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A Nearly Optimal Preconditioning based on Recursive
Red–black Orderings

Yvan Notay∗and Zakaria Ould Amar

Service de Ḿetrologie Nucĺeaire, Universit́e Libre de Bruxelles (C.P. 165), 50, Av. F.D. Roosevelt,
B-1050 Brussels, Belgium

Considering matrices obtained by the application of a five-point stencil on a 2D rectangular grid, we analyse a
preconditioning method introduced by Axelsson and Eijkhout, and by Brand and Heinemann. In this method,
one performs a (modified) incomplete factorization with respect to a so-called ‘repeated’ or ‘recursive’ red–
black ordering of the unknowns while fill-in is accepted provided that the red unknowns in a same level
remain uncoupled.

Considering discrete second order elliptic PDEs with isotropic coefficients, we show that the condition

number is bounded by2(n
1
2 log2(

√
5−1)

) wheren is the total number of unknowns (1
2 log2(

√
5−1) = 0.153),

and thus, that the total arithmetic work for the solution is bounded by2(n1.077). Our condition number
estimate, which turns out to be better than standard2(log2 n) estimates for any realistic problem size, is
purely algebraic and holds in the presence of Neumann boundary conditions and/or discontinuities in the
PDE coefficients.

Numerical tests are reported, displaying the efficiency of the method and the relevance of our analysis.
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370 Yvan Notay and Zakaria Ould Amar

1. Introduction

We consider here the iterative solution of large sparse symmetric positive definite linear
system

Ax = b. (1.1)

For such systems, the conjugate gradient acceleration is known as a powerful technique
provided efficient preconditioning can be used (see e.g., [4]).

The preconditionerB is a symmetric positive definite matrix such that solving a system
with B, which has to be done at each iteration, is much easier than solving (1.1), while the
(spectral) condition number of the preconditioned system

κ(B−1A) = νmax(B
−1A)

νmin(B−1A)
(1.2)

(i.e. the ratio of the largest and the smallest eigenvalue), on which the convergence rate
depends, has to be as small as possible and anyway much less than the original condition
numberκ(A). Indeed, the number of iterationkε is bounded above by

κε ≤ 1

2

√
κ(B−1A) ln

2

ε
+ 1 (1.3)

whereε is the relative error in norm(., A.)1/2. If the eigenvalue distribution betweenνmin
andνmax is dense, this bound is known sharp, see e.g., [3,21].

For systems arising from the discretization of second order discrete elliptic PDEs, it is
now common to use preconditioners obtained by computing an approximate factorization of
the system matrix, or, more precisely, of some Stieltjes approximation of the system matrix
(in the general case where it has some positive off-diagonal entries), see e.g. [3,4]. Mostly,
these factorizations are carried out with respect to a natural ordering of the unknowns, or
some other ordering presenting similar properties. In the best cases, the condition number
for 2D isotropic problems is of order

√
n, wheren is the number of unknowns. This is an

order of magnitude better than the original conditioningκ(A) = 2(n).
Here we consider a special technique which works when (the Stieltjes approximation of)

the system matrix corresponds to a five point stencil applied to a regular rectangular grid.
It originates in the late eighties with the use, in some multigrid algorithms, of intermediate
skew meshes, see [1] and the references therein. Indeed, when such meshes are added to the
standard multigrid framework, it becomes possible to define the matrix on each successive
grid according to an incomplete factorization process.

This was considered in Axelsson an Eijkhout [5,6,7]. They proved in particular that some
W cycle version is of optimal order, on the basis of the theory developed by Axelsson
and Vassilevski [10] (see also [2,8] for more recent results). However, in this case, the
preconditioner is only implicitly defined and not so easy to implement, especially on a
parallel platform (see [9,17], for instance ). Now, in theV cycle case, the preconditioner
reduces to amodifiedincomplete factorization (A andB have same row-sum) computed
with respect to a recursive red–black ordering of the unknowns with fill-in allowed provided
the red unknowns in a same level remain uncoupled.

