm, mentioning already as corollary some conclusions about 
rounding error effects on the convergence rate. The convergence behaviour was 
further investigated by Strakos [10] and by Geenbaum and Strakos [6], who found 
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** Supported by the "Fonds National de la Recherche Scientifique', Charg6 de recherches 
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reasonable agreement with the predictions of Greenbaum's theory. Our purpose is 
to pursue these works by carefully analysing the validity of the bounds on the 
number of iterations derived when the spectrum presents isolated eigenvalue(s) at 
(one of) its ends. We also compare our results with the experiment by running the 
conjugate gradient algorithm in single and double precision for some characteristic 
eigenvalue distributions. 

The paper is organised as follows: standard definitions and notation are given 
below, together with needed properties of the Chebyshev polynomials; the conju- 
gate gradient algorithm and its basic properties (including Greenbaum stability 
analysis) are recalled in Sect. 2, and the convergence rate in presence of rounding 
errors is discussed in Sects. 3 and 4, where we successively consider the case of small 
and large isolated eigenvalues. 

Notation. The matrix A of the linear system (i.1) to be solved is an n x n symmetric 
positive definite matrix. Its eigenvalues are denoted in the following way: v~], is the 
i th eigenvalue, and v~)~, the i th eigenvalue by decreasing order (i.e. v~)~. = v~i~ i+ 1~); 
we also write sometimes Vml. for vt~). and Vm,~ for v m max" 

The scalar product in N" is denoted (x,y). For any n x n symmetric positive 
definite matrix B, a(B) denotes the spectrum of B and Ilxl[B the B-norm of x, i.e. 
Ilx[IB = ~ -  

Chebyshev polynomials. For k > 0, we define the polynomials 

a + b -  2x'] 
(1.2) ~k(a,b,  x) = T k -a ----b J 

where Tk is the Chebyshev polynomial of the first kind, i.e. 

(cos(k arccos x) if Ix[ < 1 
(1.3) Tk(X) = ( X2 [ (X + x / ~  ~ I )k + (x -- x / ~  -- I )k - i f l x ] > l  

We also use N'k(a,b, X) to denote (O/O~)~k(a,b, 4)t ~ We quote below needed ~ = ~ "  

properties of these polynomials; (1.4) is obvious from (1.2), (1.3); (1.5) and (1.6) are 
standard results (see for instance [3] for a proof); (1.7), (1.8) and (1.9) follow 
straightforwardly from (1.2) and (1.3); (1.10), (1.11) and (1.12) are proved in the 
Appendix; (1.13) obviously follows from (1.11) and (1.12). 

�9 I f a < b ,  

(1.4) 

�9 I f O < a < b ,  

(1.5) 

(1.6) 

I~k(a,b ,x) l  ~ l for all a < x <_ b . 

~ k ( a , b , O ) =  2 \ \X / , -  ~ 1 \ X / ~ +  1 

and therefore 

!1 1 V 1 f~--b In + l ~ k ( a , b , O ) > - .  
k = int [_ 2 N / a  e 
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�9 I f 0 < a < b ,  

(1.7) I~k(a,b, x)[ < ~k(a,b, O) 

�9 I f b > 0 a n d a = - b t a n  2~/4k, 

(1.8) 

(1.9) 

(1.1o) 

for all 0 < x < b .  

~k(a, b, O) = 0 

k rc 
I~'k(a,b, 0)1 = ~ c o t ~  

I~k(a,b,x)l<xl~'~(a,b,O)] for all 0 <  x < b .  

. I f c , > b , > 6 > O a n d l a l < b ,  

(1.11) 

(1.12) 

(1.13) 

1 (  4c ~ k (  ( ! ) )  
[~k(a'b' c)l = 2 \ b - a] 1 + 0 , 

l (2 - - - f ) k (  ( 3 2 ) )  
r  I+0 b-/ , 

and therefore 

~k(b 5,b+5, = 1 + 0  1 + 0  ~ . 

2. Algorithm and basic properties 

We recall in the following algorithm the most popular implementation of the 
conjugate gradient method for solving the positive definite linear system Au = b. 

Algorithm 2.1. Given an initial guess Uo, set ro = b - Auo, go = ro and execute, for 
k = 0 , 1 , . . . :  

(rk, rk) 
ak -- (Sk, A~R) 

r k +  1 = r k - -  a k a t ~  k 

Uk+  1 ~ l.,l k -~ ak(~  k 

(rk  + 1, r k  + 1) 
d k +  1 - -  (rk, r~) 

6k+ i = rk+ i + dk+l~k 

The basic properties of this algorithm in exact arithmetic are recalled in the 
following theorem. 

Theorem 2.1. Let A be a positive definite matrix, b some given vector and 
= A - l b  the soluton to (1.1). Letting Uk be the vector obtained after k iterations 

of Algorithm 2.1, one has 

(2.1) [la - UR[IA ---- min IIPk(A)(R -- Uo)llA 
P k ~ H  1 
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and 

Il a - u k  tl,~ 
(2.2) = < min max [ek(V)l 

II a - Uo II A e~e//~ yea(A) 

where H~ denotes the set of  polynomials of  order k satisfying Pk(O) = 1. 

