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Abstract

In this paper, we address the problem of finding good parallel precondition-
ers for the iterative solution of large sparse linear systems arising from discrete -
second order elliptic PDEs. :

In this view, we consider approximate factorization preconditioners, and
propose an ordermg strategy which enables parallelism in the solution of the
triangular systems, and for which only a hmlted detertoration in the condition-
ing properties is observed. _ _

Next, we show that this deterioration can be prevented by adding a corrector
term based on the exact solution of the system projected on a very coarse finite
element basis. By “very”, we mean that the size of the basis need not increase
with the number of processors.

keywords: iterative methods for linear systems, pé,rallel computing,
preconditioning,.
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1 Intrb duction

We consider the iterative solution of large sparse symmetric positive definite linear .
systemns
Az =05. - (LD

For such systems, the conjugate gradient acceleration is known as a powerful
technique, provided that efficient preconditioning can be used (see e.g. [2]).
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The preconditioner B is a symmetric positive definite matrix such that, on the one
hand, solving a system with B, to be done at each iteration, is much easier than solving
(1.1), while, on the other hand; the eigenvalue distribution of the preconditioned
system matrix B~!4, which determines the convergence rate, is better than that of
the original system matrix A. . ' _

A given eigenvalue distribution is favora,b]e w hen 2.0., the spectral condition -
number v B-14) .
Vmin( B~1 A) =
(i.e. the ratio of the largest to the smallest eigenvalue), is small. Indeed, the number
of iteration k. 1s bounded above by

<1\/ (B A) ln-z-—i-l, (1.3)

k(B7'A) =

where € is the relative error in norm (-,.4-)1/2. However, this bound is much too
pessimistic when the eigenvalue distribution between vy, and v, 1s not dense and
interesting convergence rates may still be derived when a few eigenvalues are isolated
at either end of the spectrumn, provlded that its dense part is well clustered (see e.g.
1, 4, 17)). |

For systems arising from the discretization of second order discrete elliptic PDEs,
- 1t 1s common to use preconditioners obtained by computing an approximate factor-
ization of the system matrix, see e.g. {2, 1]. The preconditioner then writes

B=(P-F)ypP\P-F), (1.4)

where P is diagoenal, with positive diagonal entries, and F strictly upper triangular.
The triangular factors are to be kept sparse, and a widespread choice consists in
allowing I’ to be nonzero only in positions where A itself is nonzero (i.e. no fill in).
For five point finite difference matrices, the settmg of the offdiagonal part reduces
then to

' ' F+ F' = —offdiag(A). (1.5) .

The d:agonal part P is generally computed so that either diag{B — A) = 0 (1 e. stan-
dard Incomplete Cholesky (IC) factorization) or Ae = Be where e = (1,...,1) (i.e.
Modified Incomplete Cholesky (MIC) factorization), or according some compromlse
between the preceding choices (see e.g. [1, 3, 7, 18]). The latter techniques, which are
generally found more efficient than IC and more robust than MIC, are often referred
to as “perturbed” modified incomplete factorizations.

On a sequential computer, (1.5) implies that solving a system with B requires
approximately the same computing time as a multiplication by the system matrix
A. On parallel computers however, one has to face the problem that the associated
computations are intrinsically recursive. Indeed, the basic algorithm for solving (P —
F'Yo = r is (forward substitution):

Ui-_*PEEl'(Ti—ijivj) , i=1,...,n (1.6)

i<
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(where P = (p;; 6;;) and F = (fi;}). Hence, computing v; requires to have previously
computed v; for all < ¢ such that f;; # 0; and, for a given nonzero pattern, the
level of parallelism in this algorithm depends on the ordering.

Incomplete factorization preconditioners have well established conditioning prop-
erties with respect to natural orderings, but these are unfortunately not very suitable
for parallelism. For instance, it turns out from the analysis in [14] that a satisfactory
parallelization may be obtained only for relatively small numbers of processors, and
provided that the communication cost for small messages is not prohibitive.

Besides, several ordering schemes have been developed with the seek of improving
the conditioning, and some of them exhibit in addition a high level of intrinsic paral-
lelism, see e.g. [8, 12, 21}. However, to exploit this parallelism, one has to distribute
the unknowns on the different processors in a very inefficient way, and even the mul-
tiplication by the system matrix requires then much communications on distributed
memory computers. : '

On such computers, communications are kept mm:mal if one assigns the unknowns
to the different processors on the basis of a partitioning of the domain in which the
PDE is solved. The parallelization of the forward and backward substitutions re-
quires then essentially that one leaves uncoupled the unknowns belonging to different
- subdomains.

- This may be obtained by zeroing the entties in F connecting unknowns assigned
to"different processors. The effect on the convergence rate appears however quite
dramatic, even for moderate number of processors [26].

In this paper, we propose to obtain the needed parallelism in the solution of the
triangular systems by using a cedicated ordering strategy which generalizes van der
Vorst four processor ordering (see [10}) to arbitrary numbers of processors.

We analyze the effect of this ordering strategy on the eigenvalue distribution
associated to perturbed modified incomplete factorization preconditioners, and show
that their convergence properties deteriorate only slightly as the number of processors
increases.