For this method, Axelsson and Eijkhout [5,6,7] proved, considering the model Poisson
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problem,

κ(B−1A) ≤ 1

2

(
1 +

√
5

5

)(
1 + √

5

2

)`

≈ 0.7(1.6)` (1.4)

where` is the number of levels; if̀ = log2 h−1 (see Section 2), this becomes

κ(B−1A) ≤ 0.7 h−0.69. (1.5)

The same method was also investigated by Brand and Heinemann [14] and Brand [13].
In the latter paper, it is proved, for the same model problem,

κ(B−1A) ≤
(√

2
)`

(1.6)

i.e., with` = log2 h−1,
κ(B−1A) ≤ h−0.5. (1.7)

Here we show that

κ(B−1A) ≤
√

5(
√

5 − 1)`−1

1 + (−1)`
(

3−√
5

2

)`−1
≈ 1.8(1.23)` , (1.8)

i.e.,
κ(B−1A) ≤ 1.8 h−0.306. (1.9)

This improves the above results by nearly an order of magnitude. Moreover, it will be seen
that it is better than standard log2 h−1 estimates for any realistic grid size, showing that the
method is (as efficient as methods) of nearly optimal order1.

The result (1.8) is based on an algebraic computable upper bound, which can be evaluated
analytically for some model examples. Resorting to numerical computation, we address its
behaviour in the presence of Neumann boundary conditions and/or discontinuities in the
PDE coefficients, and show that the bound derived for the model problem still holds, i.e.,
that the method is robust, provided that the actual grid results from successive refinements
applied to a coarse grid, and that the ordering procedure has been carefully applied to leave
in the last level all coarse grid nodes. The practical meaning of this restriction is described
in the next section.

Finally, we compare our bound with the actual condition number. In the case where the
bound (1.8) holds, it overestimates the condition number by a factor of about two only.
On the other hand, we obtain effectively better condition numbers and more robustness
when leaving all coarse grid nodes in the last level, in comparison with, for instance, the
straightforward application of the ordering procedure given in [13].

In the remainder of the paper, we shall assume that the system matrix is a Stieltjes matrix,
i.e., that it is positive definite with non-positive off-diagonal entries.

Actually, only the matrix to factorize has to be such, and it may be any relevant (i.e.,
‘spectrally equivalent’) approximation of the system matrix. Techniques to derive such
approximations are given in [3,4,11]. We shall also assume for convenience thatA is (not
strictly) diagonally dominant, but the general Stieltjes case is readily included by transform-

1 Strictly speaking, ‘nearly optimal’ is reserved in the literature for2(logσ h−1), σ > 0 condition numbers.
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372 Yvan Notay and Zakaria Ould Amar

ing (1.1) intoA′x′ = b′, whereA′ = 1 A 1, x′ = 1−1x andb′ = 1b, with 1 = (vi δij )

such thatv > 0, Av ≥ 0 (such a vector always exists, see [12]).
We shall also assume that the system matrix (the matrix to factorize) has a non-zero

pattern corresponding to the application of a five point stencil on a regular rectangular grid
(note that only the grid has to be regular, not the boundary). Deriving such approximations
is less common, but it should be noted that the matrix resulting from the five point finite
difference or linear finite element discretization is spectrally equivalent to the matrices
resulting from higher order finite difference or finite element schemes [4,6].

With these assumptions, we exclude the cases where the system (1.1) is singular, as it
may arise in the discrete PDE context when the solution is only defined up to a constant.
Actually, we could include such cases on the basis of the results in [18,19,20]. Basically,
the kernel ofA is then spanned by the constant vector, and, asB has same row-sum, the
preconditioner is also singular. However, it is clear from the results in [19] that, in the
context considered here, it will have the same kernel asA. Hence, if the system (1.1) is
consistent, the systemBgk = b − Axk to solve at each iteration is also consistent and one
may perform conjugate gradient iterations. The bound (1.3) still holds, whereκ(B−1A) is
to be understood as the ratio of the extreme non trivial eigenvalues of the pencilA − νB

[18]. Hence, the spectral bounds derived in this paper, which are based on inequalities of
the typeν(z, Bz) ≤ (z, Az) ≤ ν̄(z, Bz) ∀z ∈ Cn, are readily extended to the case ofA, B

singular. We do not make explicitly this extension here, only in order to avoid the use of a
more involved formalism, with generalized inverses and so on. Interested readers will find
all relevant details in the above quoted works. See also [20] for considerations about the
stability.

