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SUMMARY

The preconditioned conjugate gradient algorithm is a well-known and powerful method used to solve large
sparse symmetric positive definite linear sysiems. Such systems are generated by the finite element discretiz-
ation in structural analysis but users of finite elements in this context generally still rely on direct methods. It
is our purpose in the present work to highlight the improvement brought forward by some new precon-
ditioning techniques and show that the preconditioned conjugate gradient method performs better than
efficient direct methods.
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1. INTRODUCTION

It seems generally accepted that Preconditioned Conjugate Gradient (PCG) solvers cannot
compete with direct methods for solving realistic industrial problems arising from finite element
(FE) discretizations in structural analysis. A recent comparison by Poole et al.! confirmed this
view, leaving their low memory requirements as the only advantage that still should be granted to
iterative solvers. As a matter of fact, most commercially available industrial codes use Iron’s
frontal method or a skyline LU factorization as solver. Our purpose here is to demonstrate that
taking care of recent advances in the design of PCG algorithms reverses this conclusion at least
for large problems.

Highly effective preconditioners have recently been obtained by dynamically controlled approx-
imate factorizations of Stieltjes matrices, as described in Section 2. The field of application of these
factorizations has further been extended to more general symmetric positive definite matrices by
means of spectral equivalence techniques. The application of this extension to FE structural
analysis is discussed in Section 3. Section 4 presents performance comparisons between our PCG
algorithm and an efficient direct method, showing amongst others that the robustness of PCG does
not deteriorate for problems offering discontinuities or high values of the Poisson ratio.

All the results in this paper are restricted to elastostatics leading after FE discretization to
a system of linear equations of the form

Kq=f )
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where K is the structural stiffness matrix, fis the nodal load vector and q is the nodal displacement
vector.

2. PGG SOLVERS FOR STIELTJES MATRICES

PCG methods for solving (1) have now reached an elaborated stage of development and can
almost be used in a black-box fashion when K is a Stieltjes matrix.2 ~* When K is not a Stieltjes
matrix, an additional so-called reduction step has to be introduced, by which K is first precon-
ditioned by an approximate Stieltjes matrix S. The techniques for doing this have also seen recent
developments, to be described in the next section.

Definition 1. M is an M-matrix if M is non-singular with non-positive off-diagonal entries and
has a non-negative inverse.

Definition 2. S is a Stieltjes matrix if S is a symmetric M-matrix or, alternatively, positive
definite with non-positive off-diagonal entries.

The PCG method for solving (1) is shown in Table I, where B denotes the preconditioning
matrix. At each iteration step, a linear system
Bhk+1 ___gk+1 (2)

has to be solved. Therefore, solving (2) must be cheap.
The number of iterations i, required to reduce the K-norm of the initial error by a factor ¢ is

bounded® by
1 2
i, SE‘/K(B‘IK)ln; +1 3)

where x (B~ !K) denotes the ratio of the extreme eigenvalues of B™'K

In(B7'K)

k(B™K) = 7B K) @

Table I. The PCG scheme

INITIALIZATION
qO — qinit
g0 —= qu —f
d() = gO
ho = g0
ITERATION
Thk
.
d*TKd*

gt =g +
g1 = gt + e

hh+1 — B— lgk+1
gk+1'l'hk+l
Be =i
g'h

dk+1 — _hk+1 + ﬁkdk
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Table II. The IC scheme

INITIALIZATION
U = offdiag(K)

P = diag(K)
ITERATION
Forr=1,...,N-1
Fori=r+1,...,N suchas (r,i)e NZP
temp = u,;/p,
p: =p:; — tempu,;
Forj=i+1,...,N suchas (r,j)e NZP
If (i, j)e FP then u;; = u; — temp u,;

called the spectral condition number of B~ 'K (a result sometimes called Meinardus bound as it
refers to Reference 5). Therefore, B should be a good spectral approximation of K, meaning
hereby that (B~ !K) should be as small as possible.

Both conditions put on B (unexpensive resolution of equation (2) and small x(B~'K)) can be
met by using for B an approximate factorization of K but, as will be seen below, considerable care
has to be taken in the choice of this approximate factorization.

To begin with, one may first try to use incomplete factorizations of K, often called (somewhat
abusively) incomplete Cholesky (IC) factorizations and derived from the exact factorization by
ignoring updates of all entries (of the approximate factors) that do not belong to some given fill-in
pattern.

This scheme is described in Table II, where

B=U"P U (&)

U being upper triangular and P diagonal with P = diag(U). In this table, the differences between
IC and the exact factorization are put in italic mode; the fill-in pattern is written FP and NZP
denotes the nonzero pattern of U + U, that is the union of FP and the nonzero pattern of K. An
IC method is of low order when FP is small; a more precise definition of order will be given below.

IC methods were introduced hoping that the quality of the preconditioning would rapidly
increase with FP. It was later proved® that it never decreases when FP increases in the case of
M-matrices (then in particular for Stieltjes matrices) on the basis of Woznicki’s comparison
theorem.” But it was very early observed by Price and Varga® that, on the contrary, a quite
considerable increase of the fill-in leads to only a moderate improvement of the spectral condition
number.

A first issue of the Price-Varga analysis is therefore that only low-order methods are of
practical interest. In the present work, we shall only consider two fill-in levels:

1. order 0 = FP(0) = {(i,j) with i = j};
2. order 1 = FP(1) = E(K),

where E(K) denotes the edge set of the graph of the matrix K, i.e. the set of couples (i, j) such that
k,' j # 0.
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Higher orders of fill-in may be defined recursively by
FP(p + 1) = FP(p)UE(B(p) — K) (6)

where B(p) denotes the IC factorization determined by FP(p). Fractional orders may be used for
intermediate levels. This definition differs only slightly from the Price-Varga convention® 8 and it
is closer (although not identical) to the more usual ones.

It has to be mentioned that another issue of the Price—-Varga analysis is that the IC factorization
leads asymptotically to iteration numbers similar to those of the Jacobi preconditioning, with
a better leading constant, but insufficient to represent a decisive improvement for large matrices.

Such an improvement came essentially from the works of Axelsson® and Gustafsson!® who
succeeded in analyzing a modification of the IC method, originally introduced by Buleev!'! and
by which the diagonal entries of the triangular factors U are modified such as to satisfy a row-sum
criterion which may be written

Bx = Kx + ADx N

where x is a positive vector such that Kx > 0, D = diag(K) and A =(/;) is a non-negative
diagonal matrix, called perturbation matrix. When K is diagonally dominant, one may choose
x = 1 (the vector where all the components are unity) and this will be our choice in the following
without further comment.