Next, we consider adding to the precond;tloner a corrector term based on the
exact solution of the system projected on a coarse finite element basis. That is, if g is
the size of this finite element basis, we consider as preconditioner the matrix B, such
that

B =B 14V (VIAV )TV, | (1.7)

where B is our incomplete factorization preconditioner (1.4) and V' = [vy,...,v,] the
n x ¢ matrix whose columns v; are the vectors which interpolate on the grid the coarse
finite element basis functions.

We show that this allows to compensate for the deterioration of the convergence
associated with the parallel orderings. This conclusion is obtained without increasing
the size ¢ of the finite element basis together with the number of processors.

Since the existence of incomplete factorization preconditioners is only guaranteed
for Stieltjes matrices, we shall assume in the remaining of the paper that the system
matrix is a Stieltjes matrix, i.e. that it is positive definite with nonpositive offdiagonal
entries. Note however that only the matrix to factorize has to be such, and that it






PARALLEL INCOMPLETE FACTORIZATION PRECONDITIONERS 109

may be any relevant (i.e. “spectrally equivalent”) approximation of the system matrix.
Techniques to derive such approximations are given in |1, 2, 9i.

The remainder of this paper is organized as follows: in Section 2, we present our
parallel ordering strategy, and analyze its influence on the eigenvalue distribution;
some algebraic results for preconditioners of the form (1.7) are derived in Section 3, -
and their use in the context of parallel incomplete factorizations analyzed in Section
4. :
General terminology and notation. Unless otherwise stated, all vectors belong to
C”; all matrices are n xn real matrices. The symbols A" and R(A4) denote respectively
the transposes and the range of the matrix A. The order relation between real matrices
and vectors is the usual componentwise order : if A = (a;;) and B = (b;;) then
A < B(A < B)ifa; < by(ai; < by) for all 7,7; A is called nonnegative (positive)
A 2 00A4>0). HA = (aj), we denote by diag(A) the {diagonal) mairix whose
entries are a;;6;; and we let offdiag(A) = A~ diag(A). e = (1...1)! is the vector with
all components equal to unity.

©span{vy,. .., e} = R(V) where V = [uy, .. ., v,] denotes the set of vectors spanned
by the vectors v; , 1 =1,...,4q.

For any n x n diagonalizable matrix C with real eigenvalues, 1:{C) denotes its i
eigenvalue in increasing order: v (C) < 1(C) < ... < vn{C'): sometimes, vy (C) is
used for the smallest eigenvalue 1, (C), and vmay(C) for the largest 1, (C).

2 A parallel ordering strategy

- The ordering strategy we propose is a generalization of van der Vorst ordering for a
‘2 x 2 processor grid [10]. This ordering and its generalization to 3 x 2, 4 x 2 and
4 x 4 processor grids are illustrated on Fig. 1 for a square five point mesh. On this
figure, we have depicted the graph associated in each case to the system matrix A,
representing each node ¢ by a circle or a square, and each nonzero entry, ai; t £ 7, by
an arrow pointing from the smallest of the indices 7,7 to the largest. '

We give this representation rather than an explicit numbering because it is perhaps
more clear while, as far as E and F have same nonzero pattern as A (factorization
without fill-in), this dependency structure completely determines the preconditioner
independently of the particular numbering which is used.

With Fig. 1, one may see how parallelism can take place during the forward and

backward substitutions. For instance, in the 2 x 2 processor ordering, the nodes
- represented by a filled circle delimit four regions in which a forward solve (1.6) may
be started independently; then, communication is needed to perform the substitutions
related to these “separator” nodes. In the other illustrated orderings, there is another
type of “separator” line, whose nodes are marked by a square, and along which
one has to start any forward substitution; next, the computation may be proceeded
independently in the boxes delimited by these lines and the nodes represented by a
square; the final update for these latter nodes is similar as in the 2 x 2 processor
ordering. '

The generalization of this principle for more and more processors presents no
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Figure I: Illustration of the ordering strategy for a 11 x 1] five point grid = -

difficulties provided that the grid has enough nodes.

One may object that implementing such an algorithm in an effective parallel pro-
gram is not an obvious task, and requires at least 3 much harder technical work than
Just zeroing entries connecting nodes on different processors. For instance, following
Ortega [22] the separator nodes are either assigned to one of the neighbor proces-
sors, and one looses then some of the natural parallelism in the algorithm, or treated
separately, and one may get then a sequential bottleneck.

Being aware of this difficulty, we refer to (20, 19] where the problem is analysed in
detail and where an elegant easy-to-implement parallel algorithm without bottleneck
is obtained by assigning the separator nodes to each processor to which they are
connected, and repeating in parallel the concerned calculation.

In this paper, we shall therefore concentrate on the analysis of the convergence
properties associateéd to this kind of ordering, assuming that the implementation
problem has been solved either by using the algorithm in [20, 19] or by a dedicated
technical work. We refer also to [19] for timing results on parallel computers.

Let us point out that the above mentioned algorithm has been successfully adapted
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to SIMD computers by Ould Amar [23]. This will motivate considering very large
processor grids in the present study.