The remainder of this paper is organized as follows: recursive red–black orderings are
described in Section 2; the associated factorization algorithm is given in Section 3; in Section
4, we prove our algebraic upper bound and evaluate it analytically for the model problem;
results of numerical experiments are reported in Section 5.

1.1. General terminology and notation

All vectors belong to#n; all matrices aren × n real matrices. The symbolAt denotes
the transpose of the matrixA. The order relation between real matrices and vectors is the
usual componentwise order : ifA = (aij ) andB = (bij ) thenA ≤ B(A < B) if
aij ≤ bij (aij < bij ) for all i, j ; A is called non-negative (positive) ifA ≥ 0(A > 0).
If A = (aij ), we denote by diag(A) the (diagonal) matrix whose entries areaiiδij and
we let offdiag(A) = A − diag(A); upp(A) is the strictly upper triangular part ofA, i.e.
(upp(A))ij = aij if j > i and 0 otherwise. The Hadamard productA ∗ B of the matrices
A = (aij ) andB = (bij ) of the same dimensions is defined using element by element
multiplication :(A ∗ B)ij = aij bij . e = (1 . . . 1)t is the vector with all components equal
to unity.

2. Recursive red–black orderings

Consider a regular rectangular grid on which the nodes are connected according to a five-
point scheme. The grid may be ordered red–black, and it is known that the elimination of the
red nodes results in a reduced system in which the remaining nodes are coupled according
to a (skew) nine point scheme.
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Within the framework of an incomplete factorization method, one may neglect those fill
entries which do not correspond to the (skew) five-point connection scheme. If the row-sum
is preserved, one then approximates a nine-point stencil by a (spectrally equivalent) five
point one [5,6,7,13]. The reduced system may then also be ordered red–black, which allows
us to repeat the process until the number of remaining nodes is sufficiently small to allow
an exact factorization (acceptance of all new fills).

This is the basic idea behind the method. However, in practice, the ordering has to be set
up prior to the factorization.

In view of this, we label the nodes in the gridG (whose boundary may be arbitrary) by
the couple(i, j) of their row indexj and column indexi. We then defineL1 as the red
nodes of a conventional red–black ordering, i.e.,L1 is the set of nodes such thati + j is
either odd or even, depending on the case. If one decides that(ı̂, ̂ ) has to be a black node,
this may be formally written:

L1 = {
(i, j) ∈ G | i + j = ı̂ + ̂ + 1 (mod 2)

}
(2.1)

Next, we consider a (skew) five-point connection scheme between the remaining nodes,
i.e., we assume connections between(i, j) and(i ± 1, j ± 1) , (i, j) 6∈ L1. The red nodes
of a red–black ordering for such a connectivity pattern are the nodes(i, j) for which i is
either odd or even, depending on the case. Formally:

L2 = {
(i, j) ∈ G\L1 | i = ı̂ + 1 (mod 2)

}
(2.2)

where, here again(ı̂, ̂ ) is left in the remaining setG\(L1 ∪ L2). Note that, equivalently,

L2 = {
(i, j) ∈ G\L1 | j = ̂ + 1 (mod 2)

}
(2.3)

while
G\(L1 ∪ L2) = {

(i, j) ∈ G | i = ı̂ (mod 2) andj = ̂ (mod 2)
}

(2.4)

Hence, the remaining grid is the original grid from which one has deleted one row and
one column out of two. Repeating both preceding steps on this reduced grid leads to

L3 = {
(i, j) ∈ G\(L1 ∪ L2) | i + j = ı̂ + ̂ + 2 (mod 4)

}
(2.5)

L4 = {
(i, j) ∈ G\(L1 ∪ L2 ∪ L3) | i = ı̂ + 2 (mod 4)

}
(2.6)

Here again,(ı̂, ̂ ) has been left in the remaining setG\
(
∪4

i=1 Li

)
.

