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Red-black Orderings
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Considering matrices obtained by the application of a five-point stencil on a 2D rectangular grid, we analyse a
preconditioning method introduced by Axelsson and Eijkhout, and by Brand and Heinemann. In this method,
one performs a (modified) incomplete factorization with respect to a so-called ‘repeated’ or ‘recursive’ red—
black ordering of the unknowns while fill-in is accepted provided that the red unknowns in a same level
remain uncoupled.

Considering discrete second order elliptic PDEs with isotropic coefficients, we show that the condition

number is bounded t@(n% 10g2(v5=1) \yheren is the total number of unknowng (0g,(v/5—1) = 0.153),
and thus, that the total arithmetic work for the solution is bounde®@*977). Our condition number
estimate, which turns out to be better than stand®d0dg? n) estimates for any realistic problem size, is
purely algebraic and holds in the presence of Neumann boundary conditions and/or discontinuities in the
PDE coefficients.

Numerical tests are reported, displaying the efficiency of the method and the relevance of our analysis.
© 1997 by John Wiley & Sons, Ltd.

Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997)
(No. of Figures: 2 No. of Tables: 4 No. of Refs: 25)

KEY WORDS iterative methods for linear systems; acceleration of convergence; preconditioning

* Correspondence to Y. Notay, Service déthblogie Nuckaire, Universi Libre de Bruxelles (C.P. 165),
50, Av. F.D. Roosevelt, B-1050 Brussels, Belgium.

Contract grant sponsor: Fonds National de la Recherche Scientifique: contract grant sponsor: Belgian State—
Prime Ministers Service—Federal Office for Scientific, Technical and Cultural Affairs; contract grant spon-
sor: ULB-IBM; contract grant number: IT-IF-14.

CCC 1070-5325/97/050369-23 $17.50 Received 17 November 1995
©1997 by John Wiley & Sons, Ltd. Revised 11 November 1996



370  Yvan Notay and Zakaria Ould Amar

1. Introduction

We consider here the iterative solution of large sparse symmetric positive definite linear
system
Ax = b. (1.1)

For such systems, the conjugate gradient acceleration is known as a powerful technique
provided efficient preconditioning can be used (see e.qg., [4]).

The preconditioneB is a symmetric positive definite matrix such that solving a system
with B, which has to be done at each iteration, is much easier than solving (1.1), while the
(spectral) condition number of the preconditioned system

Vmax(B_lA)

-1 _
#(BA4) = Vmin(B~1A)

1.2)

(i.e. the ratio of the largest and the smallest eigenvalue), on which the convergence rate
depends, has to be as small as possible and anyway much less than the original condition
numberx (A). Indeed, the number of iteratidn is bounded above by

1 2
ke =5 Vk(B~1lA) In=+1 (1.3)
€

wheree is the relative error in norm, A.)Y/2. If the eigenvalue distribution betweepin
andvmax is dense, this bound is known sharp, see e.g., [3,21].

For systems arising from the discretization of second order discrete elliptic PDEs, it is
now common to use preconditioners obtained by computing an approximate factorization of
the system matrix, or, more precisely, of some Stieltjes approximation of the system matrix
(in the general case where it has some positive off-diagonal entries), see e.g. [3,4]. Mostly,
these factorizations are carried out with respect to a natural ordering of the unknowns, or
some other ordering presenting similar properties. In the best cases, the condition number
for 2D isotropic problems is of ordeyn, wheren is the number of unknowns. This is an
order of magnitude better than the original conditionirig) = O(n).

Here we consider a special technique which works when (the Stieltjes approximation of)
the system matrix corresponds to a five point stencil applied to a regular rectangular grid.
It originates in the late eighties with the use, in some multigrid algorithms, of intermediate
skew meshes, see [1] and the references therein. Indeed, when such meshes are added to the
standard multigrid framework, it becomes possible to define the matrix on each successive
grid according to an incomplete factorization process.

This was considered in Axelsson an Eijkhout [5,6,7]. They proved in particular that some
W cycle version is of optimal order, on the basis of the theory developed by Axelsson
and Vassilevski [10] (see also [2,8] for more recent results). However, in this case, the
preconditioner is only implicitly defined and not so easy to implement, especially on a
parallel platform (see [9,17], for instance ). Now, in thiecycle case, the preconditioner
reduces to anodifiedincomplete factorization4 and B have same row-sum) computed
with respect to a recursive red—black ordering of the unknowns with fill-in allowed provided
the red unknowns in a same level remain uncoupled.

For this method, Axelsson and Eijkhout [5,6,7] proved, considering the model Poisson
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A Nearly Optimal Preconditioning 371

problem,

4
1 1
k(B~tAa)y < Z |1+ V5 5 ~ 0.7 (1.6)" (1.4)
2 5 2
wheret is the number of levels; if = log, »~* (see Section 2), this becomes
kK(B71A) < 0.7 7089, (1.5)

The same method was also investigated by Brand and Heinemann [14] and Brand [13].
In the latter paper, it is proved, for the same model problem,

4
K(B~1A) < (fz) (1.6)
i.e., with¢ = log, A1,
kK(B~1A) < h 05, (1.7)
Here we show that
_ 161
K(B71A) < VE(/5-1) ; ~ 18123, (1.8)

1+ (-1¢ (%)Zi

ie.,
k(B~tA) < 1.8 0306, (1.9)

This improves the above results by nearly an order of magnitude. Moreover, it will be seen
that it is better than standard fog—1 estimates for any realistic grid size, showing that the
method is (as efficient as methods) of nearly optimal ofder

The result (1.8) is based on an algebraic computable upper bound, which can be evaluated
analytically for some model examples. Resorting to numerical computation, we address its
behaviour in the presence of Neumann boundary conditions and/or discontinuities in the
PDE coefficients, and show that the bound derived for the model problem still holds, i.e.,
that the method is robust, provided that the actual grid results from successive refinements
applied to a coarse grid, and that the ordering procedure has been carefully applied to leave
in the last level all coarse grid nodes. The practical meaning of this restriction is described
in the next section.