A heuristic way to justify this modification consists in regarding it as attempting to take care of
the fill-in neglected in the IC scheme by moving it to the diagonal (so that the row-sum on each
line has the same value as it would have for the exact factorization).

This heuristic explanation neglects the perturbation matrix A which plays an essential role in
the Axelsson-Gustafsson analysis but it turned out to be widely accepted and the corresponding
method is described in Table III under the name of MIC method according to this widespread
usage. We must insist, however, that it is in complete disagreement with the Axelsson—Gustafsson
analysis (whose bound on (B~ 'K) becomes infinite when A = 0) and even that it neglects the
main progress of their contributions, which was precisely to show the extreme sensitivity of (their
bound on) the spectral condition number of the MIC preconditioning to the size and location of
the perturbations 4;.

Table III. The MIC scheme

INITIALIZATION
U = offdiag(K)

P = diag(K)
ITERATION
Forr=1,... , N—1
Fori=r+1,...,N such as (r,)e NZP

temp = u,;/p,

p: = p; — temp u,

Forj=i+1,...,N such as (r,j)e NZP

If (i, ))e FP then u; = u;; — temp u,;
else p;=p; —tempu,;

p;=p; —tempu,;
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Table IV. The DMIC scheme

INITIALIZATION
U = offdiag(K)
P = diag(K)
ITERATION
Forr=1,...,N—-1
1

1
Ifro>rthenp,=—=Y u,

i>r
Fori=r+1,...,N such as (r, )e NZP
temp = u,/p,
p;i =p; — temp u,;
Forj=i+1,..., N such as (r,j))e NZP
If (i, j) e FP then u;; = u;; — temp u,;
else p;=p; —tempu,;

p; =p;, —temp u,;

Table V. The RIC scheme

INITIALIZATION
U = offdiag(K)

P = diag(K)

ITERATION
Forr=1,... N-1
Fori=r+1,..., N such as (r, )e NZP
temp = u,;/p,
pi=p; —tempu,
Forj=i+1,..., N suchas (r,j))e NZP
If (i, j))e FP then w; = w;; — temp u,;
else p,=p; —wtemp u,;

p;=p;, —otempu,

The best way to introduce these modulated perturbations became an active research area,
leading to dynamic factorizations where a check is made at each stage of the factorization process,
the issue of which determines the size of the corresponding perturbation.?~*

We shall consider here two dynamic factorization schemes, the DMIC scheme described in
Table IV, which is a dynamic version of Gustafsson’s statically perturbed MIC method!?-!?
(which must be distinguished from the unperturbed MIC scheme of Table III) and the DRIC
method described in Table VI, which is a dynamic method derived from mixing the RIC and
DMIC methods. The RIC method, due to Axelsson and Lindskog?® is shown in Table V.
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Table VI. The DRIC scheme

INITIALIZATION
U = offdiag(K)
P = diag(K)
ITERATION
Forr=1,...,N—1
| -
R T

If 1o >t then w =2t/7o — lelse w =1
Fori=r+1,...,N such as (r,i)e NZP
temp = u,;/p,
p;=p; — temp u,;
Forj=i+1,...,N such as (r,j)e NZP
If (i, /)€ FP then u;; = w;; — temp u,;
else p;=p;, —wtempu,;

p;=p; —wtempu,;

These dynamic methods use an a priori given parameter t and an upper spectral bound of
B K to enforce the condition Ay(B™'K) < (1 — t)~! by inserting diagonal perturbations when
(and only when) necessary. Both ends of the spectrum actually decrease with increased perturba-
tions but the upper end is generally far more sensitive; as it is not feasible to control both, the best
compromise is to control the upper end.

Numerical comparisons will be reported and analyzed in Section 4, where the parameter 7 is
defined by 1 — 7 = hy, where by is a dimensionless measure of the mesh size, taken as

B _ 1
4V 4 /number of nodes

ho = ®

where h is the average length of the sides of the elements and 4V/S is the so-called average chord
length of the volume V (where the solution is sought) with boundary area S, for a problem with
d spatial dimensions. In the RIC method, the parameter w is similarly determined by letting
l—-w= ho. :

The motivation for introducing RIC and DRIC methods in addition to DMIC arose from
robustness considerations, particularly in presence of anisotropic discontinuities, where the
DMIC scheme inserts too large perturbations. An alternate possibility, not covered here, was
recently proposed by Magolu!?® who introduced (in DMIC) a «dropping test>> which simply
cancels the perturbations in highly anisotropic regions.

The XIC notation used in the following refers to any of the IC, MIC, DMIC, RIC or DRIC
factorizations.
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3. REDUCTION TECHNIOUES

3.1. A two-step preconditioning approach

Stiffness matrices generated by FEM structural analyses are usually not Stieltjes matrices and
non-positive pivots may then appear during the computation of the approximate factors.3-4- 4. 15
XIC preconditioners cannot anymore be considered as reliable. A simple remedy consists in
adding appropriate positive pivots to the pivots encountered during the approximate factoriz-
ation'® but there is no evidence that the resulting PCG method will still be efficient. A more
reliable procedure is based on a two-step preconditioning approach:

L. Reduction step. Determine a Stieltjes matrix S from the stiffness matrix K;
2. Approximate factorization: Determine an approximate factorization B of S by applying one
of the XIC schemes described in the previous section to S.

Since

B 'K=B"'SS"K ®

it is readily seen that '
k(B K) < k(ST 'K)x(B'S) (10)

showing that the penalty incurred by the additional reduction step is bounded by (S~ 'K) and
thus independent of the parameters characterizing the problem whenever S is spectrally equiva-
lent to K with respect to these parameters.

We recall here that two families of matrices S(p) and K(p) depending on some parameter p are
called spectrally equivalent with respect to p when there exist two positive constants a, § indepen-
dent of p such that, for any x # 0,

x"K(p)x
*<xrsion <7 )

k(S 'K) is then bounded by B/a called the spectral equivalence bound. Our purpose in the
present section is to show that S can generally be chosen spectrally equivalent to K with respect to
the number NEL of finite elements as well as with respect to the size h of the finite elements.