Note also that the ordering strategy presented above can be easily extended to 3D
grids. Some resuits for 3D problems are given in [19], from which one may conclude
that the situation is more favorable than in 2D, the use of very large processor grids
entailing only a marginal increase of the number of iterations.

In the remaining of this paper, we shall concentrate on the discussion of 2 prob-
lems.

Influence on the eigenvalue distribution

As said in the introduction, we deal essentially with “perturbed” modified incom.
plete factorizations. Indeed, the standard IC method cannot compete with these
techniques for moderate to large probiems (see e.g. [18]), while “unperturbed® MIC
(i.e. factorizations for which Be = Ae) may yield a singular preconditioner for the
kind of ordering considered here [15]. . '

In the earliest works on these “perturbed” methods (see [7] for a survey), the
diagonal P of the triangular factors was computed so that Be = Ade + Ae, where
A= (X, d;) was a diagonal matrix whose diagonal entries were small noniegative
“perturbation” parameters. Much research focussed then on the design of factoriza-
tion algorithms which automatically provide appropriate perturbations (see [2, 7, 18]
and the references therein}. This may be illustrated by the algorithm associated to
the DRIC method, which we chose for the numerical tests because of its particular -
- robustness for solving discrete elliptic PDEs {18, 24): ‘ ' -

for i=1,.. ,n

fomd T = Tag 2l if (1,7) € J
’ —ay; otherwise
J=i+1,... n
' 2 f Fr
Pii = @y — Z 'fi‘- — Z Z Wi, —hfk'fkj
k<i Pk k<i Pk

P>k, jii
SECE)RERIT-S 4

1 :
with wy = min (u-—pﬁ- -1, 1)
2255k frj

In this algorithm, J is the set of position (7,7), 7 > 4, in which fll-in is permitted
in the upper triangular factor, and « is an input parameter.

We observe that letting wy = 0 in this algorithm would lead to standard IC,
whereas wy, = 1 would lead to unperturbed MIC. The DRIC algorithm'may be con-
sequently seen as dynamically modulating the “modification” to IC in function of
a (the corresponding perturbations to MIC are not explicitly computed). This is
but internal to the algorithm and the user has only to specify the o parameter. If
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A = (a;;) is a Stieltjes matrix with Ae > 0, it can be shown [18] that all computed
Pi: are positive (i.e. B (1.4) is symmetric positive definite) while :

j"/rnax(B_lf‘i) <a™t. , (2.1)

Hence, the resulting eigenvalue distribution depends mainly on the lowest eigen-
values behaviour in function of o '

Several works [2, 6, 13, 16] have been dedicated to the analysis of the lower end
of the spectrum associated to these “perturbed” rmodified incomplete factorization
methods. Actually these works are more particularly concerned with the method
referred to as DMIC in [18], or some of its earlier version, and none of them directly
address the case of the DRIC method which is more recent. -

However, it is shown in [18] that both these methods behave very similarly when
applied to discrete second order elliptic PDEs with isotropic coefficients, whereas the
behaviour of DRIC is better in presence of anisotropies. _

Hence, we may consider that the above mentioned results apply a fortiori to DRIC
too. These works do not result in a general algebraic lower bound, but each of them
proposes a procedure which, carefully applied, leads to a relatively sharp lower bound.
For 2D discrete second order elliptic PDEs, the latter writes

Umin(B71A) > !

2.2
T lteaatn+gayn’ (2.2)

where ¢y, ¢, are independent of the mesh refinement. ¢, ¢, are in addition not much
larger than 1 provided that one uses a natural ordering of the unknowns and that
-the unpreconditioned system presents no “degenerate” eigenvalues, i.e. provided that
N Vein( D™V A) where D = diag( A} is not much smaller than |

Taking the ratio of (2.1) and (2.2), one get '

#(BT'A) < o™t +caavn + e n , ‘ (2.3)

which is minimal for
a™l~ /. . (2.4)

-x('B‘IA) is then one order of magnitude better than the original conditioning
k(D7 A) ~ cn. _ :

The case of “degenerate” eigenvalues in the original system matrix is analysed in
detail in [16). There, it is shown that, if there are ¢ — 1 such nodes (¢ > 1), one may
still derive a lower bound of the type {2.2) with ¢, c; not much larger than 1, but
which bounds below the ¢** eigenvalue in increasing order v4(B7'A) instead of the
first one 1, (B! 4). }

Hence, the eigenvalue distribution is similar as in other cases, apart from ¢ — 1
small isolated eigenvalues, and one may rely on the superlinear convergence properties
of the conjugate gradients to still get acceptable convergence.

It is interesting to recall here how this superlinear convergence takes place in such
cases. A thorough explanation is given in van der Sluis and van der Vorst [25]. Briefly
stated, the convergence is initially slow, as one would expect from the bound (1.3).