Finally, we compare our bound with the actual condition number. In the case where the
bound (1.8) holds, it overestimates the condition number by a factor of about two only.
On the other hand, we obtain effectively better condition numbers and more robustness
when leaving all coarse grid nodes in the last level, in comparison with, for instance, the
straightforward application of the ordering procedure given in [13].

In the remainder of the paper, we shall assume that the system matrix is a Stieltjes matrix,
i.e., that it is positive definite with non-positive off-diagonal entries.

Actually, only the matrix to factorize has to be such, and it may be any relevant (i.e.,
‘spectrally equivalent’) approximation of the system matrix. Techniques to derive such
approximations are given in [3,4,11]. We shall also assume for convenienc ih#&hot
strictly) diagonally dominant, but the general Stieltjes case is readily included by transform-

1 Strictly speaking, ‘nearly optimal’ is reserved in the literatureglog” h—1), ¢ > 0 condition numbers.
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372  Yvan Notay and Zakaria Ould Amar

ing (1.1) intoA’x" = b', whereA’ = AA A, x' = A~lx andb’ = Ab, with A = (v; §;;)
such tha > 0, Av > 0 (such a vector always exists, see [12]).

We shall also assume that the system matrix (the matrix to factorize) has a non-zero
pattern corresponding to the application of a five point stencil on a regular rectangular grid
(note that only the grid has to be regular, not the boundary). Deriving such approximations
is less common, but it should be noted that the matrix resulting from the five point finite
difference or linear finite element discretization is spectrally equivalent to the matrices
resulting from higher order finite difference or finite element schemes [4,6].

With these assumptions, we exclude the cases where the system (1.1) is singular, as it
may arise in the discrete PDE context when the solution is only defined up to a constant.
Actually, we could include such cases on the basis of the results in [18,19,20]. Basically,
the kernel ofA is then spanned by the constant vector, and3 d&ss same row-sum, the
preconditioner is also singular. However, it is clear from the results in [19] that, in the
context considered here, it will have the same kernel aBlence, if the system (1.1) is
consistent, the syste®g;, = b — Ax; to solve at each iteration is also consistent and one
may perform conjugate gradient iterations. The bound (1.3) still holds, wh@&®e!A) is
to be understood as the ratio of the extreme non trivial eigenvalues of the gencilB
[18]. Hence, the spectral bounds derived in this paper, which are based on inequalities of
the typev(z, Bz) < (z, Az) < v(z, Bz) Vz € C", are readily extended to the caseAfB
singular. We do not make explicitly this extension here, only in order to avoid the use of a
more involved formalism, with generalized inverses and so on. Interested readers will find
all relevant details in the above quoted works. See also [20] for considerations about the
stability.

The remainder of this paper is organized as follows: recursive red—black orderings are
described in Section 2; the associated factorization algorithm is given in Section 3; in Section
4, we prove our algebraic upper bound and evaluate it analytically for the model problem;
results of numerical experiments are reported in Section 5.

1.1. General terminology and notation

All vectors belong td¢"; all matrices are: x n real matrices. The symbol! denotes

the transpose of the matrix. The order relation between real matrices and vectors is the
usual componentwise order : £ = (a;;)) andB = (b;j) thenA < B(A < B) if

aij < bij(a;; < b;j) foralli, j; Ais called non-negative (positive) § > 0(A > 0).

If A = (a;;), we denote by dia@l) the (diagonal) matrix whose entries args;; and

we let offdiagA) = A — diag(A); upp(A) is the strictly upper triangular part of, i.e.
(upp(A));; = a;j if j > i and O otherwise. The Hadamard proddct B of the matrices

A = (a;;) and B = (b;;) of the same dimensions is defined using element by element
multiplication : (A x B);; = a;jb;jj.e = (1... 1)t is the vector with all components equal
to unity.

2. Recursive red-black orderings
Consider a regular rectangular grid on which the nodes are connected according to a five-
point scheme. The grid may be ordered red—black, and it is known that the elimination of the

red nodes results in a reduced system in which the remaining nodes are coupled according
to a (skew) nine point scheme.
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Within the framework of an incomplete factorization method, one may neglect those fill
entries which do not correspond to the (skew) five-point connection scheme. If the row-sum
is preserved, one then approximates a nine-point stencil by a (spectrally equivalent) five
point one [5,6,7,13]. The reduced system may then also be ordered red-black, which allows
us to repeat the process until the number of remaining nodes is sufficiently small to allow
an exact factorization (acceptance of all new fills).

This is the basic idea behind the method. However, in practice, the ordering has to be set
up prior to the factorization.