As is well known, rounding errors imply some loss of orthogonality, so that 
formulas (2.1) and (2.2) are no more valid in finite precision arithmetic. One may 
however deduce the following results from Greenbaum stability analysis of 
Algorithm 2.1 [5] (Theorems 1' and 3'). 

(1) There exists a matrix �9 and a vector fl such that the coefficients ak, k > 0 
and dk, k > 1 generated by a perturbed sequence applied to the system 
Au = b are equal to those generated by an unperturbed sequence applied to 
�9 ~ = ft. Further, 

(2) 

(2.4) 

(2.3) a(O) c [J [ v - z , v + T ]  
w ( r ( A )  

where r 4 t[ A II depends on the magnitude of the perturbations. 
Letting ek = A - l r k  be the error vector at the k th step of the perturbed 
sequence, and ~k = O - 1 fk the error vector at the k 'h step of the unperturbed 
sequence, one has 

O T  ekA (i+ 
5[, 

k~ < int [ ~ v / ~ l n ! ]  + 1 

i .e  

(2.6) 

Greenbaum 1-5] gives an upper bound on z that seems to strongly overestimate 
perturbation effects. However [6], the actual convergence behaviour in a practical 
context of finite precision calculation compared with that of the "exact" (i.e. with 
full reorthogonalization) algorithm applied to a matrix (it) satisfying (2.3) with 11 
eigenvalues in each tiny interval shows a remarkable agreement provided that one 
uses a rather small value for z, say about 50r/llA It, where r/is the machine precision. 

Therefore, depending on the value of z which is used, the above mentioned 
results may be seen either as rigorous (large) upper bounds, or only as semi- 
empirical (close) estimates of rounding error effects. The choice of the point of view 
will be left open in the following; as one will see, it has anyway little influence on 
our main conclusions provided that ones discards, as we shall do, the cases where 
Ymin is SO small that (Vmln -- Z) /1,'mi n is much less than 1 or negative. 

Combining (2.3) and (2.4), we obtain 

(2.5) [[ek[la < ( 1  + O(H-~II) ) min max max [Pk(X)] 
II eo II A _ _ _ _  P k ~ H  1 y e a ( A )  x ~ [ v  -z,v+'c]  

which will be the basis of our analysis 
Consider now the standard estimate based on the polynomials 

~k(Vmin, V . . . .  X) 
Pk(X) = 

~k(Ymin ,  Y . . . .  0 )  ' 
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for the number  of iterations k~ necessary to reduce the relative error  in the A-norm 
by a factor e. We get as a first consequence, already mentioned in [5], that  this 
bound  is valid provided that one defines x by 

Vma x "4- Z 
(2 .7 )  K - - -  

Ymi n - -  T 

rather than by x = V m a x / V r n i n  , which has nearly no practical effects. The same 
conclusion holds for any bound  on k~ based on polynomials  Pk which guarantee 
[Pk~(V) [ < e for all v e a ( A )  by assuming a(A) included in the union of  intervals of  
nonzero  lenghts (see [1, 2] for examples of  such bounds). 

In the presence of  isolated eigenvalues, suitable families of  polynomials  are 
generally obtained by enforcing Pk(V) = 0 at these values. It is then clear from the 
results above that  these polynomials  will lead to valid bounds  if and only if Pk(v) is 
not  only zero at these values, but  also kept close to zero for all v belonging to small 
intervals a round  these values. This will be further discussed in the following 
sections for isolated eigenvalues at the ends of  the spectrum. 

3. Small isolated eigenvalues 

We first derive a bound  on the convergence rate in exact arithmetic. For  this 
purpose, let us use the polynomials  Pk proposed by Axelsson and Lindskog [4], i.e. 

~ {"(P) V) ii~ V-l~ri(ai, v . . . .  V ) (  V ) k-rtVmin' 1Jmax' . . . . .  1 - - -  
(3.1) P d v )  = ~" k - , v m , , ,  ~ ("(P)  Vma, O) ~,,(a~; v . . . .  0) v~)i, 

where p > 1 and r~ > 1, i = 1 . . . . .  p - 1 are integers such that  r = ~ r ~  < k and a~, 
i = 1 . . . . .  p - 1 numbers  such that  ~,,(a~, v . . . .  0) = 0, so that v -  l~n(a~, v . . . .  v) is 
effectively a polynomial  while Pk(O) = 1 follows from l 'Hospital  rule. More  parti- 
cularly, we set (cf. (1.8)) 

(3.2) ai = -- Vmax tan 2 ~ 
4rl ' 

and, since Pk(V(im!,) = 0 for i = 1 . . . . .  p -- 1, one then obtains, with (1.4), (1.9): 

(3.3) max [Pk(V)l < 
yea(A) 

1 p - 1  1 

(P) i 8  i ' ~ k - r (  V . . . .  V . . . .  0) .= I ~  .,(a~, -m.x,r 0) Ivan. 