3.2. Reduction schemes producing Stieltjes matrices from FE stiffness matrices

Beauwens and Wilmet!® are probably the first to use diagonal compensation (without giving it
a name; it will be called here C-reduction) as reduction technique. Axelsson'* !7 analyzed later
the spectral properties of this method which consists in splitting a matrix A to be reduced into two
parts

A=A-A (12)

such that the off-diagonal part of A contains only the negative entries of the off-diagonal part
of A:
offdiag(A) = min(offdiag(A), 0) (13)

offdiag(A) = — max(offdiag(A), 0) (14)
The diagonal part of A is then computed by
Al = Al (15)
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where 1 = {1 1...1}T is chosen here for convenience. The reduced matrix is obtained by taking:
A=Kand S =A.

Axelsson and Gustafsson'® developed also another reduction technique for 2-D membrane
analyses, later extended to the study of 3-D solid structures by Shlafman and Efrat.'® First, the
stiffness matrix is partitioned by grouping all the degrees of freedom (d.ofs) of the same type. The
matrix below illustrates the case of a 3-D solid structure where each node has three associated
d.ofs in the x, y and z directions, respectively;

Kxx ny sz
K=| K,, K;,, K, (16)
sz sz Kzz

A reduced matrix K? is then obtained by decoupling the do.fs, that is, K? ignores any
connection between d.o.f.s of different types. That decoupling will be called D-reduction.

K, 0 0
K°=| 0 K, 0 (17)
0 0 K,

Axelsson and Gustafsson!® and Shalfman and Efrat'® did not consider in their theoretical
studies the case of matrices K? to which an approximate factorization cannot still apply.
However, in most of the FEM structural analyses, K” is not a Stieltjes matrix. For this reason, the
D-reduction is incomplete and must be followed by another reduction process: in our experi-
ments, we used the C-reduction defined by equations (12)—(15) with A = K?, A = K and A = K”.

We will refer in the following to that combination of reduction schemes as the DC-reduction.
The reduced matrix is obtained by taking S = KP.

3.3. Spectral equivalence of K and S for the DC-reduction

Our purpose now is to prove the spectral equivalence of K and S = K? with respect to the
number NEL and the size h of the finite elements. The whole set of matrices used in that proof are
presented with their links in Figure 1. Matrix K is formed by assembling the elementary stiffness
matrices K¢. The decoupling applies to these matrices as well as to the global matrix, generating
elementary K°? matrices. The assembly of K®? restores the global K? matrix. The C-reduction
may be applied to K® to form K but also to each K°, yielding elementary reduced matrices K¢°.

D-reduction C-reduction
K — Kb  —— KP ¢ K
TZC ZC ze
Ke —_ KeD = ECD
D-reduction C-reduction

Figure 1. The reduction process and related matrices
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The assembly of K°” brings forward a global matrix K*; it can easily be seen that in general
K* #K°.

The property of spectral equivalence with the DC-reduction is derived from the five theorems
below.

Theorem 1. When C-reduction is applied to any symmetric positive definite matrix A (resp.
non-negative definite A°), the matrices A and A (resp. A° and A®) are respectively, symmetric positive
definite and non-negative definite (resp. both symmetric non-negative definite).

Proof. Symmetry is obvious. A (resp. A®) is non-negative definite from the Gershgorin theorem
because Al = 0 (resp. A°l = 0) and all off-diagonal entries of A (resp. A®) are non-positive. A is
positive (resp. A¢ is non-negative) definite because A = A + A (resp. A° = A° + A°). O

Theorem 2. For a matrix A =Y ,A° such that Ve
ker(A®) = ker(A°®), (18)

the matrices A and A are spectrally equivalent with respect to the number of finite element NEL, i.e.
there exist a4, B4 > 0, independent of NEL such that for all x # 0,

a,XTAx < xTAx < B.xTAX (19)

Proof. See appendix 1. . U

Assumption (18) of Theorem 2 is always fulfilled when A = KP, as shown in Appendix IL
However, it is not the case when A = K: the in-plane rotation is a rigid body mode of several
elementary stiffness matrices for 2-D membrane elements, for instance, and this vector does not
belong to the kernel of the corresponding A¢. The C-reduction alone does not fulfill the spectral
convergence properties (with our analysis), contrary to the DC-reduction. This is probably the
origin of the better results obtained with the latter method in the numerical results of Section 4.

Therefore, Theorems 3 and 4 are introduced below.

Theorem 3. W hen D-reduction is applied to any symmetric positive definite matrix K arising from
a finite element discretization, the matrix K is symmetric positive definite.

Proof. Straightforward since each block of K is the stiffness matrix of the same FE problem
with additional Dirichlet boundary conditions applied on the other blocks. O

Theorem 4. (Axelsson and Gustafsson,'® Shiafman and Efrat'®). For 2-D membrane and 3-D
solid problems, K and K® are spectrally equivalent, i.e. there exist two positive constants ap, fp
independent of the number NEL and the size h of the finite elements such that

apXx'KPx < x'Kx < B,x"KP’x VxeRY (20)

Proof. See Axelsson and Gustafsson!® for membrane elements, Shiafman and Efrat'® for
membrane and 3-D solid elements. O

Note that Shlafman and Efrat!® claim that this result is also valid for plate and shell problems
but they provide a proof only for 3-D solid elements.

Thanks to Theorems 2 and 4, the spectral equivalence of S = K? and K with respect to NEL is
obvious, with the spectral bounds

a=opry and f=fpf.=Pp (21)

The spectral equivalence bound f/x does not depend on the number of elements nor on the way
the elements are connected (regular or non-regular mesh). Theorem 5 also shows that /x does not
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depend on the size of the finite elements h. Note that the assumptions of Theorem 5 are less
restrictive than those of Theorem 4.

Theorem 5. For 2-D membranes, 3-D solids, beams and C1 continuity plates, the spectral bounds
a4 and B4 are independent of the size h of the elements when C-reduction is applied to A = K®.
Proof. See Appendix 1V. O

4. NUMERICAL RESULTS

All the techniques presented in Sections 2 and 3 have been implemented in our PCG solver, which
allows the user to choose the preconditioner (IC, MIC, DMIC, RIC or DRIC), its order (0 or 1)
and the reduction (C or DC).

4.1. Some important remarks about the numerical results

Remark 1. We compare our PCG solver to the implementation of Iron’s frontal solver FRONT
of the industrial software SAMCEF(V4), distributed by SAMTECH (Liége, Belgium), generally
accepted to be an efficient direct solver and widely used for aeronautic and civil engineering
applications. Some numerical tests aiming to compare SAMCEF and the well-known MA28
direct solver package of the Harwell Subroutine Library are presented in Appendix V.