In view of this, we label the nodes in the giidl (whose boundary may be arbitrary) by
the couple(i, j) of their row index; and column index. We then defineL; as the red
nodes of a conventional red—black ordering, ile.,is the set of nodes such that j is
either odd or even, depending on the case. If one decide§ tjathas to be a black node,
this may be formally written:

Li={G.j)eGli+j=i+j+1(mod2} (2.1)

Next, we consider a (skew) five-point connection scheme between the remaining nodes,
i.e., we assume connections betwegn) and(i =1, j £1), (i, j) € L1. The red nodes
of a red-black ordering for such a connectivity pattern are the n@d¢s for whichi is
either odd or even, depending on the case. Formally:

Lo=1{G.j)e G\L1|i=1+1(mod 2} (2.2)
where, here agaid, J) is left in the remaining se&\ (L1 U Ly). Note that, equivalently,
Ly={G,j) € G\L1| j=j+1(mod 2]} (2.3)

while
G\(L1ULp) ={(i,j)€G|i=1i(mod2andj = j(mod2} (2.4)

Hence, the remaining grid is the original grid from which one has deleted one row and
one column out of two. Repeating both preceding steps on this reduced grid leads to

Lz = {(i,j))eG\(LiUL) |i+j=14j+ 2 (mod4} (2.5)
Ly = {(i, j)€G\(L1ULaUL3)|i=1i+2 (mod4} (2.6)

Here again(z, j) has been left in the remaining &t (Ul‘-‘zl L,-).
In an¢ step recursive red black (or RRB) ordering, this process is repeated.ynsl
set. One may check that a general definitionfgr 1 < k < ¢, is
L = {(i,j) € G\ (uf.‘;ll Ll-) li+j=i+j+ 27 (mod zk%l)] 2.7)
for k odd, and

Ly = i(i, i) € G\ (uf;ll Ll-) li=i+ 2271 (mod 2 )} (2.8)

© 1997 by John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997)



374  Yvan Notay and Zakaria Ould Amar

for k even.L,. 1 is then defined by
Lisi = G\ (uf=1 L,-) (2.9)

sothat¥ = (Lg)k=1,... ¢e+1 iS @ partitioning ofG. This partitioning is illustrated in Figure
lfora17x 17 grid, with¢ =4 andi = j = 1.

51 3 1 5 13 151 3 1 5 1 3 15
121 2 1 2 1 2 1 2 1 2 1 2 1 2 1
3 1.4 1 3 1 4 1 3 1 4 1 3 1 4 1 3
121 2 1 2 1 2 1 2 1 2 1 2 1 2 1
51 3 1 5 1 3 1 51 3 1 5 1 3 1 5
121 2 1 2 1 2 1 2 1 2 1 2 1 2 1
314 13 1 41 3 1 4 1 3 1 4 1 3
1 21 2 1 2 1 2 1 2 1 2 1 2 1 2 1
51 3 1 5 13 151 3 1 5 1 3 15
121 2 1 2 1 2 1 2 1 2 1 2 1 2 1
3 1.4 1 3 1 4 1 3 1 4 1 3 1 4 1 3
121 2 1 2 1 2 1 2 1 2 1 2 1 2 1
5131513151 3151 3 15
1 21 2 1 2 1 2 1 2 1 2 1 2 1 2 1
314 13 1 41 3 1 4 1 3 1 4 1 3
121 2 1 2 1 2 1 2 1 2 1 2 1 2 1
51 3 1 5 13 151 3 1 5 1 3 15

Figure 1. Level structure associated with a four-step RRB ordering defined oxd I grid
with node(1, 1) in Ls; each node is represented by the index of the level to which it belongs

An (¢ step) RRB ordering is an ordering consistent with that partitioning, i.e., an ordering
for which the first #L1) nodes are those af4, the next #L,) those ofL,, etc. The
definitions above allow us to implement quickly an algorithm which sets the permutation
vector for such an ordering.

Note that the definition in [13] is similar, except that it is restricted to the Lasg = 0,

i.e. no parameter is considered to allow to choose, at each step, which of the nodes are red
and which of the nodes are black. With our definition, one sees in particular that, letting

. / /
L=1{@Gj)eG|i=1i(mod22)andj = j(mod22) (2.10)
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where
I if £is even
| ¢+1 if¢isodd
one has .
L CLyt1 (2.112)

Assume then that the actual grid results fram> g successive refinements steps applied
to acoarse (or semi-coarse) grid, or, equivalently, that each coarse grid cell has been divided

into my 25 x my 25 fine cells. These relations imply that by selectingd@ry) any of the
coarse grid nodes, all of them will be leftin 1. In other words, the RRB ordering becomes
a true multilevel ordering (except that in standard multilevel orderings one generally groups
together the nodes ih; and inLg41, Kk =1,3,...).

In Section 5, we shall see that much better results are obtained for these ‘multilevel’ RRB
orderings.

3. The approximate factorization process

Once the ordering has been chosen, one has still to define the set of positions where fill-in
will be permitted during the factorization.

In the context of this paper, consideringanddg) in Ly, 1 < k < ¢, the corresponding
row in the upper triangular factor may have at most four non-zero entries, connecting it
to four nodes inL;y1 U ... U Lyyg that are nearest to it in the grid, namely the nodes
(i +27, ), (i,j +27) if k is odd and the nodeg + 251, j + 25~1) if k is even.
These non-zero entries correspond indeed to a five-point connection scheme between the
nodes inL; and those in;41 U ... U Lyy1.

An interesting observation in [13] is that such a non-zero pattern is obtained when dis-
carding fill-in between the nodes in the same leig] 1 < k < ¢, which is much simpler
to implement than a thorough verification of the condition above.

Indeed, consider for instance in Fig. 1 the nodes in Iégland assume that they are
connected to only their four nearest neighbourkinu . ..U L,1. For a typical node, itis
seen that two of them, sgy, j2, are inL», one of them, says, is in L3, and the remaining,
sayjsisin LaU. ..U Ly+1. The elimination of creates a connectiof j» which has to be
discarded {1 andj, are in a same level), four connectiofisjz, j1 ja, j2 j3, j2 ja which
correspond to permitted connections betwgemandL3U...U Ly, and one connection
J3 ja Which also corresponds to a permitted connection betweamd one of its nearest
neighboursinLs U...U Ly41.

An induction argument shows that essentially the same happens when eliminating the
nodes in the subsequent levels.