(3.4) 

7~ 
11 p - 1 V max t a n  ---,ar-- 

�9 .~ ("(P) V . . . .  O) =~I 1 V(m/)n 

With (1.6), the latter expression leads to 

(3.5) k~ __< int 1 
Ymax tan - -  

2 p -  1 4ri 
1! ~ n - +  ~ In . + r + l  
12 X / v ~ ! .  ~ ,=1  v ~ L  r ,  
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for the maximal number  of iterations k~ necessary to reduce the A-norm of the 
relative error  by a factor e. The optimal ri are difficult to find, but  it turns out from 
the discussion in [4] that a nearly optimal choice is obtained by letting 

(3.6) ri = int Lx/v~!n  J + 1 ,  

which gives, using tan(g/4r) __< 1/r for r > 1, 

I p-1 v(t') \ - ]  
1 1,'ma x ~" In "m'"// Fmax + 1 + 1 

(3.7) k, < int ~ ~-mm In + ,~,  v ~ i . J ]  + (p - -  1) int t_/~/~(v.~_m,, ' 

where the only remaining parameter  is p; note that p = 1 gives the s tandard 
estimate (2.6). Note  also that, by contrast  to similar expressions derived in [4, 8], 
the bound (3.7) is not  an asymptotic  estimate, i.e. it is valid whatever the values of 
1/ . . . .  ~"~)in, i =  1 . . . . .  p. 

We now discuss its validity in the presence of rounding errors. As already 
mentioned,  this means that  we have to analyse the behaviour  of Pk(V) for ve 
I-v~i, - z, v~i~ + z], i = 1 . . . .  , p - 1. Using (1.7) and (1.10), one readily obtains 

(3 .8)  m a x  I P k ( v ) l  < - -  1_1 - 
vetv~ll . -  z,v:~,. + z] V(im)i n ~ 1 + 0 , 

j@i 

and the bound  derived above is thus still valid as long as 

(v~,~ " ) ~ -  2 

(3.9) e > z 1_i~2 t v~! ,"  

To  better understand the significance of this restriction, we made the following 
experiment: we ran Algorithm 2.1 and computed  

IlekllA IIr~llA-, 
IleoIIA IlrollA-, 

for the linear system A u  = b characterized by 

A = diag(2i), 

where the eigenvalues 2~, i = 1 . . . . .  n are: 

21 = 10 -4,  3,2 = 10 -2,  )~i = 

bi=v ,, 

99 
l + ( i - 3 ) n _  3' i = 3 , . . . , n .  

(i.e. v(~]n = 1 0  - 4 ,  Vtm2)n = .v11'1-2, - m m  v(3) = 1 a n d  1/ma x = 1 0 0 ) .  

The results are given in Fig. 1 for single (64 bits) and double (128 bits) precision 
calculation; we display also in the figure our  "exact ari thmetic" bound  (3.7) (with 
p = 2), where it is for convenience allowed to take real values by removing the first 
integer troncation.  

The main conclusion that  one can draw from Fig. 1 is that  the bound (3.7), 
which incidentally appears quite accurate, is valid about  as long as 

lirk[iA-~ ]irk - (b - AUu)[iA-,, 
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-4  

-12  

-16  

-20-  

-24  

-28-  

-32  

i \ ' \  nd (5.7)=f(Iog,o(~)) 

/ Ilrk- (b--Aua)ll.., \ 

" ~ [ ~ F ~ I  I I i i i I i i i t i i i I i i i i i i i i i i i i [ i I i i i i i i i l - i  i i i 3 

0 1 O0 200 300 400 

N u m b e r  o f  i t e r o t i o n s  k 

Fig.  1. Numerical results for the test problem of Sect. 3 (with n = 9900) run on CDC cyber 855 
(OS nos-ve). - - - - single precision; - -  - -  double precision 

which means that it has about the same range of validity as Algorithm 2.1, since it 
makes no sense to pursue the iterations on the updated residual rk when it becomes 
smaller than the difference between itself and the true residual b - AUk.  1 Further 
experiments showed that the choice of b influences only the earliest stages of the 
convergence process, and that the value of n has almost no influence at all, except 
when it is relatively small, so that the number of modes between )~3 and ~., is not 
sufficient to avoid other superlinear convergence effects. 

To give some further insight, we now corroborate these observations by 
a theoretical reasoning. Following van der Sluis and van der Vorst [11-13], in 
presence of small isolated eigenvalues, the conjugate gradient process actually 
eliminates these eigenvalues by making the first roots of the associate (effectively 
realised) polynomial equal to these values. This results in a delay in the conver- 
gence process, and the e-independent term in (3.7) may be viewed as an upper 
bound on this delay. Note also that the time at which this delay occurs depends on 
the right hand side, which explains the dependence with respect to b observed at the 
earliest stages of the convergence process. After this, the convergence pursues, and 
all happens as if the "eliminated" eigenvalues where really removed from the 
spectrum (for this point, see in particular Theorem 3.1 and its variants in [12]). 

Now, what happens in finite precision arithmetic? The iterations which reduce 
the error corresponding to the uneliminated modes generate, through rounding 
errors, small perturbation components of the modes which are theoretically 

1 This is also the basis of the stopping criterion used in [14] 
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eliminated. But it turns out that the process is stable with respect to these 
perturbations, so that they play almost no role in the later stages, at least as long as 
the error corresponding to the uneliminated modes remains larger than these 
perturbations. After this, the process must eliminate these modes again, which 
causes a second delay. This explains the observed limits of validity of the bound 
(3.7), and gives us a logical interpretation of the restriction (3.9). 