-:."_:: However, after some delay, the ¢ — 1 smallest Ritz values of the companion Lanczos
process have converged to the g — 1 smallest eigenvalues, and one observes that rapid
' convergence takes place, all happening as if the corresponding modes ‘were removed

from the spectrum. : '
A generalization of the bound (1.3) to such cases is obtained in [17] (see also

[1,3]):

1 — 2 = v 5 =
k< -2—\/:‘:{9)(3"’ A) (IH"_:‘ + < (In y—j + 2 )) + g _ (2.5)
where .
(9 g1y 4y o Ua(B7MA) D 2.6
I {B (‘4) UQ(B—-I_'}{) ' (""6)

is the reduced spectral condition number. Hence,

1 xla) (lnﬁ + 2) + 1

2 16
is an upper bound for the necessary delay to remove the :** mode. It worths note that
it is proportional to the square root of the reduced condition number, and depends
only logarithmically on the gap ratio v, /v;. Therefore, perturbed modified incomplete
factorization preconditioners, which improve this reduced spectral condition number
by an order of magnitude, reduce dramatically these delays even though the gap ratios
are nearly unchanged.

Note also that (2.5) is valid in presence of rounding errors, in spite of the well
known losses of orthogonality that occur during the conjugate gradient iterations
1, 171, |

We- have recalled in detail these results because, as discussed in [16], they also
apply in the case of non natural orderings. However, in such cases, ¢ in (2.2} is an
increasing function of the number of interior nodes which have more neighbours with
larger indices than neighbours with smaller indices. . o

There are no such nodes for both the natural and the 2 x 2 processor ordering.
With the 2x3, 2 x4 and 4 x4 processor orderings depicted on Fig. I, respectively one,
one and two lines of such nodes appear, which correspond to the nodes represented
by a square on the figure. More generally, for an ordering corresponding to a p, x p,
processor grid one will have £; = int (7’1—2;'-1) + int (@5:1) lines of such nodes. Hence,
one has to expect some decrease of the lowest eigenvalues as the number of processor
increases.

This decrease is however not that dramatic. Following thoroughly the procedure
in [16], one would deduce that ¢, increases as O({y), i.e. that the lowest eigenvalues
decreases at most as O((€;)7") = O(p~7) in the case of a square processor grid with
P processors. :

Incidentally this result shows that (approximately) square processor grids, which
on the other hand minimize the number of interface nodes, are also the most advan-

tageous ones from the conditioning point of view, at least within the framework of
the methods considered here.
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Another interesting remark s that the a-independent term in (2.3) tends to dom-
inate as the number of processors becomes larger. Hence, although the bound s still
minimal for approximately the same value (2.4), there is now a wide interval around
this value for which the bound (2.3) is practically equal to its' minimal value, and
inside which there may be some room for an empirical optimization. This was done

- in [23] for very large square processor grids, with the conclusion that up to 20-25%
iterations could be saved by exchanging the rule (2.4) for :

: |
al 1/-p—’”‘ : - @

We find now interesting to corroborate these conclusions with some numerical exper-
iments. In this view, we consider the PDE

~VaVu=f in Q= (0,1) x (0,1) - (2.8)
with : 7 i
~ Problem A :
o= 100 in (%,%)x (%,%)
i elsewhere
f={ 100 in (5:5) x (L) _
0 elsewhere ’
u = forOSa:Sl,yzO
Onu =0 on the remaining part of the boundary
Problem B :
ez 1070 in (& I X (5. 5)
1 eisewhere

f=1

)

%]

f: I in (1'1'2_1 1_'72') x(.'l_lg_tl
0 elsewhere
u =0 forOSxSl,yzland 0<y<1,z=0
O,u =0 on the remaining part of the boundary

In each case, we use five point finite differences with uniform mesh size A in both
directions.

In these experiments, we ran the conjugate gradient algorithm until Fre /)
ro ||< 107, where 7, denotes the residual at iteration k. Then, we comprited the Ritz
values of the companion Lanczos process (that is the roots of the polynomial generated
by the conjugate gradient algorithm, see [25] or [11, Section 2], for instance). At that
stage, the extreme Ritz values have converged to the isolated eigenvalues at either end
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‘of the spectrum, while the dense part of the latter is well fitted by the interval(s) in
which mé,ny Ritz values are concentrated. Hence, although the set of Ritz values is far
from representing exactly the whole spectrum, their distribution provides sufficient
information about the eigenvalue distribution to discuss the associated convergernce
properties. : ' ' '

These Ritz value distributions are plotted on Fig. 2 and 3 for respectively prob-
lems A and B with 27! = 96, 192. Several orderings are considered for the DRIC
preconditioner, a “p, X p, processor ordering” meaning an ordering as illustrated on
Fig. 1, for which the “separator” nodes are the nodes corresponding to gridpoints on
the lines x = p%r, J=1,....p, — 1 and the lines y = ;—y. J=1....p, =1, jeven
giving the separator nodes ordered first (represented by a filled circle on the Figure)
~and j odd the separator nodes ordered last (represented by a square).

We used in each case o = & in agreement with the standard rule (2.4). The Jacobi
preconditioning is included in order to give an idea of the eigenvalues of D714, To
- facilitate the discussion, the latter Ritz values have been multiplied by n.