We now recall for completeness an algorithm which implements the computation of the
upper triangular factot/ = (u;;) of the modified incomplete factorization preconditioner
B =U' P~1U, whereP = diag(U). Fill-in is permitted when coupling nodes in different
levels and inside the last level. One should thus keep in mind that, with this algorithm, we
(implicitly) assume that the system matrix has initially non-zero entries only in positions
where fill-in is expected according to the considerations above. Otherwise, the resulting
fill-in may be unpredictable.

© 1997 by John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997)



376  Yvan Notay and Zakaria Ould Amar

initialize: Ujj ‘= ajj Vi<i<j=<n
fork=1,...,¢+4+1do

forall i in L; do

for all j; > i such that;;, # 0do

u,?jl
Ujpjo = Ujrja — 7y

for all j> > ji such thatu;;, # 0do

if j1e€ Ly, jo€ Ly, Withk <ki <kporki=ky=€+1

. Ui g Uijp
Ujrjo = Ujpjp — .
12
otherwise:
. Ui jgUijp
Upjp = Upjp — .
123
. Ui jg Ui jp
Ujpjo = Ujpjp — .
123
end(j2 loop)
end(j1 loop)
end{ loop)
end¢ loop)

If Ais a (not strictly) diagonally dominant Stieltjes matrix, it is proved in [20] that this
algorithm cannot break down, and produces positive diagonal enffiesl < i < n
provided that one has at least one off-diagonal non-zgrim each row but the last, which
always holds for the kind of factorization considered here.

From a practical point of view, note that no dynamic data structure is needed to create
space for the fill entries. The off-diagonal part@@frelated to the nodes ihy U... U L,
may indeed be stored in a vector of length with which an integer vector for column
indexes is associated. For the part related to the nodes, i) one may use a band storage
scheme. After factorization, these vectors may be compressed in a general sparse matrix
format which stores only the actual non-zero entries. Some useful routines are provided in
the SPARSKIT package for the so-called compressed sparse row format [23]. The program
which served for the numerical tests in Section 5 also makes use of some reordering routines
from SPARSKIT.

To complete the description, we have still to discuss the choick tifat is, the size
#L,,1 of the block that one will have to factorize exactly. This is also important for the
conditioning because, as it will be seenincreases with.

In [13] it is proposed to usé such that the factorization cost is keptnz), which in
addition ensures that the cost of the part of the triangular solutions related to the nodes in
L1 is fairly negligible. For square grids with nodeslip, 1 naturally ordered, this means
using{ such that

#(Lit1) ~ V/n (3.1)

Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997) © 1997 by John Wiley & Sons, Ltd
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that is, since #L,,1) ~ 2~ ‘n , ¢ such that
28~ n (3.2)

One may however think that slightly smaller values faealize a better compromise be-
tween factorization and solution cost.

In [9], where a somewhat similar method (but based on hierarchical finite elements) is
discussed, it is proposed to exchange the exact factorization insidé kexefor an (inner)
iterative solution of the corresponding system. Avoiding the factorization cost, one may
then use still smaller values fér Since, as will be seen, increasiagy 1 unity increases
the number of iterations by about 10%, the optird such that the computational cost
of the operations related to the noded.ifn, 1 represents less than 10% of the total cost of
each iteration.

In the remainder of this paper, we shall consider the rule (3.2), which will allow a fair
comparison with previous results, and for which we will be able to prove sufficiently nice

conditioning properties. Note however in this respect that the baug@(h_%) is obtained

in [15] by combining the analysis in [13] with ~ % log, ~~2, which is practically viable

only when one has to solve many systems differing only by the right-hand side. In such
cases, one can of course combine the same rule with our analysis to derive still stronger
estimates.

4. Conditioning analysis

In view of the theoretical analysis, we need explicit relations on the entrifsaoid U .
First, discarded fill entries are added to the diagonal, whence

Be = Ae (4.1)

wheree = (1 1...1)%. Asis well known, since these discarded fills are non-positive,B
is then a symmetridZ/-matrix, whence

Vmin(B~1A) = 1 (4.2)

Therefore,
K(B71A) = vmax(B~14), (4.3)

and we need to analyse only the largest eigenvalue.
In view of this, we note that

B = offdiag(B) = offdiag(A) (4.4)
wherex stands for the Hadamard multiplicatiQ(ﬂ *C)ij = Bij C,»j) and where

0 ifi,jeli,1<k<?¢
ﬁ,.,:{ b k (4.5)

1 otherwise

(the off-diagonal entries a8 may differ from those oft only in positions where fill-in was
forbidden).

© 1997 by John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997)
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Now, letU = P — F whereP = diag(U), F = (fi;) and define, fok =1,...,¢+1

. L fij if i€ Lk
Fi > (Fij _{ 0 otherwise (4.6)
Ex = F{,and,fork =1,...,¢
@ . (D _ (Fr)ij fielLy, jeLlit
Foe (Fk )ij - { 0 otherwise @.7)
o - o+1
@ . ( (2)> _ (Fr)ij fiely, je U oLy
F | F, = ; r 4.8
k k)i { 0 otherwise (4.8)
D Dt - )t
EP =FY EP = F
Note that
Fr=rF" + F? k=1...,¢ (4.9)

(no connection inF between nodes in a same levgl, 1 < k < ¢)
Therefore, withe = Ft,

B = (P-E)PY(P-F)

=1
P+ (~Be— R+ EPPES + EP PER
k=1
+ EZPEY + B PR®)
—E¢— Fy+ EP7YFy — Egy1— Foy1+ Egp1 P Fpqa .
Obviously, fork =1,...,¢—1, B % E,El)P—le(l) =0and