Note that, in this reasoning, we implicitly assume that the number of isolated 
eigenvalues is small. Otherwise, the elimination of the smallest ones may generate 
a nonnegligible rounding error component for the modes between them and V(mP!,, 
and one might need several eliminations of the latter. This is attested in restriction 
(3.9) by the factor multiplying z, which is an increasing function of the number of 
considered isolated modes. Now, in such cases, one may use the following general- 
ization of the polynomials (3.1) : 

k - m r , ' m m ,  V . . . .  l=l ~ ~ m a x ~ )  1 - -  (3.10) P k ( V )  = it') 
~ k -  mr(~'min, "r . . . .  0) i 

where m~, i =  1 . . . .  , p -  1 are positive integers. Using still (3.2) and (3.6), one 
deduces in the same way as (3.7) that, letting m = ~P_~rnl if p > 1 and m = 0 
otherwise, 

(3.11) k ~ < i n t  ~ I n  + ~ = ~ r n ~ I n ~  + m i n t / , / ~ ( p  ? L _ ~  ,~m + 1  + 1  

is a valid bound on the maximal number of iterations provided that, for all 
l < _ i < _ p - 1 ,  

/ (v(O. ~i-1 \m~ m, / . . . .  , ) 
(3.12) e > z l_l~ v(j~ " . 

"1 l j = l  ram/ 

According to the discussion above, it is not surprising to find that (3.11) is obtained 
from (3.7) by multiplying by m~ the term which represents the cost of one elimina- 
tion of v~i~. 

4. Large isolated eigenvalues 

In exact arithmetic, one cares for a large isolated eigenvalue by letting 

= ~/)k- 10)min, " (2) V) ( V m a x ,  ~ V  ) . 
(4.1) Pk(V) ~ k -  l(Vmln, t2) 0) 1 -- l~max, Vmax 

Assuming k such that ~k-l(Vmin, V(mZ~)x, 0),~ l/e, one then obtains with (1.11) that 

( 4v  'x 
~"Vmax \ ~max rain 

which may be much greater than e for sufficiently large k and gap ratio ,,(~) /,,~2) max/- max" 
This is not surprising since it is known from numerical experiments that large 
isolated eigenvalues may imply strong loss of orthogonality (see e.g. [7, 13]). 

According to the discussion of Sect. 2, we can quantify the influence of this loss 
of orthogonality by exchanging in (4.1) the term ( 1 -  V/Vmax) for a polynomial 
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Qs satisfying Qs(0) = 1, IQ~(v)l ~< 1 for v =< Vmax'(2) and such that  [Qs(v) [ is sufficiently 
small for Ve[Vmax -- Z, Vmax + Z]. These propert ies  are nicely satisfied by the poly- 
nomials  

Ps(vmax - -  -c, Vma x + Z, V) 
(4.2) Q~(v) = 

Ps(vmax - -  7:, Vma x q-  r ,  0 )  

used by G r e e n b a u m  [5] in relation with the Lanczos  method,  which is closely 
related to our  p rob lem since, as observed in [13], the number  of conjugate  gradient  
steps needed to deal with large isolated eigenvalues is nothing but abou t  the 
number  of "copies" of these eigenvalues generated by the Lanczos  algori thm. 

Next  allowing for several isolated eigenvalues, we exchange (4.2) for 

i I ~  ~p (v(j) - - r  v U) 4 -~ .  v] v s j . ,  max v~, max - -  ~ ,  / 

(4.3) Q~q)(v) = ~ ~S V - v ~  ~- V -0~ ' 
~ s 3 ~  max - ,  max - -  - ,  v r  

and this leads to the polynomials  

(,,'P) ,,'q) v) :~=~(V-l~r,(a~,-max, V) ( v ) )  k - mr - s'~ "min ~ - m a x  ~ v(q) rat 
(4.4) Pk(v)= ~ ,  t,,O,) ,,tq) O) ~ '  1--.--=-. Q~q)(v) 

K - mr - s~. "min, - i n  . . . . .  ( a / ,  - m a x ,  v( q) viol V( im)in 

(p, q, rni, i = 1 . . . . .  p - 1 and s j, j = 1 . . . .  , q - 1 are positive integers, a~ and r~, 
~ ' ~ p -  1 ~ X" p -  1 i = 1 . . . . .  p - 1 given respectively by (3.2) and (3.6), r = zL~_lr~ ano m = L,i lrn~ 

with r -- m -- 0 i fp  = 1, s = ~ s j  with s -- 0 i fq  = 1, k - mr - s => 0), wher~ we 
also take into account  the results of the preceding section to cover  cases where 
isolated eigenvalues are present  at both  extremities of the spectrum. 

Note  in this respect that  by virtue of (1.7) the addit ional  factor Q~q)(v), which 
cares for the large isolated eigenvalues, satisfies [Q~q)(v)[ < i for all 0 _< v _< Vtmq~, SO 
that  the discussion of the preceding section applies to the present  context  without  
any change. 