Remark 2. 1t is well-known?® that the numbering of the unknowns has a significant effect on
PCG performances. We do not address this problem here, relying instead on a recent study by
Notay?! who recommends the use of level orderings often called Reverse Cuthill-McKee (with
respect to Reference 27 where one such ordering was introduced). As these orderings may be
defined on arbitrary grids, we used one of them, described in2!:

(a) Alevelstructure is built with one of the most connected nodes of the graph as starting node;

(b) Within each level, nodes with the smallest value of the ratio (# unnumbered neigh-
bours)/(# neighbours) are numbered first;

(c) The obtained ordering is reversed.

On the other hand, the FRONT solver needs a frontwidth minimization, for which Sloan’s
frontwidth reducer®? has been used.

Remark 3. One generally uses? a stopping criterion ensuring that the initial error (the norm of
the initial gradient g°) has been reduced by a given factor E (= 1076 or 10™8) but this may be
unsatisfactory if the initial error is too large (or even too small). We use here the criterion

2

t+E

g"Th* < 41 (B™'K)q*Tf (22)
where 4, (B~ !K), the lowest eigenvalue of B™ 'K, can be easily computed from the parameters 1,

Bi of the PCG algorithm (see Reference 23, p. 2.20-2.27). Notay?* showed that the fulfilment of
inequality (22) guarantees

“ Qexact — qk “

<E 23
” qexact ” ( )

in the K-norm. In the carrying out of the presented numerical results, nearly the same precision
was obtained for both direct and iterative solvers (with E = 10~ 8) thanks to this realistic stopping
criterion.
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Remark 4. The last two points relate to some details of implementation allowing significant
reductions of the computations times:

(i) The preconditioner and the system matrix are diagonally scaled by P to shortcut all
operations involving P in the PCG iterations and to save the storage of a real vector.
Because the diagonal scaling is performed only once, the benefit brought by that scaling
increases if more than one right-hand side is considered;

(ii) For order 0 preconditioners, Eisenstat’s algorithm?* applies P as preconditioner for solving

(U KU ) (Ug =U"T)

instead of applying B as preconditioner for solving system (1). The so-modified PCG
scheme produces at each iteration the same approximated solution as the original algo-
rithm but allows significant CPU time savings.

4.2. The range of examples

The presented numerical experiments are restricted here to 2-D membrane and 3-D solid
problems but the same kind of results have been obtained for plates and shells even if the theory
has not yet been fully extended to handle these problems. The finite elements used in the following are:

REM4, REMS (REctangular Membrane 4- or 8-node elements);
H8, H20 (Hexaedral solid 8- or 20-node elements).

4.3. Efficiency of the different preconditioning techniques on regular grids

For regular grids using one single type of FE, the number of PCG iterations n can be plotted as
a function of the number of d.ofs N of the grid. The plotted curves tend to be straight lines
{for N = 500 roughly) in bilogarithmic axes, which corresponds to the exponential law of
equation (24),

n=x N°¢ 29

In that law, the value of e depends on the preconditioner and the reduction technique that are
chosen but also on the type of FE used for the discretization.

Table VII(a) gives the number of iterations n needed by all the IC-like order 0 preconditioners
for increasing number of d.of.s N and for different types of FE over regular square and cubic
grids. For each preconditioner, DC- and C-reductions were performed separately, giving rise to
two values for n. Table VII(b) contains the same informations for order 1 preconditioners.

Comparing the number of iterations for the DC- and the C-reduction, it can be seen that the
DC-reduction is much more efficient than the C-reduction. This conclusion is especially true for
the MIC preconditioner, for which the number of iterations is increased by a factor 6 to 7 in some
of our numerical tests when only the C-reduction was used (see e.g. REMS8 for N = 38,720 in
Table VII(a)). Let us remark that the choice of the reduction is more critical for the MIC
preconditioner because of its lack of stability, as mentioned in Section 2.

In practice, increasing the order from 0 to 1 leads to a significant improvement in the aggregate
for the MIC, DMIC and RIC factorizations but roughly no change is gathered in for IC and
DRIC preconditioners. However, even for IC and DRIC, the numbers of iterations are sometimes
different. These small differences betray that there is no mathematical equivalence between order
0 and 1 IC and DRIC preconditioners. It can only be guaranteed that the numbers of iterations
are quite similar in the range of the considered examples.
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Since the improvement due to an increase from order 0 to 1 is often small, especially for
DC-reduced preconditioners, order 0 is to be recommended since it requires less storage and
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more efficient implementations of PCG (like Eisenstat’s?#) can then be used.

Table V1I(c) shows the values of the exponent ¢ of equation (24) for all the preconditioners built
with a DC-reduction. DMIC, RIC and DRIC factorizations exhibit the best asymptotical
behaviour, having the smallest values for e. These preconditioners must thus be preferred to any
other XIC factorization when very large systems are considered. The values of e seem to be too
close to each other to conclude which is the best preconditioner amongst DMIC, RIC and DRIC.

However, it can be noticed that

(i) e is always smaller for DRIC than for RIC;
(ii) e is sometimes smaller for DMIC than for DRIC;
(i) However, when DMIC(0) performs better than DRIC(0), DMIC(1) may perform worse

than DRIC(0) and DRIC(1) (for H8 examples).

Table VII(a). Number of iterations obtained by performing order 0 preconditionings with DC- or