D p-1p@ , p@p-1p®Y) _ pDp-1p@ , p@ p-ipd
px(EF PR + EPPEY ) = EPPTIE? + PP

ij iy
i, j € L¢41, so that the Hadamard multiplication Byleaves these terms unchanged.
On the other hand, it was observed in Section 3 that there are at most two non-zero entries
connectinganodeih;, 1 <k <¢—2tothenodesil2U...ULyy1, with at mostone
in Lyy2and atmostonein;,3U...UL,11. Hence, allfills corresponding tE,EZ) P*le(Z)
are accepted and contributefip, 2 + Eiyo2.
Thus,

while (Eézf)lelFﬁ)l)'_ , (E¢P7F,).. and (E¢4+1P~1Fy1).. are non-zero only for
ij

BxB = B P—E1-Fi—(E2+ Fp— EPTIF? — EPPIFY)
£
1 — 2 2 — 1
_Z (Ek + Fi — EIE—)lp le(—)l — E2 PEY
k=3
— offdiag (E,E?ZP—lF,fE)Z)>

2 - 2 — —
—(Een + Foa = EQYPTURZ) — EcPTYF — EaP i)

Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997) © 1997 by John Wiley & Sons, Ltd
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Letting— F ) be the strictly upper triangular partaf and decomposing = Y"1 (Y

similarly as in (4.6), we then obtain, equating each term in the upper triangular pagtf
with the corresponding part of :

R o= FY

F, = EY+EPPLF?

FL _ F(A) + E(l) 1F<2> + upp(E@) 1Fk<3)2) k=3.....0 (4.10)
A) 2 _ 2 _ _

Foyr = F( 1t upp(Eé_)lP 1F£(_)1 + E,P 1Fg + Ep1 P 1Fg+1)

Finally, we note that (4.1), together witte > 0, implies
Pe > Fe (4.11)

Relations (4.1), (4.6)—(4.11) form the basic assumptions of the next theorem which con-
tains our main algebraic result. The resulting upper eigenvalue bound is a function of some
parameters, to be chosen such that auxiliary matrices are non-negative definite. The prac-
tical computation of these parameters will de addressed immediately after the proof of the
theorem.

Theorem 4.1. Let A = (a;;) be a Stielties matrixP = (p;;8;;) a diagonal matrix with
positive diagonal entriesl” = (f;;) a non-negative strictly upper triangular matrix and
E = F!.

Let¥ = (Li)k=1...¢+1 be a partitioning off1, n] such that the indices if;1 follow
thoseinL;, 1<k <.

Define, fork =1,...,¢+1

. | fi ifi e Ly
Fe (Fk)i/ _{ 0 otherwise (4.12)
4 . @\ _ ) —aij ffieLly, andj >i
B (Fk )ij - { 0 otherwise (4.13)

Ey=FLE® =F" and,fork=1,...,¢

@ . @\ _ ) (Foiy fiely, jelia

B (Fk )[j - { 0 otherwise (4.14)
@ . ( (2)) ) (Foiy; ifieLg, je Ur k oLy

F, D\ F = + 4.1
k ko Jij { 0 otherwise (4.15)

E(l) F(l)t E(Z) F(Z)t
Assume that, fok =1,...,¢

Fr=F" + F? (4.16)

© 1997 by John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997)
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and that
o= FY
F> — F(A)+E(1)P 1F(2)
F = F(A)+E(1)P 1F(2) +upp(E<2) 1Fk(3>2> k=3....¢ (417)
2 2 - —
Froa = Fy+upp(EP P AP, + B PYF, + FraaP o)

Define further, fork =3,..., ¢ -1

~ 2) 512
Fi = upp(EZ, PR (4.18)
N <A<1>> | (Foy fieli, jeLi
F : F = ; 4.19
k k)i { 0 otherwise (4.19)
- 0+
NN (A<2>) | By fieLl, je UL,
F : F, = + 4.20
k k- Jij { 0 otherwise (4.20)
Ev=ELEY = FPVER = EP andletE™ = B = EYY = F{" =0,m = 1,2.
Let Tk(’"), k=1,...,¢—1, m =1, 2, be the matrices with zero row-sum, such that
offdiag (T,f””) = offdiag (E,E’”)P—le(”’)> - (E,E’”) +F™

A (4.21)
= @-w (B +E")

wheret,, 0 < 1 < 1, are real numbers such thaTk(’") is non-negative definite for
m=1 k=1 ..., L—1landm=2,k=1,...,¢4—3.
If, lettinge = (1 1... 1)},
Pe > Fe (4.22)

andif B = (P — E)P~1(P — F) is such that

Be > (1— ) Ae (4.23)
where
-1
a=[]@-w (4.24)
k=1
then
vmax(B~1A) <t (4.25)
Proof
First, with (4.17)
uppB) = —F + upp(EP’lF)
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+1 -1
= YR+ Zupp(E(l)P_lF(l)> + > EPPLE?
k=1 k=1 k=1

-1
+> upp(E,Ez)P’le(z)> + upp(Egpleg + E@+1P’1F4+1)
k=1

How = 1) @
-1
= =Y KM+ > upp(EN PR

k=1 k=1
and thus

-1
offdiag(B — aA) = Y offdiag (E,?)P—lF,fl)) + (1- a)offdiag(A)
k=1

Next, we note that by (4.16), there are no non-zero entfigg; in F suchthatj € L;.
This isa fortiori true for £y, whence