‘One may check that for both the natural and the 2 x 2 processor ordering, the
number of eigenvalues associated to DRIC that are much smaller than 1 is equal to -
the number of eigenvalues of D™ A 'much smaller than n~!, while the lower end of
the spectrum shifts to the left as the number of processors increases, The estimate
Vmin = (’J(p‘zl) 1s however by far much too pessimistic. Nevertheless, this benefit is
partially compensated by the increase of the largest eigenvalues, which is however
perfectly mastered thanks to the upper bound (2.1). Finally, the comparison of the-
8 x 8 processor ordering with the 2 x 32 and the 32 x 2 ones confirms our preference
for square processor grids. - ' :

Besides these tests, we found interesting to fix the ordering and let o vary. The.
resulting. Ritz values distribution are given on F ig. 4 for the two same problems with
the 16 x 16 processor ordering.. For easier comparison, all distributions have been.
scaled such that the maximal value is 1. o~! = f-! corresponds to the rule (2.4) and
a™! = h=1/8 to the rule (2.7). _ .

At first sight, the spectra are very similar, in agreement with the analysis above.
However, the reduced spectral condition numbers, in particular £ for Problem A and
&) for Problem B, are significantly smaller for a1 = h~1/8 than for other values of
the parameter. Hence, the “superlinear” convergence should take place more rapidly
and result in a faster convergence for ™! = h1/8. On. this basis, we may follow
Ould Amar [23], and advice the rule (2.7) in case of many processor orderings (with
square processor grids). .

Note that A~! = 192 does not correspond to a very fine grid for which massive
parallelism is viable. However, the figures derived for for A™' = 96 and A1 = 192
are very similar, apart from the increase of the largest eigenvalues as predicted by
the theory. Hence, we believe that the conclusion above are essentially independent
of the mesh size. They are in addition corroborated by the iteration count given in
(19, 23] for much finer grids. : '

This remark also holds for the numerical results in Section 4.
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Figure 2: Ritz values for the DRIC preconditioning with o

n for the Jacobi preconditoning.

h, and Ritz values times







PARALLEL INCOMPLETE FACTORIZATION PRECONDITIONERS
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Problem B h 1= 192

L T T ™

Jacobi prec. o+ W

| DRIC prec. _
. : Hﬁﬁﬂ%ﬂﬂiﬁiﬁmﬂ- natural ord.
+~MH§H&HWHH§]N}]&+ 2 x 2 proc. ord. |
o+ “Hﬂﬂ'l‘l‘}ﬂﬂ%hﬂﬂﬂﬂl&!}lﬂ}-}-{-}-}- 4 % 4 proc. ord.
+ -H{HHHHHWM{]H'. 8 x 8 proc. ord.
+ ~HHHHEREN B 16 X 16 proc. ord
RS- 32 x 32 proc. ord.|
4+ H—Hiﬂﬂﬁ}ﬂ}mmmm 32 x 2 proc.ord.

E'.|.|‘e,l...|.-'..l...I...l,

cal o PR, |

0.001 0.01- 0.1 1 i0 100 - 1000 - 10000 100000°

Figure 3: thz values for the PRIC preconditmnsnﬂ with o =

h, and Ritz values times
‘n for the Jacobi preconditoning. ' o







118 : . Y. NOTAY, ANTOINE VAN DE VELDE
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Figure 4: Ritz values for the DRIC preconditioning with the 16 x 16 processor ordering
and various a; the value of a=! is indicated on the left axis; each distribution has -
been scaled so that the largest value is equal to 1.
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3 Algebraic analysis of the coarse grid correction

We present in this section some algebraic results for preconditioners of the form (1.7),
where B is any positive definite matrix. , _
~ We first recall Corollary 3.14 of [1] in the following lemma

LEmma 1 o |
Let Cy,C, be symmetric matrices.

B + re(Ca) S uiCra Oy < (1) + i () (3.1)

"THEOREM 1

hmtm’x of rank g and Bf‘ =By V.(V’AV)‘* vt
One has, for all | < ; < n,

Let AJB ben x n Symmelric positive definite matrices, V an n x q rectangular

Cw(BTAY < (A < v(BTA) + 1. (32

 Proof. ._Since (B 4) = u,(A%E"'_A%) and v;(B714) = 'u,-(.sléB_"'A%), the resalts
follows stra.ightfor.wardly.from Letnma 1 provided that _
A2V (V4 yy-1 AZ) > 0 and Vnax(AZ V(V* 4 VIT' VWVt A43) < 1 Bt

(A%V(V’AV)"’V‘A%Y'=.A%1’_’('V54V)_1Vt-451 B9

e Al V('i'/"AV)‘1 V4% is an orthogonal'project.‘or,'whose only eigenvalues are there-

fore 0 and _1._ n

(n

' Let now ¥ = [UI y- v(”} and Vo = [vgzl,.-..,véf)]. The next thecrem shows

T

that if span {vl(l)_,...,vq(ll)} C spa.n vi-zy,...,vg)} (ie if R(V) ¢ R_(%)_), then the _

_. eigenva{ues of B;'A are not smaller that the corresponding eigenvalues of Bria
where BV = gt Vz-_(V,-tAV,-)“-fVit, t=1,2. ' '