C-reduction on regular grids

IC(0) MIC(0) DMIC(0) RIC(0) DRIC(0)
Element N C DC C DC C DC C DC C DC
REM4 220 35 36 38 33 34 32 33 32 34 32
840 67 61 80 49 64 49 58 45 60 45
1860 98 87 144 61 98 60 84 55 87 57
3280 130 113 222 74 143 72 113 66 122 65
5100 161 139 320 85 184 82 144 75 153 74
7320 195 165 419 98 233 91 167 83 190 82
9940 225 192 564 106 279 99 211 92 234 88
12960 257 217 690 116 337 105 243 101 275 94
16380 294 244 826 128 393 113 280 109 231 101
REMS 640 96 97 71 54 68 52 73 59 70 54
2480 178 170 137 69 110 62 113 70 111 59
5520 264 246 226 87 157 74 158 77 155 68
9760 346 317 350 103 215 84 202 88 197 77
15200 439 396 487 115 274 95 246 97 249 85
21840 523 473 660 129 337 104 287 106 300 95
29680 610 549 871 142 403 114 333 115 358 102
38720 688 626 1036 153 463 121 373 123 411 108
48960 703 166 132 125 115
H8 540 43 43 42 41 38 41 35 36 37 37
1344 60 57 69 49 55 46 49 43 50 42
3630 88 74 117 64 83 53 72 50 75 50
6084 104 86 154 73 103 57 84 57 90 54
9450 120 98 203 82 124 62 98 61 125 57
13872 137 110 252 91 146 65 114 68 122 61
19494 153 123 316 102 168 69 130 72 140 64
H20 504 123 110 102 94 101 95 102 97 108 99
1980 162 133 143 111 128 102 126 104 127 100
3276 185 145 171 116 140 101 139 107 140 105
5040 218 175 212 124 160 105 156 115 158 109
7344 251 201 254 149 188 117 178 127 184 124
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Table VII(b). Number of iterations obtained by performing order 1 preconditionings with DC- or
C-reduction on regular grids

IC(1) MIC(1) DMIC(1) RIC(1) DRIC(1)
Element N C DC C DC C€C DC C DC C DC
REM4 20 35 36 40 33 36 32 33 32 34 3R

840 67 61 90 49 69 49 63 45 60 45
1860 98 87 167 62 112 60 94 55 87 57
3280 130 113 263 74 159 72 128 66 122 65
5100 161 139 398 85 204 82 165 75 153 74
7320 195 165 532 95 266 92 196 83 190 82
9940 225 192 691 108 325 99 245 92 234 88

12960 257 217 878 116 392 105 282 101 275 95
16380 294 244 1094 128 456 113 329 109 322 101

REMS 640 96 97 71 50 67 49 69 54 70 54
2480 178 170 145 67 111 59 109 62 111 59

5520 264 246 242 83 159 72 153 71 155 68

9760 346 317 359 98 218 80 205 7 197 7

15200 439 396 516 108 278 89 250 89 249 87

21840 523 473 710 124 342 100 294 99 300 95

29680 610 549 898 137 411 109 345 108 358 102

38720 626 143 113 113 108

H8 540 43 43 39 38 37 37 35 36 37 37
1344 60 57 64 46 56 42 50 42 50 42

3630 88 74 111 59 82 50 76 50 75 50

6084 104 8 150 66 102 54 90 55 90 54

9450 120 98 191 76 125 58 107 60 106 57

13872 137 110 239 84 147 62 122 65 123 61

19494 123 93 65 69 64

H20 504 122 110 99 8 101 94 102 9 108 101
1980 162 133 139 97 127 97 124 97 127 99
3276 185 145 159 102 137 94 138 99 140 106
5040 218 175 189 113 156 104 155 109 158 109
7344 251 201 228 126 180 104 183 119 184 124

Table VII(c). Value of the exponent e of the DC-reduced preconditioners applied to
regular grids for different types of FE

Order 0 preconditioners Order 1 preconditioners
REM4 REM8 H8 H20 REM4 REM8 H8 H20
IC 04482 04571 02887 02168 04482 04571 02887 02168

MIC 0-3137 02606 02549 01524 03129 02633 02499 01339
DMIC 02913 02130 01458 0-0636 0-2918 02126 01597 00375
RIC 02853 01811 01928 0-0909 0-2853 01879 01823 00715
DRIC 02671 0-1799 01544 00708 0-2680 01799 01544 0-0653

In addition, in presence of anisotropies, DRIC is also robust while DMIC presents some
weakness, as shown by Notay.* Since these tendencies will be confirmed for irregular grids, we
consider that DRIC is the best possible choice for a black box solver and will be chosen for
comparison purpose with the reference direct solver.
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Figure 2. Number of iterations for different C- and DC-reduced order 0 preconditioners on REMS regular grids
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Figure 3. Number of iterations for the DRIC(0)-DC preconditioner on regular grids using various element types

Equation (24) is illustrated in Figure 2 where the number of iterations is plotted for REM8
grids for different preconditioners and in Figure 3 where the number of iterations is plotted for the
DRIC(0)-DC preconditioner for different types of elements.

4.4. Comparison of iterative and direct solvers efficiencies on regular grids

For regular grids using the same type of finite element, the computational time ¢ is only
a function of the number of d.o.f.s N, following equation (25)

t~ N (25)
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Table VIII(a). CPU times for the PCG-DRIC(0)-DC and FRONT solvers for regular
grids (obtained on IBM 4381)

PCG CPU times FRONT
Example N (1) Iteration®  (2) Solving® (3) Total* Solving
REM4 220 0405 0-575 0-838 1-108
840 2:391 2939 3-815 9-031
1860 6879 8074 9-955 36-656
3280 13953 16-:013 19-396 109-113
5100 25327 28-556 33-697 227-573
7320 40197 44-783 52-083 456-351
9940 59-450 65-850 75-836 810024
12960 83-551 91-691 104-778 1497427
16380 112:169 122-484 138-985 2315-357
REMS 640 3136 3-761 4-309 7-471
2480 15-559 18126 20-201 80-588
5520 37-625 43-233 48-060 351-526
9760 79-316 89-278 97-562 1138-358
15200 130-478 145766 158-703 2690-863
21840 218-535 241-138 259-642 5250-614
29680 307051 336-728 363-226 10059-146
38720 420-393 459-031 498-985 17542-381
48960 582:388 632:292 689-003 20455-517
HS 540 3-099 4-060 5-427 27-175
1344 10-861 13-439 17-377 242-312
3630 36960 44-575 56-450 2051025
6084 63-561 76-409 97-266 6859-362
9450 107-673 128957 162-874 19229-520
13872 173-647 204-476 258470 45299115
19494 256-410 300-513 400-626 93400-336
H20 504 13-142 14-764 16-864 . 34911
1980 63954 71-805 83-854 765-153
3276 117-534 131-415 152-714 2404-191
5040 194-796 216-495 251-359 6497-124
7344 326-620 358411 422-500 15434-569

*Column (1) = CPU for PCG iterations
®Column (2) = Column (1) + CPU for reduction + approx. factorization + scaling
¢Column (3) = Column (2) + CPU for the assembly

Table VIII(b). Value of the exponent s for the FRONT and
PCG-DRIC(0)-DC sotvers

Type of element

Solver REM4 REMS HS H20

FRONT 1-7830 19147 22674 2-2727
PCG-DRIC(0)-DC  1-1919 11675 11838 1-1926

In that law, the exponent s depends on the solver (FRONT or PCG). Table VIIi(a) shows the
CPU times needed by FRONT and PCG for which only the best order O preconditioner, that is
DRIC(0) with the DC-reduction has been taken into account. These times were obtained on an
IBM 4381 but our experience confirms that they are similar to those that would be obtained on
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other workstations (IBM RS/6000, SUN SPARC, etc.). No tests were performed on supercom-
puters like Cray, that are used by a much fewer amount of industrial FEM users.