B=F" + F? k=3..,¢t-1

Letting
o = [[A-mw). k=1....£-1
oy = 1
one has, sincey/axr1 =1—1, k=1,...,¢£—1,
-1 . )
Z“Hl offdlag( T )) Z“kH offdlag( 7! ))
k=1 =1

o~
=

|
]

a1 offdiag (E,El)P‘lF,fl)>

k=1
-1
Z (k+1 — ag) (E(l) + F(l))
k=1
-1 -3
=Y (BP+ £F) + Y aiya ofidiag (B2 PLE?)
k=3 k=1
-3 -3 . ~
~ 3 (1 — ) (E(Z) + F(Z)) - Y (E,EZ) + F,f”)
k=1 k=3
-1

v

w41 offdiag (E(" PFY)
=1

=~
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-1
- (g1 —ap) (Ep + Fy)
k=1
-1
_ Z( ay — ay_1) offdiag (E]EZJZPile(g)2>
k=3

On the other hand, (4.22) implig% > Fre for 1 < k < ¢ + 1. The matriced¥; such
that

Wee = 0
offdiag (W) offdiag ((P —EpPLp— Fk)>

are therefore non-negative definite by virtue of Lemma 5.1 in [22]. One has,®inee€l,

=1

> (1—ary) offdiag (W)
k=1

~

1 a) (ofidiag(E(Y PEY) = (Ec+ Fo) )

Il
Ny

k=1
S & @ @ @
~1 ~1
+y A-a (EX PR + EDPTIRY,)
k=2
. 2 2
+ Z (1 — ag_1) offdiag (E,E_)szle(_E)
k=3
-1 1 1
= Y @ —a) (ofidiag(ENPEEY) — (B + Fo) )
k=1
-1 A s
+Y - (Bt Fo— EX - FY)
k=1
: 2 2
+ Z (o — ag—1) offdiag (EIE—)ZP_le(—)2>

=~

w

These relations (together with= a1 < o <1, 1 < k < £) show that

-1 —1 0—3
offdiag (B —aA— (1 —app1) Wi — Z ak+1Tk(l) _ Z Oék+1Tk(2)) <0
k=1 k=1 k=1

(4.26)
On the other hand, this matrix has non-negative row-sum by (4.23). Itis thus a symmhetric
matrix, hence non-negative definite. The conclusion then readily follows be&!&{ugg(l)

andi(z) are non-negative definite. ]

Concerning the numberg;}, note first that they may be computed by considering

separately inTk('”) the contribution of each row. Indeed, IEﬁZ’; (ﬁ,f;’ll))) be the matrix
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with its ith row equal to theth row in F"™ (ﬁk(’")) and the other rows zero , i.e.,
(m) _ s (gm f(m) _ A . (m) i
(Fk(i))” = §,; (Fk )m and (Fk(i)>rs = &, (Fk )rs ;let aIsoTk(i) be the matrix
with zero row-sum such that

; (m) ; (m) p—1 p-(m) (m) (m)
offdlag<Tk(l.)) = offdlag(Ek(l.)P Fk(i)> — T (Ek(i) + Fk(l.))

s o
~a-w (B + B)

(m) _ pmt  pm) _ ot
whereEy ) = Fiy » Exiy = Fray -

y T( ) - E T(( ) m = 1, 2 4.2 ;

ieLy

and it is sufficient to check that ead?,ﬁg’f)) is non-negative definite.
In view of this, we note that, as observed above, there are at most two non-zero entries in

each row oka(m) (and thus ofﬁk('”) sinceFk(m) > ﬁk(m) >0). HenceIk((’:?)) is zero except

in a 3x 3 diagonal block. Letting’, f” be the two non-zero entries F;((Z‘)) andf’, f”
the corresponding entries ﬁ)f

m)

@ , this block writes, withe = t andp = p;;

T(t) =
T(f/ + f// _ f/ _AfA//) +AJ?/ + f// —T(f: _ }?/2 _ f,, ) —‘L’(f/, _, Ji//) _ J?//
—t(f = /=T o =+ = 2
—‘L’(f// _ f//) _ f// % ‘L’(f// _ f//) + f// _ %

Now, 7'(t) = T(0) + =(T'(1) — T(0)). With £ > f' >0 , f” > f” > 0, itis easily seen
thatT (1) — T'(0) is non-negative definite. Hence,#f(r) is non-negative definite for some
7, it will be a fortiori non-negative definite for ary > .

On the other hand, one can easily chétkat 7 (0) is non-negative definite if and only
if y > 0, where

y:f,f,,_(furfﬁ)i
p

whereas, ify < 0, T(t) is non-negative definite if and only ifis not less than the positive
root of

P(t)=at’+ Bt +y

where
az(f/_f/) (f/_f//) , ﬂ:f/(f//_]?//)_i_(f/_]?/)]?// _ %(f/_f,‘Ff”—f”)-

Note that this root will always be less than one siig#) is readily found positive definite
whenp > f’ + f”, which always holds in practice because of (4.16), (4.22).

b+c —b —c
2 ( —-b b—a a ) with a, b, ¢ > 0 is non-negative definite if and only b — a(b + ¢) > 0.

—C a c—a
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Taking the maximum of this root over the polynomials corresponding to the different
Tk(g‘)) ,m =1 2i e Ly, gives thus a valug, < 1 for which botth(l) and Tk(z) are non-
negative definite as required in Theorem 4.1. Note that in partieylaill be zero when
y > Oforall concerned matrices. The model problem analysis below shows that this happens
atsome levels (more precisety,= O inthat case). Itis, however, generally not true that this
may happen at every level, because thewould be zero for alk, whencec(B~1A) = 1,
which would mean thaB = A. It is nevertheless possible, whetif” # 0 (that is for
level three and higher) to enforge > 0 (or, more generally, to contral) by setting
the corresponding diagonal entrigs sufficiently large, which amounts to perturbing the
approximate factorization algorithm by adding a non-negative diagonal matrix to the matrix
being factorized. The discussion of such a perturbation technique, which implies a decrease
of the lowest eigenvalues, lies however beyond the scope of the present paper.