In an` step recursive red black (or RRB) ordering, this process is repeated untilL` is
set. One may check that a general definition forLk, 1 ≤ k ≤ `, is

Lk =
{
(i, j) ∈ G\

(
∪k−1

i=1 Li

)
| i + j = ı̂ + ̂ + 2

k−1
2 (mod 2

k+1
2 )

}
(2.7)

for k odd, and

Lk =
{
(i, j) ∈ G\

(
∪k−1

i=1 Li

)
| i = ı̂ + 2

k
2−1 (mod 2

k
2 )
}

(2.8)
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for k even.L`+1 is then defined by

L`+1 = G\
(
∪`

i=1 Li

)
(2.9)

so that + = (Lk)k=1,...,`+1 is a partitioning ofG. This partitioning is illustrated in Figure
1 for a 17× 17 grid, with` = 4 andı̂ = ̂ = 1.
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Figure 1. Level structure associated with a four-step RRB ordering defined on a 17× 17 grid
with node(1, 1) in L5 ; each node is represented by the index of the level to which it belongs

An (` step) RRB ordering is an ordering consistent with that partitioning, i.e., an ordering
for which the first #(L1) nodes are those ofL1, the next #(L2) those ofL2, etc. The
definitions above allow us to implement quickly an algorithm which sets the permutation
vector for such an ordering.

Note that the definition in [13] is similar, except that it is restricted to the caseı̂ = ̂ = 0,
i.e. no parameter is considered to allow to choose, at each step, which of the nodes are red
and which of the nodes are black. With our definition, one sees in particular that, letting

L̂ =
{

(i, j) ∈ G | i = ı̂ (mod 2
ˆ̀
2 ) andj = ̂ (mod 2

ˆ̀
2 )

}
(2.10)
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where
ˆ̀ =

{
` if ` is even
` + 1 if ` is odd

one has
L̂ ⊂ L`+1 (2.11)

Assume then that the actual grid results fromm ≥ ˆ̀
2 successive refinements steps applied

to a coarse (or semi-coarse) grid, or, equivalently, that each coarse grid cell has been divided

into m1 2
ˆ̀
2 × m2 2

ˆ̀
2 fine cells. These relations imply that by selecting for(ı̂, ̂ ) any of the

coarse grid nodes, all of them will be left inL`+1. In other words, the RRB ordering becomes
a true multilevel ordering (except that in standard multilevel orderings one generally groups
together the nodes inLk and inLk+1, k = 1, 3, . . .).

In Section 5, we shall see that much better results are obtained for these ‘multilevel’ RRB
orderings.

3. The approximate factorization process

Once the ordering has been chosen, one has still to define the set of positions where fill-in
will be permitted during the factorization.

In the context of this paper, considering a node(i, j) in Lk, 1 ≤ k ≤ `, the corresponding
row in the upper triangular factor may have at most four non-zero entries, connecting it
to four nodes inLk+1 ∪ . . . ∪ L`+1 that are nearest to it in the grid, namely the nodes

(i ± 2
k−1

2 , j), (i, j ± 2
k−1

2 ) if k is odd and the nodes(i ± 2
k
2−1, j ± 2

k
2−1) if k is even.

These non-zero entries correspond indeed to a five-point connection scheme between the
nodes inLk and those inLk+1 ∪ . . . ∪ L`+1.

An interesting observation in [13] is that such a non-zero pattern is obtained when dis-
carding fill-in between the nodes in the same levelLk, 1 ≤ k ≤ `, which is much simpler
to implement than a thorough verification of the condition above.