Three columns concern the PCG solver in Table VIII(a): the first one gives the CPU times
associated to the iterative process, the second one adds to these main values the times needed to
compute the reduction, the preconditioner and the scaling, and the third column shows the global
times including the assembly of the system. This last time must be compared to the frontal solver
time.

Table VIII(a) shows that even for small systems, the iterative scheme performs faster. The
exponent s, given in Table VIII(b) for different types of FE, allows to extrapolate that conclusion
to very large systems:

(i) The value of s lies around 19 and 2-3 for the frontal method, respectively for 2-D and 3-D
grids;

(i) For PCG-DRIC(0)-DC, the value of s remains almost unchanged in the 2-D and 3-D
applications and lies around 1-18.

3-D structures are consequently very expensive in terms of (storage and) CPU times if FRONT
is chosen as solver but this is not the case when PCG is chosen.

Let us recall here that the best result we could hope is to have s = 1 because the calculation
time cannot increase less than the number of unknowns and note that DRIC(0)-DC yields values
close to 1. Other iterative solvers like algebraic multilevel methods, combined with DC-reduction
yield theoretically to s = 1 as asymptotical value. In any case, it is only an asymptotical behaviour
and we do not have enough experience in dealing with multilevel methods to verify numerically
their efficiency (i.e. to verify if they reach rapidly their asymptotical behaviour). Therefore, the
values of s provided by DRIC(0)-DC seem satisfactory to us.

4.5. Performances of the different preconditioning techniques on non-regular grids

Excluding the influence of the frontwidth, the calculation times could still be extrapolated
following equation (25) for the frontal method with the same exponent s but not for the PCG
methods which are sensitive to mesh-specific parameters like element distortions, material
discontinuities, . . . . For this reason, each numerical test must be considered separately.

The first non-regular grid tested is presented in Figure 4; it has been generated to study the
membrane stress distribution in a parking floor. In that study, the plane stress hypothesis has
been assumed and REMS elements were used. In the following, we will refer to that grid as
PARK. The second grid (Figure 5) has been built under the same assumptions; it is a REM8
discretization of a portion of a wall in a mansion (called MANS). 3-D grids were also tested, like
a component of oven or an I-beam, using H8 elements. Those grids, named OVEN and BEAM,
are represented in Figures 6 and 7.

Table IX(a) shows the number of iterations obtained by order 0 preconditioners, presented
under the same format as in Table VII(a). Informations related to order 1 preconditioners are
given in Table IX(b). It can be seen that DMIC, RIC and DRIC remain the most efficient schemes
and that MIC exhibits again its lack of stability and poor convergence properties in the FE
context. The use of DMIC or RIC order 1 preconditioners leads to small reductions of the
number of iterations (about 10 per cent reduction for MANS, 8 per cent for PARK, S per cent for
OVEN and no reduction for BEAM) compared to order 0 results, and the rate of convergence is
simply not improved by increasing the order for the DRIC preconditioner,

Once more, DC-reduction is highly superior to the C-reduction. This allows to consider
DRIC(0)-DC as the best preconditioning technique amongst those presented in this paper.
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Figure 4. PARK: free mesh of a parking floor

4.6. Comparison of iterative and direct solvers efficiencies on non-regular grids

The same examples as in Section 4.5 are considered. Table X shows the total CPU times
obtained for those examples by the frontal solver and the DRIC(0)-DC solver. The iterative solver
remains quicker than the frontal one even for high gradients of elements sizes (MANS) or large
element distorsions (BEAM). Let us remark that the BEAM and OVEN grids have small
frontwidths, which favour the frontal solver. PCG runs only two times faster than FRONT for the
BEAM example.

4.7. The effect of material discontinuities

Material discontinuities have been generated as follows: regular square (REM4 and REMS$)
and cubic (H8 and H20) meshes are cut into two pieces of the same shape, containing the same
number of elements, one having a Young’s modulus 10 times greater than the other one. The
number of iterations of our iterative solver on these non-uniform structures is compared in
Table XI to that of the uniform structures of Table VII(a) for the DRIC(0)-DC preconditioner.
The discontinuities have apparently no significant influence.
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Figure 5. MANS: free mesh of a mansion wall

Table IX(a). Number of iterations obtained by performing order 0 preconditionings with DC- or
C-reduction on non-regular grids

IC(0) MIC(0) DMIC(0) RIC(0) DRIC(0)
Example N C DC C€C DC C€C DC € DC C DC
PARK 9067 453 449  ° s 503 191 422 196 423 184
MANS 24368 * . @ 1042 1492 642 1279 680 1288 623
OVEN 23687 370 370 ® a 410 221 325 241 323 196
BEAM 19362 1169 1020  ° a 1199 677 1035 728 1073 649

* = more than 1501 iterations
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Table IX(b). Number of iterations obtained by performing order 1 preconditionings with DC- or
C-reduction on non-regular grids

IC(1) MIC(1) DMIC(1) RIC(1) DRIC(1)
Example N C DC C DC C DC C DC C DC
PARK 9067 453 449 a 2 495 174 401 180 423 185
MANS 24368 a 2 2 947 594 608 621
OVEN 23687 370 370 2 2 399 210 347 236 325 195
BEAM 19362 1169 1020 2 2 679 725 647

# = more than 1501 iterations

-----

Figure 6. OVEN: free mesh of an oven component

Table X. CPU times for the PCG and FRONT solver for non-regular grids

PCG CPU times FRONT
Example N (1) Iteration® (2) Solving® (3) Total® Solving
PARK 9067 164-060 173-339 180-378 5223-835
MANS 24368 1515-441 1539-534 1558-851 5292:520
OVEN 23687 578-947 610-050 673929 9649-185
BEAM 19362 2277499 2315715 2384-131 4774:791

2 Column (1) = CPU for PCG iterations
*Column (2) = Column (1) + CPU for reduction + approx. factorization + scaling
¢Column (3) = Column (2) + CPU for the assembly
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Figure 7. BEAM: free mesh of an I-beam