Model problem analysis

We consider here the matrix resulting from the five-point finite difference discretization of
the Laplacian on the unit square with Dirichlet boundary conditions and uniform mesh size
h in both directions. Hence, all diagonal and non-zero off-diagonal entries are equal to 4
and—1, respectively.

Considering an interior nodein L, , 1 < k < ¢, all of whose nearest neighbours in
Liy1U...U Lgyq are also inside the domain, it follows from a symmetry argument that
the four non-zero entries in the corresponding rowrafre equal, and further, depend only
on the considered level. L} denote the value of these off-diagonal entries for such nodes
in L, and letp; be the corresponding diagonal entryin

With the help of Fig. 1, one may check that each such non-zei, ireceives two
contributions from the terrrE,E?lelF,f)l ( for k > 2), and one from the term

upp(E,ii)zP—lF,ff)2> (for k > 3). Thus,

f2
fi=1, =21,
pP1
2 2 2
fk=—fk_1 +—fk_2, k=3, ...¢
Dk—1 Dk—2

Onthe other hand, again because we restrict ourselves to interior (Bdgs+— (Ae); =
0, implying (Pe); = (Fe); , i.e., px = 4fx. Therefore

_ a1
fi=1, fo= > =3
Sk Jk—2 B
S = > + 7 k=3, ...¢

One may check that the solution of a recursion = aug—1 + buix—2 is any linear
combination ofr’lC andr’z‘, wherery, r» are the solutions of? — ar — b = 0. Taking into
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account the given values fgi, f2, we then obtain

o= () - (22))
%fS(HTﬁ)k (1 - (—1)k(3’2ﬁ‘)k> L k=1...¢

Inparticular,fy =1, fo=1%, fa=3, fa=3andfi » sz/§ <1+T‘/5>k with a relative
error less than 1% far > 5.

Considering the computation of, one readily finds, withf’ = f” = fi, f'= f” =0
fork=12andf = f"=%2 k=3.. . ¢-1:

1 1

NI==, T2=—

172273
2£1< Ji—2

= k=3,...L-1
fk_ leZ

Using% = fi — % the last equation writes. = (fi—1 — fx) /fx—1, Which, inciden-
tally, also holds fok = 2. Therefore,

1 _
_ Jit k=2 ...,0-1
1-17 Sie
and, for¢ > 2
-1
1 1
a 20 =[] - h (4.28)
k:]_l_rk 1_""1 fﬁ—l
i.e.,

. VB (/5 - 1)1
_l+(_1)€<3*7£>€_1

To be completely rigorous, we should include a thorough verification that the above values
for 7, are sufficient to maké%.’)) non-negative definite for the nodes near boundaries too.
This is not so easy however, although we have done it for the first levels. We prefer to refer
the reader to the next section, where the actual computation of the bound of Theorem 4.1.
reveals that the value (4.28) is obtained, not only for the model problem, but for a quite
large range of applications.

Assumingh ! = 2¢ (see (3.2)) , the estimate (4.29) gives

(4.29)

5 h—1092(v5-1)
Kk < f[ v (4.30)
5-1 1_ %T\[s h|092<3+—25)
V5 h10%(/5-1) 1
< forh < —
Jo5—1 1—h 16
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Table 1. Our bound (4.29) and the estiméa— 1)? as a function of

¢ 2'~n  Bound4.29) (4+1)°
2 4 2.00 4
3 8 4.00
4 16 4.00 9
5 32 5.33
6 64 6.40 16
7 128 8.00
8 356 9.85 25
9 512 1219
10 1024 1506 36
11 2048 1862
12 409 2301 49
13 8192 2844
14 16384 3516 64
15 32768 4346
16 65536  53.72 81
17 131072 66.40
18 262144  82.07 100
19 524288 10145
20 1048576  125.40 121

1) = V5 _
where log(+/5 — 1) = 0.306 and &2 =181

On the other handj = % corresponds just to the number of successive refinements
between the fine grid and a coarse grid with sufficiently few nodes to allow the use of a

direct solver. It is then interesting to compare our bound (4.29) (Agtl% 1)2, an estimate
frequently met in the analysis o¥/fcycle) multilevel methods, and often called ‘nearly
optimal’ (see [24,25] for instance) . These methods present, in addition, some similarities
with the method considered here, although they are based on hierarchical finite elements.

Table 1 makes this comparison, from which it turns out that our bound is better for any
realistic problem size. The improvement is not dramatic, but sufficientto rank the considered
method among the category of ‘nearly optimal’ preconditioners.

5. Numerical results

We first consider the five-point finite difference approximatiomof = 1 on the unit square
with uniform mesh sizé& = 27 in both directions and homogeneous Dirichlet boundary
conditions.

We consider step RRB orderings as defined in Section 2 wits ; = 0. This choice
corresponds to the definition in [13] and, for the considered problem, leads also to a mul-

tilevel RRB ordering, i.e., leaves in the last level the nodes corresponding to the coarsest
meshes.

Our numerical bound, the actual conditioning, and some iteration counts are given in

Table 2 for various mesh sizes, usifig= m = log,h ™1, and for various and fixed mesh
sizeh = 4.
64

For the bound, we obtain in each case exactly the predicted value (4.29), which depends
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Table 2. Results for the Poisson problem

h~1 ¢ Bound(4.25) « @ #it(e =103 #ir(e =109
16 4 4.00 1.95 5 9
32 5 5.33 2.39 6 10
64 6 6.40 3.00 8 13
128 7 8.00 3.73 9 15
256 8 9.85 4.63 11 18
512 9 12.19 5.73 13 21
64 4 4.00 1.99 6 10
64 5 5.33 2.44 7 11
64 6 6.40 3.00 8 13
64 7 8.00 3.62 8 14
64 8 9.85 4.33 9 14
64 9 12.19 4.33 9 14
4
35 _|
3L logoN/5+ (€ — Dlogp(v/5— 1) |
25 + -
I & o |
2 o
15 ek _
(e
1F & +hp1 =2t n
0.5 - o h1—=¢64 _
0 | | | | | |
4 5 6 7 8 9

Figure 2. log « as a function of for increasing and fixed problem size

only on¢. It seems to predict correctly the behaviour of the actual conditioning, which is
overestimated by a factor about 2.1 only. This is confirmed in Fig. 2, where we have plotted
logax as a function of¢ together with the line log/5 4 (¢ — 1) log,(+/5 — 1) which
represents the leading asymptotic term in (4.29).