THEOREM 2 _ o :
Let A,B ben x n symmetric positive definite matrices, Vi @ rectangular n « ¢
- matriz of rank q; and Vo a rectangular n x %2 matriz of rank g, Let -

f}i‘l.z Bl 4 V,(V:AV,)_II/? , i = 1’2_ (34) }

IfR(V) C R(V2) , then, forall 1 < 1< n,

v; (B;lA) >y (B;IA). . | | (3.5)
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Proof. The proposition holds if (Vi AV)-tvy — VI(VEAV)"1VE is nonnegative
definite. But, since R(V1) C R(V4) , there exists some g; X ¢ matrix Q of rank ¢,
such that ¥} = 1,Q. : : :

Then, noting that ¢ = Vi AV, is positive definite,

“ViAn)TV ~ wvtan)ty -
= V (C—l _ Q(QtCQ)—l Qt) Vzt |
= ROE(-cloQiotoict) oty

But C éQ(Q‘C’ Q) Q'C% is an orthogonal projector whose. only eigenvalues are
0 and 1, whence the required result. = ' :

~

Incidentally, the proof of Theorem 2 also shows that, if span {vﬁ”,.. .,vf;:) .:_
span vgz),.,.,'v‘gf) » one has necessarily B, = B, (since gy = ¢, , ¢} is invertible

which implies Cz Q(Q'CQ)-1Q! ¢4 = g ). | o

The next theorem shows that, if V = (v, .. -y Yg} s built with: vectors v; that .
are eigenvectors of B~1A4, these eigenvectors. are stil] eigenvectors of B~ A4 and the
corr_ésponding eigenvalues augmented of one unit, while the remaining eigenvectors
& eigenvalues are not perturbed. A similar-result is given in [5] for preconditioners
of the form (1 + 1/ V/4), '

" 'THEOREM 3 | _
Let A,B be n.xn symmetric nonnegative definite matrices, V = (v, ... U, an
n X% q rectangular matriz-of rank g, and B™'=B"! 4 y(vtay ) v
a) If, for some 1 < ¢ < ¢, v Is an eigenvector of B~1 4 with eigenvalue ;-
' B—IAU; = )\, v, . (36)
then it is eigenvector of B~1A with eigenvalue Ai+ 1 7

B'Avi=(\+ 1w . (3.7)

b) If (3.6) holds for all 1 <i < g, and if (vi, Ai), i =A.q + 1,...,n denote the
remaining eigenpairs of B~ A, then the eigenpairs of B~ A are (v;, ), +1), i =
l,...,qand(vi,,\,-),i=q+1,...,n. o

Proof. For any v; satisfying. (3.6) and belonging to R(V), there exists a ¢ x 1 vector
w; such that v; = Vuw,. Then

23

BT A =X VAV TV A Vs = (it 1) (3.8)

whence a}. To prove b}, it is enough to note that, since Av; = ABv, for i = ...,
the v; are mutually A-orthogonal: vt Aw; =0 for ; # j. Then, V! Av; = 0 for
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t=g+1,...,n, implying B~14v, = B ' Av;=)v. u

~ Some issues of the preceding result are gathered in the following corollary.

. COROLLARY 1 . _

 Let A, B be n X n symmetric positive definite matrices, V an n x q rectangular

matriz of rank q and B~ = p-1 1 y (VrAV)-tyr o _ _
Let z;, i = 1,.. . r be the eigenvectors associated to the r first eigenvalues of B-14 .

© in-increasing order, i.e. B~'A4z, = v (B714) 2 sr=100.,r '

a2} CR(V), then, for any eigenvalue vi(B=14) of B-14,

min (1 + 14(B~14), va(BTA)) < o (BT'A) < vpue(B14) 4 1 (3.9)

Proof. The upper bound is that in Theorem 1, while the lower bound follows straight-

forwardly from Theorem 3 when V = [z1::.+,2.). The general case where R(V) is

- larger than span{r, s, 72} follows then from Theorem 2. = ' '

These results illustrate that one may shift to the right the smallest efgenva}'ues if

~one succeeds to include sufficiently good approximations of the associated eigenvectors

in span{vl,...,vg}. = _ _

A somewhat similar result is obtained in [5]-for preconditioners of the form I+
-V V') which are introduced through a bordering technique. The drawback in this
approach is that the amplitude of the shifts depends on the scaling of the vectors in
V', which has to be adjusted in function of the values of the eigenvalues to be shifted.

- Our approach, besides including directly the case of already preconditioned matri-
ces, also provides automatitally an appropriate scaling through the term (VEAV)Y,
" Indeed, the largest eigenvalue cannot be significantly perturbed when it is much larger

dense distribution of eigenvalues between 1 and 2. Looking at the spectra depicted
in Section 2, this matches perfectly our needs. - _ '

Note that this may be extended to other types of eigenvalue distribution by consid-
ering B™1 = B~1 1) VIVIAVY Tyt in any case, only a rough idea of the spectrum
is needed to choose an appropriate . . . -

4 Incomplete factorization with coarse grid cor-
rection | | |

- We now consider the coarse grid correction (1.7) applied to DRIC preconditioners.