We thus obtain  for the bound  k~ on the maximal  number  of i terations 

- m a x  - m l n  �9 - m a x  (4.5) k~ = int 1 ~'q) 2 ~ ) j  I n - +  ~ m ~ l n  + m i n t  + 1  + s + l ,  
Vmm ~ i =  1 [_ ~, "mln  

which will be reliable in the presence of rounding errors provided that, for 
i =  1 . . . . .  p - 1 ,  the m~ are sufficiently large to satisfy (3.12) and that, for 
j - - 1  . . . . .  q -  1, the sj are sufficiently large to e n s u r e  IPk(V)I < e for v~ 
[,,~J~ - ~, ,,~J~ + r].  - m a x  - m a x  

The proof  of  (4.5) implies in part icular  (see (3.3)) 

1 Prl- 1 f 1 '~"~ 

~'cf~--k. - mr - s~.("(P)vmin, - m a x ,  v(q) O) i[=I1 ~k I~i~'rt( a / ,  Y . . . .  (q) 0 )  I V~)i n .  / < e ,  

so that  we obtain,  with (1.11), (1.12) and (1.13) (using - m a x  v ( q )  - -  a~ > - m a x  " ( q )  - -  - i n , n ,  v(p~ ] 

(4.6) max  IP~(v)l < ~ ~ .~a~-ZT,~ 1-I { ~ )  
v ~ [V(m~ -- ~,V~dL + ~] 2 2Vina~/ \--max --in,,/ i=~+ ~ \ inax/ 

((1.11) and (1.13) require a good separa t ion of the eigenvalues: 
- m a x  (1) (A. 1) they turn to overest imates  when this ~tq) ,~ v ~  ~) ~ . . .  ,~ v . . . .  but, see 
condit ion is not  satisfied). 
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This allows to bound s = E ~ = ~ s  J by computing recursively, for 
j = q - 1  . . . . .  1, 

_r/2v,J, )_1(( ) V m 'a,4V*J= 
V-'(mP~n 

q - 1  "l~(J) ) 1  s. In "max + ~ , V~) x + m l n 2  + 1, 
i = j +  1 

where/~ - s is deduced from (4.5) and T from Greenbaum theory I-5] or from the 
experiment. 

To compare this estimate with the number of iterations actually necessary to 
deal with large isolated eigenvalues, we use the fact that this number is about  the 
number of "copies" of the concerned eigenvalues generated by the Lanczos algo- 
rithm. We may thus deduce it from the experiment by counting the number of Ritz 
values (i.e. of roots of the (effectively realized) associated polynomial), between 
1/2(v~ +1) + v(J) ~ and (J) V~2x 1)) for ,,(J) j q 1/2(v~ax + = - 1, 2 and greater than --max; -max,  �9 �9 �9 

.(1) ~ for (1) In the following, these numbers are denoted gj while 1/2(r + Vmax/ Vmax. 

We report in Table 1 the g~ resulting from the run of Algorithm 2.1 on the 
systems Au  = b characterized by 

A = diag(21), bl = x / ~ ,  

with ~-1 =Vmln = 1, 2,-q+1 ='(q)-~a~ = 100, and various situations for q and 
2,_j+ 1 = CmJ)~, J = q -- 1 . . . . .  1, the remaining of the spectrum being given by 

99 
2~ = 1 + ( i - 1 ) - - ,  i = 1  . . . . .  n - q + l .  

n - q  

To achieve the comparison, we however need some estimate for z. Using 
Greenbaum upper bound would lead to overestimate the perturbation effects while 
numerical experiment similar to that of [6-] would be somewhat cumbersome for 
large matrices. Therefore, we simply reversed the expression (4.7) and deduced 
a best fitting value for z; more specifically, for three systems as above, with q = 2 in 
each case and respectively ~ma~" (~) = 104, 106, 101~ we computed 

S1 I n  4 (1) 

2 exp k - -  S~ V(m2a}x - -  Vmi n 

for various k; we found almost each time a number close to 2 . 1 0 -  ~ 5, from which we 
concluded that the actual interval length was about  2 . 1 0 -  ~ 51] A II (note that a sharp 
estimate is not needed since (4.7) depends only logarithmically on z). The calcu- 
lations were made in double precision on CDC 4360 for which the roundoff unit is 
2-52, i.e. the same as the one used in the experiment reported by Greenbaum and 
Strakos [6]. We may therefore compare the value deduced above with that used 
there, and a remarkable accordance is found since they obtain the best results with 
v = 5" 10-141IA H while no smaller value has been tested. 

We are then able to compare the observed values for gj, j = 1 . . . .  , q - 1 
against their estimates 

(4.8) In 2V~x - 1 4 -m, . . . . .  ( k - g )  ln~,(q) _ v(r' ~ + ~ siln 
T -max ram i = j +  1 rmax / 



The conjugate gradients in presence of rounding errors 311 

where the integer troncation int[.] + 1 of (4.7) (an artifice to get a strict upper 
bound) has been removed while the observed value k -  g and g~, 
i = j  + 1 . . . . .  q -  1 have been introduced rather than their estimates (to be 
discussed below). 

The results are reported in Table 1. The five values of k correspond in each case 
to the stopping criterion IlrkllA-,/llrkllA-, < ~ with e successively equal to 10 -2, 
10 -4, 10 -8, 10 -16 and 10 -32. The values k~ - s deduced from (4.5) are given only 
for Example 1 because they are necessarily equal for all examples. ^For 
j = 1 . . . . .  q - 1, gi is the quantity referred above, "est." its estimate (4.8) andJ~ the 
corresponding "frequency" 

h 
(4.9) fJ - k 

which our theory predicts to be independent of e as far as possible for a quotient of 
integers. 