For h~1 = 64, the conditioning does not increase fdarger than eight because eight
RRB steps reduce the 6363 grid to a 3x 3 grid for which one hardly sees the difference
between an approximate and an exact factorization.

The given numbers of iterations are those necessary to reduce the norm of the residual
Il rx || belowe || & || when using the preconditioned conjugate gradient algorithm with
zero initial approximation. They are fairly small, especially when only a modest precision
is required. This is much different than with most incomplete factorization preconditioners,
which present small isolated eigenvalues and for which fast convergence may be observed
only after some delay [21,22].

As expected from the formula (1.3) and our conditioning estimate, the number of iterations
increases by about 10% whéis increased by one unity for fixed If 2~ increases together
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with ¢, the number of iterations grows more quickly, in our opinion because superlinear
convergence effects are more dramatic for modest problem sizes.
We next consider the PDE

—VaVu=f in Q=(0,1) x (0,1) (5.1)

with
5.1. Problem A

o = | 100 in(z. D) x (3. D
1 elsewhere

poo 100 inG D x G D
0 elsewhere

u =0 forO<x<1,y=0
d,u =0 onthe remaining part of the boundary

5.2. ProblemB

3 1 1 1 1
— 1073 in (Tza j) X (TZ’ j)
1 elsewhere
po NG x5 3
0 elsewhere

u =0 forO<x=<1,y=1land O<y=<1,x=1
d,u =0 ontheremaining part of the boundary

In each case, we use the five-point finite difference mesh box integration scheme [16]
with uniform mesh sizé in both directions, and=1 = 4.2 for Problem At = 12.2"
for Problem B (wheren is a non-negative integer).

We considert step RRB orderings where, according to the rule (¥2; m + 2 for
Problem Aand = m+3for Problem B. In both cases, two RRB orderings were considered:
a ‘non-multilevel RRB’ ordering obtained by letting= ; = 0 in our Definitions (the
node (1,1) being the first node in the grid corresponding to an unknown, i.e., the node at
x =0, y = hforProblem Aandthe nodeat= 0, y = Ofor Problem B), and a ‘multilevel
RRB ' ordering obtained by letting= 1, j = 0 for Problem Aand = j = 1 for Problem

B (so as to leave the coarse grid nodes, for instance the node-apy = % in the last

level). Note that, in Problem B, the nodes(el%, %2) (%2 %) and (3. &) which one may
consider as belonging to the coarsest mesh on which the problem is defined, are effectively
in the last level only fol < 2m (cf., end of Section 2), i.e., fon > 3ork~1 > 96.

The results are given in Table 3 for Problem A and in Table 4 for Problem B. The
iteration counts refer to the preconditioned conjugate gradient algorithm with zero initial
approximation and the same stopping criterion as for the Poisson problem.

Numer. Linear Algebra Appl., Vol. 4, 369-391 (1997) © 1997 by John Wiley & Sons, Ltd



Table 3. Results for Problem A

A Nearly Optimal Preconditioning

h~1 ¢ Bound(4.25) « #it (e =107%)  #ir (e = 1079
Multilevel RRB
16 4 4.00 2.00 7 10
32 5 5.33 2.43 8 13
64 6 6.40 3.016 10 15
128 7 8.00 3.74 12 18
256 8 9.85 4.63 14 20
Non-multilevel RRB
16 4 216.29 3.11 8 13
32 5 613.42 2.99 9 14
64 6 2589.0 5.14 12 19
128 7 5467 5.14 13 20
256 8 37746 8.43 17 26
Table 4. Results for Problem B
h~t ¢ Bound(4.25) « #it (€ =107%)  #ir (e = 1079)
Multilevel RRB
24 4 4.00 2.00 5 8
48 5 5.33 2.44 6 10
9% 6 6.40 3.031 6 11
192 7 8.00 3.75 8 13
Non-multilevel RRB

24 4 4004 7.99 8 14
48 5 17.29 2.67 6 11
9% 6 103.19 4.45 9 15
192 7 209.44 5.75 10 16

389

It is seen that the multilevel RRB ordering leads to a very robust method: the computa-
tion of the bound delivers exactly the value (4.29) obtained for the model problem, while
the actual conditionings and iteration counts are nearly identical. These conclusions are
supported by extensive experiments made on various PDEs of the type (5.1).

More generally, since the matrix coefficients in the successive levels are such that the
computation of the bound delivers the same result (4.29) for various values and locations
of the discontinuities, one may be convinced that this result is essentially independent of
these parameters, and therefore the method is robust in the presence of Neumann boundary
conditions and/or discontinuities of the type considered here.

The results obtained with non multilevel RRB orderings reveal that the use of these
orderings may lead to some difficulties. Clearly, the elimination of the coarse grid nodes
perturbs the computation of the bound which is no longer relevant. At the same time, the
actual conditioning and the iteration counts deteriorate. This deterioration is not dramatic
at all, but indicates a potential lack of robustness. Hence, we advise the use of multilevel
RRB orderings whenever it is possible.
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