Indeed, consider for instance in Fig. 1 the nodes in levelL1, and assume that they are
connected to only their four nearest neighbours inL2 ∪ . . .∪L`+1. For a typical nodei, it is
seen that two of them, sayj1, j2, are inL2, one of them, sayj3, is inL3, and the remaining,
sayj4 is in L4 ∪ . . .∪L`+1. The elimination ofi creates a connectionj1 j2 which has to be
discarded (j1 andj2 are in a same level), four connectionsj1 j3 , j1 j4 , j2 j3 , j2 j4 which
correspond to permitted connections betweenL2 andL3 ∪ . . .∪L`+1 , and one connection
j3 j4 which also corresponds to a permitted connection betweenj3 and one of its nearest
neighbours inL4 ∪ . . . ∪ L`+1.

An induction argument shows that essentially the same happens when eliminating the
nodes in the subsequent levels.

We now recall for completeness an algorithm which implements the computation of the
upper triangular factorU = (uij ) of the modified incomplete factorization preconditioner
B = Ut P −1 U , whereP = diag(U). Fill-in is permitted when coupling nodes in different
levels and inside the last level. One should thus keep in mind that, with this algorithm, we
(implicitly) assume that the system matrix has initially non-zero entries only in positions
where fill-in is expected according to the considerations above. Otherwise, the resulting
fill-in may be unpredictable.

© 1997 by John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., Vol. 4, 369–391 (1997)
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initialize: uij := aij ∀ 1 ≤ i ≤ j ≤ n

for k = 1, . . . , ` + 1 do

for all i in Lk do

for all j1 > i such thatuij1 6= 0 do

uj1 j1 := uj1 j1 − u2
ij1

uii

for all j2 > j1 such thatuij2 6= 0 do

if j1 ∈ Lk1 , j2 ∈ Lk2 with k < k1 < k2 or k1 = k2 = ` + 1

uj1 j2 := uj1 j2 − ui j1 ui j2

uii

otherwise:

uj1 j1 := uj1 j1 − ui j1 ui j2

uii

uj2 j2 := uj2 j2 − ui j1 ui j2

uii

end(j2 loop)

end(j1 loop)

end(i loop)

end(k loop)

If A is a (not strictly) diagonally dominant Stieltjes matrix, it is proved in [20] that this
algorithm cannot break down, and produces positive diagonal entriesuii, 1 ≤ i ≤ n

provided that one has at least one off-diagonal non-zerouij in each row but the last, which
always holds for the kind of factorization considered here.

From a practical point of view, note that no dynamic data structure is needed to create
space for the fill entries. The off-diagonal part ofU related to the nodes inL1 ∪ . . . ∪ L`

may indeed be stored in a vector of length 4n with which an integer vector for column
indexes is associated. For the part related to the nodes inL`+1, one may use a band storage
scheme. After factorization, these vectors may be compressed in a general sparse matrix
format which stores only the actual non-zero entries. Some useful routines are provided in
the SPARSKIT package for the so-called compressed sparse row format [23]. The program
which served for the numerical tests in Section 5 also makes use of some reordering routines
from SPARSKIT.

To complete the description, we have still to discuss the choice of`, that is, the size
#L`+1 of the block that one will have to factorize exactly. This is also important for the
conditioning because, as it will be seen,κ increases with̀ .

In [13] it is proposed to usè such that the factorization cost is kept2(n), which in
addition ensures that the cost of the part of the triangular solutions related to the nodes in
L`+1 is fairly negligible. For square grids with nodes inL`+1 naturally ordered, this means
using` such that

#(L`+1) ≈ √
n (3.1)

Numer. Linear Algebra Appl., Vol. 4, 369–391 (1997) © 1997 by John Wiley & Sons, Ltd



A Nearly Optimal Preconditioning 377

that is, since #(L`+1) ≈ 2−`n , ` such that

2` ≈ √
n (3.2)

One may however think that slightly smaller values for` realize a better compromise be-
tween factorization and solution cost.

In [9], where a somewhat similar method (but based on hierarchical finite elements) is
discussed, it is proposed to exchange the exact factorization inside level`+1 for an (inner)
iterative solution of the corresponding system. Avoiding the factorization cost, one may
then use still smaller values for`. Since, as will be seen, increasing` by 1 unity increases
the number of iterations by about 10%, the optimal` is such that the computational cost
of the operations related to the nodes inL`+1 represents less than 10% of the total cost of
each iteration.