Table XI. Number of iterations of the DC-re-
duced order 0 IC-like preconditioners for uni-
form meshes and discontinuous meshes

Element N Mesh 1 Mesh 2
REM4 16380 101 103
REMS 38720 115 112
HS 19494 64 64
H20 7344 124 121

Mesh 1 = Uniform REMS8 or H8 mesh with Young’s
modulus E,

Mesh 2 = Discontinuous mesh: Young’s modulus E,
on the half mesh, 10 E, on the other half
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Table XII. Number of iterations for different
values of the Poisson ratio v with the DRIC(0)-
DC preconditioner

PARK REM4 REM4

v (N =388) (N =1796)
0-40000 184 45 55
049000 196 46 57
0-49900 197 46 57
0-49990 197 46 57
0-49999 198 46 57

4.8. The effect of the material properties and anisotropy

The quality of XIC preconditioners is admitted to be influenced by the material properties.
Axelsson and Gustafsson!® have more particularly enhanced the effect of the Poisson ratio v: in
their experiments, values of v near 05 deteriorate the spectral equivalence bound. This may be
due to the presence of (1 — 2v) in the Hooke matrix.

Table XII compares the effect of v on the number of iterations for three of our grids, including
a non-regular grid, with a DRIC(0)-DC preconditioner. It seems that thanks to the DC-
reduction, the effect of v on the number of iterations is fairly slight and can be neglected, which is
an important improvement from the robustness point of view.

Following Notay,* the robustness of the DRIC preconditioner extends to anisotropic
problems, contrary to DMIC. Note that the Poisson ratio v, when non-zero, introduces
anisotropy in the discretized equations. However, additional experiments not presented here
for brevity have shown that even when other XIC factorizations than DRIC are used, the effect
of v can be neglected; this highlights the fact that the insensitivity of the number of iterations
with respect to v is due to our DC reduction and not to the choice of DRIC amongst the other
XIC schemes.

5. CONCLUSIONS

5.1. On the choice of an iterative scheme

Three aspects must be taken into account when choosing an approximate factorization for
PCG preconditioning:

(i) The reduction: the need for an efficient reduction technique in the FEM structural analysis
context has been highlighted and reduction techniques yielding Stieltjes factorizable
matrices have been presented and justified. The coupling of two reduction schemes,
decoupling and diagonal compensation, leads to highly efficient preconditioners;

(ii) The approximate factorization: the preconditioner DRIC recently developed by Notay*
has been presented and significant numerical tests show that also for structural FEM
problems, it is one of the most powerful of the IC family of preconditioners: IC has weak
convergence properties, MIC is not robust enough, RIC and DMIC sometimes perform
better at order 1 but are more sensitive to grid non-uniformity, material discontinuities or
anisotropy;
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(iti) The order of the factorization: the profit carried by medium-order preconditioners is often
too low to make them seem attractive for problems arising from the FEM discretization in
structural analysis, at least for DRIC-DC preconditioning. This allows us to use order
0 schemes that have small memory requirements.

The combination of DRIC(0) and the hybrid DC reduction leads to the lowest CPU times
amongst the different popular preconditioning techniques referred here.

5.2. PCG versus frontal method

It is now accepted that the memory requirements of a PCG solver are much lower than those of
a direct solver, but the comparison of CPU times feeds a great polemic for a lot of years. This is
due to parameters that influence the convergence rate of the PCG solver (for a given problem),
which are as follows:

(i) The type of finite elements: This paper shows that PCG methods lead probably to one of
the most efficient solvers for some types of finite element. This has been theoretically and
numerically demonstrated for membrane and solid elements in this work but numerical
results have been obtained separately for plate and shell problems;

(ii) The preconditioner: The improvement brought forward by recently developed approxim-
ate factorization algorithms reduces dramatically the number of iterations;

(ili) The reduction is generally ignored by several authors but this paper shows how to combine
different reduction techniques to carry out efficient preconditioners in the structural
analysis context;

(iv) The computer on which the software codes are tested: the sparse data storage schemes and
the ordering of the unknowns must be completely re-thought to run PCG on vector or
parallel computers and get the same conclusions as here on a scalar computer when
comparing PCG to FRONT. However, the most used computers in industry are scalar
and mono-processor machines, on which our contribution allows to increase the size of the
solved problems, now restricted by the use of direct methods.

DRIC(0)-DC computational times presented here are far smaller than those obtained by the
frontal method, even if the grids are non-regular, with high element size gradients or shape
distorsions. This conclusion remains valid for 2-D structures and is reinforced for 3-D structures,
and it seems that the PCG method must always be preferred to a direct method.
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APPENDIX I: PROOF OF THEOREM 2
C-reduction applied to A and A° requires equations (26)—(33) to be satisfied:
A=A-A (26)
offdiag(A) = min(offdiag(A), 0) (27)
offdiag(A) = — max(offdiag(A), 0) (28)
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Al =Al 29)
A*=A°—A° (30)
offdiag(A€) = min(offdiag(A°®), 0) (31)
offdiag(A¢) = — max(offdiag(A°), 0) (32)
Al = A°l (33)
and the elementary matrices are tied to the global ones by equations (34) and (35)
A=) A° 34
A*=Y A (35)

Upper spectral equivalence bound f4. Equation (26) yields
x"Ax = xT(A — A)x < x"Ax
since A is at least non-negative definite from Theorem 1. Then, in equation (19)
Ba=1 (36)

Lower spectral equivalence bound u 4. If assumption (18) is satisfied, there exists always, for any
finite element of the structure, an «, > 0 that satisfies equation (37),

a.x"Ax < xTA’x (37
Now, let
Umin = Min(a,) (38)
Then,
UminXTAX < XTAX (39)
implies by summing for all e
UminX"A*X < XTAX (40)
or
Ui X"(A + (A* — A))x < X"AX (41)

If (A* — A) is non-negative definite, which is proven in Appendix 111,
IminXTAX < X"AX VxeRY
and in equation (19)
xp = Omin (42)

The upper bound does not depend on anything; the lowest bound does not depend on the
number of elements. O
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APPENDIX II: PROOF OF ASSUMPTION (18): ker(A®) = ker(A®)

The proof is made for A° = K°°. Without any loss of generality, let us consider a problem with

two translation d.o.f:s x, y and one rotation d.o.f. 8,

K2 0 0]
K?=Y[K’l=[ 0 K; 0
i 0 0 K
(K 0 0]
K=Y [K’]=| 0 K; 0
i 0 0 K|

“43)

(44)

where [KfiD] and [l_(f,-D] have the same entries as K{” and K, padded with zeroes to have the

same size as K and K. Let us take a look at the kernel of each block:

Translation d.o.fs: ker(K{) « span{1}. These kernels would be reduced to {0} if boundary

conditions were applied to the corresponding d.o.f.s;
Rotation d.ofs: ker(Kg) = {0}.