The first fact we would like to point out is that the observed values for k - g are 
identical in each example. This confirms the analysis presenting this number as the 
number of iterations necessary to deal with the same example from which one 
has removed the large isolated modes, and thus our interpretation of gp 
j = 1 . . . . .  q - 1 as the number of extra iterations needed to eliminate the latter. 
Further, the numbers of iterations associated with v = 104 are nearly the same in 
Examples 2, 5 and 7 while those associated with v = 106 are nearly identical in 
Examples 3 and 6 on the one hand, and in Examples 5 and 7 on the other hand. 
This leads us to conclude that the number of iterations necessary to deal with some 
large isolated mode is actually independent of the eigenvalues that are present 
higher in the spectrum. 

Comparing the g~ with their estimate (4.8), the latter is found accurate enough 
for gl, but systematically an overestimate for the other modes. This explains 
as follows: while one would like to predict the same number for v = 104 in 
Examples 5 and 7 as in Example 2, all things are equal in (4.8) except the ratio 

vu) 10' m a x  

7 2" 10-1SIIAt[ 

which is in Examples 5 and 7 respectively 100 and 10000 times greater than in 
Example 2. 

This leads us to suggest to use (4.8) with interval lengths proportional to the 
considered eigenvalue, so that v~),x/V is exchanged for a constant depending only on 
the machine precision; one then gets for v = 104 the same prediction in all 
Examples 2, 5 and 7, and so on, so that the estimate is now accurate enough in each 
case. Of course, this is no proof  that the actual interval length is proportional to the 
considered eigenvalue, only an observation that our semi-empirical model yields 
better results with this assumption. 

It should be mentioned before concluding that an accurate estimation of 
g~ requires an accurate estimate for k -  g, which may be less obvious in more 
general cases with no regular distribution of the eigenvalues between V(mP!n and v~)~x . 
An interesting remark is then that, dividing (4.8) by k - g, we get an estimate for 
f~ which depends only of the values J~, i = j + 1 . . . . .  q - 1, and the latter may be 
exchanged without any trouble for their previously computed estimate. In other 
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Table 1. Numerical  results for the test problems of Sect. 4 (with n = 9900) run in double  precision 
(-r8 option) on C D C  4360 (OS Unix) 

Example  1: q = 1 Example 2: q = 2, v (1) = 10* max 

Ilrk]lA_ i k k - g gl est. f l  
- - <  k /~ 
Ilrolla-~ 23 19 4 3.3 0.211 

49 42 7 7.3 0.167 10- 2 19 27 
103 88 15 15.3 0.170 

1 0  - 4 42 50 
212 180 32 31.2 0.178 10- s 88 96 
427 362 65 62.8 0.180 10 -16 180 188 

10 -32 362 372 

Example 3: q = 2, v tl) = 106 Example 4: q = 2, ,t~) = 101o m a x  V m a x  

k k - g gl est. f l  k k - ~ gl est. f l  

25 19 6 5.8 0.316 30 19 11 10.9 
55 42 13 12.9 0.310 65 42 23 24.1 

114 88 26 27.0 0.295 137 88 49 50.5 
235 180 55 55.2 0.306 284 180 104 103.2 
474 362 112 111.1 0.309 569 362 207 207.6 

0.579 
0.548 
0.557 
0.578 
0.572 

Example 5:  q = 3 ,  v (2) = 1 0  4,  v ( t )  = 10 6 
max m a x  

k k - g  s2 est. f2 gl est. f l  

28 19 3 3.8 0.158 6 6.2 0.316 
63 42 7 8.4 0.167 14 13.8 0.333 

132 88 15 17.6 0.170 29 29.0 0.330 
271 180 3t 36.0 0.172 60 59.4 0.333 
548 362 63 72.5 0.174 123 119.5 0.340 

Example 6: q = 3, v (2) = 10 6, V (1) = 101~ - m a x  max  

k k - g s2 e s t .  f 2  S1 est. f~ 

38 19 6 7.9 0.316 13 12.5 0.684 
83 42 13 17.6 0.310 28 27.6 0.667 

175 88 27 36.8 0.307 60 57.7 0.682 
360 180 57 75.3 0.317 123 118.4 0.683 
726 362 115 151.4 0.318 249 238.3 0.688 

. ( 3 )  . (2 )  (1 )  10~o Example 7: q = ,,, Vm, x ---- 104, vma x = 106, Vma x = 

k k - g g3 est. fa g2 est. f2 gl est. f l  

41 19 3 5.5 0.158 6 8.5 0.316 13 13.7 
92 42 7 12.1 0.167 14 t8.8 0.333 29 30.6 

196 88 16 25.4 0.182 29 39.7 0.330 63 64.6 
401 180 32 52.0 0.178 60 81.1 0.333 129 132.0 
813 362 66 104.7 0.182 120 163.4 0.331 265 266.0 

0.684 
0.690 
0.716 
0.717 
0.732 
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words, taking into account the remark above about the interval lengths, we propose 
to estimate the "frequencies"~ by the numbersfi  recursively computed according to 

(4.10) f j =  ln~  In (~) _ ~ , )  + ~ filn vmax 
- m a x  - m , o  

f o r j = q -  1 . . . . .  1. 
The result of such a computation with r = 2 .10 -15 is given in Table 2 for the 

examples of Table 1. It is found that the values obtained match the observed 
frequencies within an error less than 5% in nearly all cases. 