- As shown in Section 2, they do cluster the eigenvalues relatively well, apart from

a few nodes, to which are associated small isolated eigenvalues. (This is so for the _
application to discrete second order elliptic PDEs.) The results of Section 3 show then
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eigenvectors are expected to be “smooth”, it is natural to choose for v;, i = I,...,q,

the vectors which interpolate the finjte element basis functions associated to a coarse
mesh, ' - '

Such a coarse grid correction is also used in additive Schwartz, algorithms (see [27],
for instance). In these methods however, the size of the basis js increased so that the
" coarse mesh size correspond to the subdomains diameter. .

“As observed in Section 2, the number of eigenvalues to be shifted to the right

in practice because the cost of computing wy = (V! A V)14, may become rapidly
prohibitive in case of miassive parallelism, if one is required to have ¢ approximately
equal to the number of processors.

Note that the computation of w;, = V'z and ¥ = Vw, is not problematic because
V become sparser as the coarse mesh is refined. More precisely, if r is the number
of nodes per element in the considered finite element scheme, V will contain at most
' nonzero per row, and each of these computation will require not more then rn
maltiply-add. These computations are also well suited for parallelization.

In the case of regular rectangular grids with a p_ x Py processor ordering as de-
scribed in Section 2, we propose more specifically to use a gz X gy coarse mesh of
bilinear finite elements, locating preferably the element boundaries at (some of) the
lines corresponding to gridpoints ordered first (depicted by squares on Fig. 1).

The lowest eigenvalues are indeed badly influenced by the presence of such lines,
and we expect that irregularities in the associate eigenvectors, if any, will be located
on them. This choice is also the most reasonable in view of a parallel implementation.

Some irregularities may also occur at lines corresponding to jumps in the PDE
coeflicients, but it would be unpractical to have to adapt the coarse mesh in function
of these jumps. The small isolated eigenvalues already present with the natural or

- the 2 x 2 processor ordering may therefore not efficiently be shifted, the coarse mesh

being more designed to compensate for the influence of the ordering. To preserve
the significance of our results, we deliberately chose Problems A and B such that
the jumps in the PDE coefficients never coincide with processor boundaries for the
considered processor grids. '

Lettingz =z, , k=0,...,¢, and Y=y ,£=0,...,q, be the resulting element
boundaries (z = To, T=1I,,y=y and y = Ys, being the external boundaries of
the domain), we have then (¢ + 1){(g, + 1) gridpoints in the coarse mesh, located at

| (T, ye), k=0, ... 14z £=0,...,g, The associate fnite element basis functi.ons are

2l:
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(1 - ﬂ'(_) M oz <z <oy, < ¥ S Yo

: | and & < gl < gy :
'(1‘“—&‘15) (I“J‘:’L) if -’Ck—1_<_5;3$33_k,y£§y§?{+1
' ' and k> 0,0<gq, .
( ) (1 et ) I seSz<zg0 <y<y, (4.1)

_ and k < g, >0 o '

'(1___21::5_)(1___1;:L) if oy o<z, Sy<y

and £ > 0,./>0
] otherwise )

| Ore(z,y) =

To each @y, corresponds a vector vy in V, such that, for any node j in the fine grid,
(vke); = Bre (€5, 7;), where (€5:m;) are the coordinates of the gridpoint-corresponding
10 7. o o _ . _ _
Note that the fine grid nodes located on external boundaries with Dirichlet bound--

ary conditions are removed from the actual system 1 '
iments below, we also removed the vectors in V' associated ‘to coarse gridpoints on
such boundaries, motivated by the fact that the eigenvectors assaciated to small
“eigenvalues are generally near zero in the neighbouring regions. By: Theoren 2, the
“eigenvalues are then a lower bound on the eigenvalues which one would obtain with
the complete basis. : :

- Numerical reSuIts

We applied the coarse grid correction (1.7) as described above to the DR.IC.precondi—.
tioner, and tested it on the Problems A and B introduced in Section 2, As there, we "

-~ computed the Ritz values after convergence, and plotted them for several situations.

In a first set of experiments (see Figures 5 and 6), we considered the 16 x 16-
processor ordering, and checked the influence of a2 x2and a 4 x4 coarse mesh .
correction ‘on the eigenvalue distribution, in both cases of using the rule (2.4) and the
rule (2.7) for the DRIC preconditioner. . : '

One sees that a significant improvement is already obtained with the 2.x 2 coarse
mesh; while all small isolated eigenvalues are efficiently shifted with 4 x 4 coarse
mesh. The benefit seems superior when using the rule (2.7), probably because more
eigenvalues are then smaller than 1 and well separated from the dense part of the
spectrum, S o o . o '

~ In a second set of éxperiments, we fix the size of the coarse mesh to either 2 x 2
(Figure 7) or 4 x 4 (Figure 8), and check now the evolution of the eigenvalue dis-
tribution with the ordering while using the rule (2.7) for the DRIC parameter; the
distribution associated to the natural and the 2 x 2 processor ordering without cor-

on the eigenvalye distribution is now well mastered, even till massive parallelism.
~ This conclusion is corroborated by Table 1, where we report the number of conju-
gate gradient iterations necessary to reduce the relative residual error rell /7o |
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Problem A, A~! = 9§