Moreover, equation (33) implies
Ki’l = K;1
and therefore
ker(K¢?) < ker(K¢P)
But since
xTKx = xT(K? — K*®)x
> x"K*Px
from Theorem 1, if K*Px = 0, then K*’x = 0 and
ker(K¢?) < ker(K¢P)
Equations (46) and (47) provide
ker(K®?) = ker(K°?)

APPENDIX III: (A* — A) IS NONNEGATIVE DEFINITE
From equations (35), (33), (34) and (29) successively, one has

A*1=Y A1 =Y A1 = Al = Al

which leads to

- z (A* — é)ij = (A* — A);

i%)

(45)

(46)

(47)

(48)
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On the other hand, it can be seen from equations (26)—(35) that
(A*); = 3 ) max((A°);, 0)
j e
(A)y = Z max <Z (Ae)ijs 0)
J e

(A*); = Y min((A°);,0) fori#j

(A);; = min (Z (A°%);, 0> fori#j

e

and therefore

(A%); = (A); fori=j (49)
(A%);; < (A); fori#j (50)
and the conclusion follows from the Gershgorin theorem. O

APPENDIX IV: PROOF OF THEOREM 5

The spectral bounds a4, #, of Theorem 2 depend on the size of the elements h only through the
parameter «,, defined for each element. We prove here that at least for 2-D membranes, 3-D
solids, beams and C1 continuity plates, o, is independent of the size of the element e.

Proof for 2-D membrane, 3-D solid and Cl continuity plate elements. We use here the
isoparametric transformation to map any finite element e on a given parent element p with a size
ratio h, as shown in Figure 8. Let (x, y, 2), (£, 1, {) be the space co-ordinates in elements e and p,
respectively, and

Xi, VinZi=* h (51)
are the nodes co-ordinates of element e.
Then?3
K¢ = J (DN)"H(DN) | det J|d¢édnd¢ (52)
4
z g
ZPZ)ﬂh.h,h) O =111
y LN
x £
element e element p

Figure 8. Isoparametric transformation with size ratio h
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where H is the Hooke matrix; N is the matrix of the shape functions; J is the Jacobian matrix of
the isoparametric transformation that can be written, N; being the shape functions at node i,

[ Yo:Nx, Yo:Niy: Y oyNizi]
Oex Ogy 0Ocz ;é x 2‘;6 Y zi:g &
J=| 8,x 8,y 0,z| =| Yo,Nix; Y 0,Niy; Y 9,Niz;

0 0 0z
R Y. O0Nixi Y0 Niy: Y 0Nz

in which all entries are proportional to h thanks to equation (48). The value of {detJ| is then
proportional to h%™ with dim = 1, 2 or 3 for 1-D, 2-D or 3-D finite elements respectively; D is
a matrix of differential operators using x-, y- and z-derivatives. As, for instance,

05 = (0:0) 0 + (0xm) 0y + (0:0);

in which all terms between brackets are entries of J~!, and thus proportional to ™1, all first
derivatives are proportional to h~'. Moreover, order d derivatives are proportional to h™*
If D is homogeneous (all the derivatives being of the same order) of order 4, it follows from
equation (52) that
(Ke)h=h — hdim—ld(Ke)h=1 — hdim—Zde
and obviously, for matrices A%, A? computed from K¢, K” by a D-reduction (for instance),
(Ae)h=h — hdim—2dAp (53)
(A%)y=p = R 277 (59
Therefore, as it can always be written that for some positive a,,
ax"APx < xTAPx VxeRN
and
o hdim 2y TAPy  pdim~20xTAPx VxRV (55)
Equations (53)-(55) allow to write equation (37) with the same «,, independent of the size 4 of the
element.
This proof is valid only if D is homogeneous, like for 2-D membrane, 3-D solid or C1
continuity plate elements (see Reference 25). This condition is however not always fulfilled for CO

continuity plate elements (where some entries of D are first order derivatives and some others are
non-zero constants). 0

Proof for beam elements. Note that the isoparametric transformation is not needed for beam
elements since their matrices are easily established in structural axes. For instance, the stiffness
matrix of a linear 2-D beam is

A —4 0 0 0 0 ]
A4 4 0 0 0 0
0 0 B —-B C -C

K® = (56)
0 0 —-B B —-C -C
0 0 C —~C 20 D
L 0 0 -C —-C D 2D._
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Table XIII. Comparison of FRONT and
MA28 CPU times for some grids

Example FRONT MA28

PARK 2421 7990
MANS 11632 52870
BEAM 109-81 1895-80

with A = EQh™}, B=12EIh™3, C = 6EIh™? and D = 2EIh™}, E being the Young’s modulus,
I the inertia of the beam and 2 its section.

The corresponding K°? and K°? are partitioned into three (2,2) diagonal blocks [K{’] and
[K;"] corresponding to x, y and 6 d.ofs, as proposed in equations (43) and (44). Each of these
blocks contains only entries that are proportional to h~* (x and 0 blocks) or 23 (y block). In
equation (57)

aXx"TKIx < xT[K]x VxeRY Vi (57)

the size parameter h can always be considered as a leading constant with a given exponent. The
value of «, in equation (57) is then independent of h. Equation (37) is finally obtained by summing
equation (57) for all i, with respect to equations (43) and (44) and by taking A¢ = K*P. O

APPENDIX V

The direct solver used here is the frontal solver of the industrial software code SAMCEF. Some
CPU times given in Table XIII allow a comparison of FRONT and the frontal solver of the
MAZ28 package of the Harwell Subroutine Library, which has a larger popularity in the research
area. For technical reasons, the experiments could not have been made on an IBM 4381 with
SAMCEF(V4); they were performed on a SUN SPARC20/514 with SAMCEF(V5) but it is
expected to find the same qualitative conclusions. Partial pivoting was used for the MA28 solver.

It has been found that FRONT is always more efficient than MA28, which seems not to be
optimized for industrial use.
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