It should be noted here that this accuracy is unfortunately subject to a good 
identification of all large isolated modes. Otherwise, the frequencies are under- 
estimate; one gets for instance f l  = 0.17 in Example 5 if one applies (4.10) with 
q = 2 rather than with q = 3. This may be troublesome in view of practical 
application. The quantity 

(k- ,  - s )  

remains however fortunately an upper esrtimate of gj since the decrease of f~ is 
anyway more than compensated in k~ - s by the overestimation of the effective 
spectral condition number ~q) /~P) -rnax/-mln �9 

Finally, we also invcstigated the dependency of ~ upon the roundoff unit e of the 
machine. For this purpose, we repeated similar experiment in single precision and 
on Cray Y-MP, and in each case the observed frequencies were in nice agrcemcnt 
with their estimate (4.10) when using 

(4.11) ~ = 9r/ 

which also matches the value used above since ~/was there 2-52 

5. Isolated eigenvalues at both ends of the spectrum 

The theory developed in the preceding section already covers the general case, so 
that we only pursue here our comparison with the experiment. 

To this aim, we repeated (Examples 1'-7') the experiment of Sect. 4, except that 
the n - q + 1 first eigenvalues are now 

99 
21 ~--- 10-4,  22 = 10-2,  ~'i = 1 + (i -- 3) i = 3 . . . . .  n -- q + 1 . 

n q 2 '  

The results are reported in Table 3 (for Example 1', we give besides k, the value used 
for ml = m2 in (4.5)). 

Table 2. Estimate (4.10) of~ for the examples of Table 1 

q - 1  f3 f2 f, 

Example 2 1 
Example 3 1 
Example 4 1 
Example 5 2 0.174 
Example 6 2 0.307 
Example 7 3 0.174 0.330 

0.174 
0.307 
0.574 
0.330 
0.656 
0.731 
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Table 3. Numerica l  results for the test problems of Sect. 5 (with n = 9900) run in double  precision 
(-r8 opt ion)  on  C D C  4360 (OS Unix)  

Example  1': q = 1 Example  2': q = 2, Vmaxtl) = 104 

llrkllA-, k k - g 31 est. f l  
- -  < k k-~ (m 1, m2) 
IlrollA-' 70 60 10 10.4 0.167 

147 125 22 2t .7 0.176 
10 -2 60 118 (1) 201 171 30 29.7 0.175 
10 -4  125 141 (1) 406 344 62 59.7 0.180 
10 -8 171 187 (1) 716 606 110 105.1 0.182 
10-16 297 370 (2) 
10 -32 606 646 (3) 

.(1) 101o Example  3': q = 2, Vma x'(1) = 1 0  6 Example  4': q = 2, Vma x = 

k k - 3  31 est. f l  k k - 3  31 est. f l  

79 60 19 18.4 0.317 94 60 34 34.4 
165 125 40 38.4 0.320 195 125 70 71.7 
226 171 55 52.5 0.322 266 171 95 98.1 
454 342 112 104.9 0.327 457 292 165 167.5 
805 606 199 185.9 0.328 955 606 349 347.5 

0.567 
0.560 
0.556 
0.565 
0.576 

Example  5': q = 3, Vma xt2) = 104, Vmax(i) = 1 0  6 

k k - g 32 est. f2 31 est. f l  

90 60 10 12.0 0.167 20 19.7 0.333 
189 125 21 25.0 0.168 43 41.2 0.344 
260 171 30 34.2 0.175 59 56.5 0.345 
524 344 61 68.9 0.177 119 113.7 0.346 
926 606 109 121.3 0.180 211 200.5 0.348 

Example  6': q = 3, v ~2) = 106, ,(1) = 101o max Vmax 

k k - g s2 est. f2 31 est. f l  

117 60 19 25.1 0.317 38 39.5 0.633 
244 125 38 52.3 0.304 81 81.8 0.648 
275 17t 52 71.5 0.304 112 111.9 0.655 
683 345 106 144.3 0.307 232 226.t 0.672 

1205 606 187 253.5 0.309 412 397.4 0.680 

Example  7': q = 4, -ma~ vta) = 104, Vmax(2) = 1 0  6 ,  Vmaxtl) = 1010 

k k - g gs est. fa g2 est. f2 gl est. f l  

134 60 11 17.3 0.183 20 27.1 0.333 43 44.1 
277 125 22 36.1 0.176 41 56.3 0.328 89 91.4 
379 171 30 49.4 0.175 56 77.0 0.327 122 125.0 
774 344 61 99.5 0.177 114 155.0 0.331 255 252.1 

1373 606 106 175.2 0.175 201 272.8 0.332 460 443.5 

0.717 
0.712 
0.713 
0.741 
0.759 
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We first observe that the values obtained for k - g are here again identical in all 
examples, which confirms that this part of the number of iterations represents the 
number of iterations necessary to deal with the same example from which one has 
removed the large isolated modes, situation for which the analysis of Sect. 3 applies. 
(One may object the variations of k - g observed for e = 10-16, but the reason is 
that it is precisely at this time that a second elimination of the small isolated modes 
becomes necessary, so that very slight perturbations may cause a great variation in 
the number of iterations.) 