LI B

no c.m. + -+ -H -

2x%cm. -

4x4cm. _ - -
“=8ocm 4 +

2 X 2cm F -

4x4cm H-H -

| TP | 1 ] NN RGN T

le-06 1e-05 0.0001 0.001 0.01 01 11 100
' Problem A, h~! = 192
L e i

L 1 T L] T T LA | T iu"!_'—f

@=hpem. o+ + HH A

azs}ﬁoc.m + -+
2x2cm T R
4X4cm i

! Lol R SN BN RO

le-06 1e-05 0.0001 0.001 0.01 01 i 10 100

Figure 5: Ritz values for the preconditioning (1.7), where B is the DRIC p.I_‘eCOHd_P
tioner with the 16 x 16 processor ordering, and the corrector term either zero (no
c.m.) or based on a g, x gy coarse finite elerment mesh (g, x gy c.m.). '

below 10~7 while using zero initial approximation. One may check the very good
scalability of the method when using the rule (2.7) together with the 4 x 4 coarse
mesh acceleration. : '

The results are-less favorable when using the rule (2.4), perhaps because part of
- the increase of the number of iterations with the number of processors has then to be
explained by the increase of the largest eigenvalues, which our coarse grid correction
cannot fight. Besides its intrinsic merits, the rule (2.7), by increasing o, decreases
the upper bound (2.1), and thus ensures that the source of any deterioration in the
conditioning properties is located at the lower end of the spectrum, and may therefore
be compensated by a corrector. term of the type investigated here.
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Problem B, h~! = 96
s

a:_‘hnor:-m- L -
C2xZem HiHH R
4 x4 cm. -
la=8h o + o A '_
2% 2cm. SRR O
4x4cm. R
e R

s P P N 2 L . i
le-06 1e-05 0.0001 0.001 0.01 01 1 - 10 100
o Problem B, A”! =192
AT B Sl

T T T T LAY i

“=hoem - -
2x2cm - T

4 X 4 cm; O
=8 em + 4—#‘*‘*‘1%!@“}—
2x2em R
B ——

| TS B BT R I

001 01 1 10 100

! 1 Ll

1e-06" 1e:05 0.0001 0.001

Figure 6: ‘Ritz values for the precon&itioning (1.7), where B is _the‘ DRIC precondi-
tioner ‘with the 16 x 16 processor ordering, and the corrector term either zero {(no . -

- ¢.m.) or based on a ¢, x gy coarse finite element mesh (¢z X gy c.m.).
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Figure 7: Ritz values for the preconditioning (1.7), where B is the DRIC precondi-
tioner with & = h for the natural ordering and « = mh for the 2m x 2m processor
ordering, and the corrector based on a 2 x 2 coarse finite element mesh, except when-
ever specified “no c.m.”, in which cases it is zero; each distribution has been scaled
so that the largest value is equal to 1. '
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_ Problem A, A1 = 96 '
ordering (processor grid): nat.ord. 2x2 4x4 8x8 16 x16 32 x 32

a=h o c.m. 39 54 74 83 105 133
2x2cm - 60 54 74 . 81 105 126

4 x4 com 53 - 47 62 69 . 89 105

a=¥2h no c.m.. 54 67 70 83 103
' C2x2cm 54 64 64 = 74 87

4 x4 c.m. 47 53 50 55 65

. Problem A4, A~ = 192 .
ordering (processor grid) : nab, ord. 3 x 9 4X4 8x8 16x16 32x32

a=h no c.m. 87 80 117 130 158 203
2x2cm 90 8t 115 125 157 189
4xdcm T8 69 98 109 131 133
a= ¥ no c.n. 80 103 108 122 134
- 2x2Zem. 8L 97 96 109 131

4x4cm 69 80 76 82 97

Problem 'B-_, A=l =06 _
ordering (processor grid} :  nat, ord, 2x2 4x4 8§x8 16x16 39 x 39

a=~h : . nocm 52 53 66 82 104 o128
- 2x2cm 48 43 5 7 87 105

~ 4dxdem 48 AT 6 T 82 93

a=Lp no c.m. 33 60 65 75 92
2 x 2 c.m, 48 47 53 55 70

4 x4 c.m. 47 48 43 47 55

Problem B, h-! = 199
ordering (processor grid) : nat. ord. 2 x 3 4 x 4 8x8 16 x16 32 x 32

a=Ah nocm. 77 80 163 126 155 193
2 x 2 com. 72 72 87 111 130 155
4 x4 cm. 73 71 87 106 123 139
a= L no c.m. 80 91 99 111 138
2x2cm. 72 75 80 83 109
4x4cm. 71 4 71 70 82

Table 1: Numbers of iterations for the preconditioning (1.7), where B is the DRIC
preconditioner and the corrector term either zero(no c.m.) or base on a ¢, x g, coarse

mesh (g; X ¢, c.m.); @ = 32£h means o = mh for the 2m x 2m processor ordering.
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