Our second remark is that the observed frequencies~ are in all case very similar 
to those obtained for the corresponding example of Sect. 4 (Table 1), and thus (see 
Table 2) in agreement with the prediction of our estimate (4.10). Hence, here again 
we confirm the ability of the developments of the preceding section to deal with the 
general case. 

6. Conclusions 

Our results show that, in the presence of isolated eigenvalues at the ends of the 
spectrum, the number of Conjugate Gradient iterations ks necessary to reduce the 
relative error in the A norm by a factor ~ is the sum of three terms 

ks = k~ p'q) + r~P) + s~ q) 

where p - 1 and q - 1 (p, q >= l) are respectively the number of small and large 
isolated eigenvalues and 

�9 k~ p'q) is the number of iterations needed to deal with interior eigenvalues. It is 
bounded by 

(6.2) k~"'q) " "[-1 ~ ,  2 ]  = l n r / -  / ~ l n -  + 1  
L z v  v~lo ~ ' 

and as usual this bound is accurate when there is a large number of modes 
regularly distributed between CP.) and Cq) -ram -max" 

�9 r~ p) is the number of iterations needed to eliminate the modes associated with 
the small isolated eigenvalues. It is bounded by 

[ 1 ~ (  p - I  v(P' ) 3  I,~';'(q) 1 = --max ----~1 �9 1 "mill -max (6.3) f~P) int ~ , m, nv~)i n + m i n t  ~ + 1  + 1 ,  

where mi, i = 1 . . . . .  p - 1 is the number of needed "eliminations" of the 
corresponding mode while m = ZV: m,. Theoretically, ml is the smallest 
integer such that (3.12) holds. In practice, it is observed that only one 
elimination is necessary provided that p is small and that one does not 
attempt to make the residual too small with regard to the machine precision. 

The bound (6.3) has been found relatively accurate when the small 
isolated eigenvalues are well separated with a sufficient number of modes 
between v ~p~ and Cq) mm -max" 

�9 s~ ~) represents the number of extra steps necessary to deal with large isolated 
eigenvalues. Contrarily to both preceding numbers, it is strongly influenced 
by the rounding errors. A theoretical analysis shows that it is bounded by 
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s = _~__-~sj with s i computed  recursively according to (4.7) (where k~ - s is 
just  kt~P'q) + g~P)). In practice, it is observed that  

q - 1  

(6.4) s~q) = ~ = ~ ~j 
j= l  

where gj is the number  o f "cop ie s"  of the corresponding eigenvalue that  are 
generated by the Lanczos  algori thm. Further ,  the rat ios or "frequencies" 

= gj/(k - ~) may  be predicted by comput ing  recursively 

( ~ ) - 1 (  4VU) x q-1 VU) x )  
(6.5) f j =  In ln~(q) _,(p.) + ~ J~ln 

- m a x  - m m  i = j +  I a 

for j - - q -  1 . . . . .  l, where ~/ is the roundoff  unit of  the machine.  This 
est imate has been found accurate  provided that  one has identified all large 
isolated eigenvalues. Otherwise,  the frequencies are underest imated,  but  

(6.6) g~q)=(k~P'q) + g~P))(q-~=ifj) 
J 

remains anyway an overestimate of s~ q). Its derivation is partly empirical, but we 
believe that it should give a satisfying bound for most  practical applications. 

Appendix 

Proof of (1.10). One easily checks that, under the given assumptions on a, b, 

]~k(a,b, x)l < xl~(a,b, 0)[ for 0 < x < b 
if and only if 

[Tk(Yo -- y)[ < y Ti,(Yo) for 0 < y < Yo + 1 

where Y0 = cosn/2k and therefore T~(yo) = k/sinn/2k. This relation is obvious in the case k = 1. 
Otherwise. it follows from the fact that Tk'(Yo) > 0 (by straightforward calculation); the general 
properties of the Chebyshev polynomials imply then that ]Tk(yo -- y)[ can be greater than y T~(yo) 
for y > 0 only if Yo - Y < Yt where Yl = cos 3~/2k is the following root. But this is impossible 
because 

k cos ~ - cos 
(yo - yl)t[,(yo) = 

�9 

= 2k sm ~ > 1 

while lTk(Yo -- Y)I < 1 for 0 < y < Yo + I. 

Proof of (1.11). It is straightforward: 

7~ 
sin 

(A.1) I~k(a,b,c)l= b-a] L\ 1 - ~ + ~ -  

+ ( 1  a + b J  a+b+ab'~ k] 
2c 1 - ~  c2 j j 

a , b - a ,  2 k T J + 0 ( ~ - - $ ) ) ,  1 (  4 c - ] k r (  1 +b ~ _r((b--a,2]k](  1 b 3 
2 \  b - a ]  L\ 2c \ ) _l \ 

whence (i. 11). 
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Proof of (1.12). It is also straightforward: 

whence (1.12). 
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