In the remainder of this paper, we shall consider the rule (3.2), which will allow a fair
comparison with previous results, and for which we will be able to prove sufficiently nice

conditioning properties. Note however in this respect that the boundκ ≤ 2(h− 1
3 ) is obtained

in [15] by combining the analysis in [13] with̀≈ 2
3 log2 h−1, which is practically viable

only when one has to solve many systems differing only by the right-hand side. In such
cases, one can of course combine the same rule with our analysis to derive still stronger
estimates.

4. Conditioning analysis

In view of the theoretical analysis, we need explicit relations on the entries ofB andU .
First, discarded fill entries are added to the diagonal, whence

Be = Ae (4.1)

wheree = (1 1. . . 1)t. As is well known, since these discarded fills are non-positive,A−B

is then a symmetricM-matrix, whence

νmin(B
−1A) = 1 (4.2)

Therefore,
κ(B−1A) = νmax(B

−1A), (4.3)

and we need to analyse only the largest eigenvalue.
In view of this, we note that

β ∗ offdiag(B) = offdiag(A) (4.4)

where∗ stands for the Hadamard multiplication
(
(β ∗ C)ij = βij Cij

)
and where

βij =
{

0 if i , j ∈ Lk , 1 ≤ k ≤ `

1 otherwise
(4.5)

(the off-diagonal entries ofB may differ from those ofA only in positions where fill-in was
forbidden).

© 1997 by John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., Vol. 4, 369–391 (1997)
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Now, letU = P − F whereP = diag(U), F = (fij ) and define, fork = 1, . . . , ` + 1

Fk : (Fk)ij =
{

fij if i ∈ Lk

0 otherwise
(4.6)

Ek = F t
k, and, fork = 1, . . . , `

F
(1)
k :

(
F

(1)
k

)
ij

=
{

(Fk)ij if i ∈ Lk , j ∈ Lk+1
0 otherwise

(4.7)

F
(2)
k :

(
F

(2)
k

)
ij

=
{

(Fk)ij if i ∈ Lk , j ∈ ∪`+1
r=k+2Lr

0 otherwise
(4.8)

E
(1)
k = F

(1)t
k , E

(2)
k = F

(2)t
k

Note that
Fk = F

(1)
k + F

(2)
k k = 1, . . . , ` (4.9)

(no connection inF between nodes in a same levelLk , 1 ≤ k ≤ `)
Therefore, withE = F t,

B = (P − E) P −1(P − F)

= P +
`−1∑
k=1

(
−Ek − Fk + E

(1)
k P −1F

(1)
k + E

(1)
k P −1F

(2)
k

+ E
(2)
k P −1F

(1)
k + E

(2)
k P −1F

(2)
k

)

−E` − F` + E`P
−1F` − E`+1 − F`+1 + E`+1P

−1F`+1 .

Obviously, fork = 1, . . . , ` − 1, β ∗ E
(1)
k P −1F

(1)
k = 0 and

β ∗
(

E
(1)
k P −1F

(2)
k + E

(2)
k P −1F

(1)
k

)
= E

(1)
k P −1F

(2)
k + E

(2)
k P −1F

(1)
k

while
(
E

(2)
`−1P

−1F
(2)
`−1

)
ij

,
(
E`P

−1F`

)
ij

and
(
E`+1P

−1F`+1
)
ij

are non-zero only for

i, j ∈ L`+1, so that the Hadamard multiplication byβ leaves these terms unchanged.
On the other hand, it was observed in Section 3 that there are at most two non-zero entries

connecting a node inLk , 1 ≤ k ≤ `−2 to the nodes inLk+2∪ . . .∪L`+1, with at most one
in Lk+2 and at most one inLk+3∪ . . .∪L`+1. Hence, all fills corresponding toE(2)

k P −1F
(2)
k

are accepted and contribute toFk+2 + Ek+2.
Thus,

β ∗ B = β ∗ P − E1 − F1 −
(
E2 + F2 − E

(1)
1 P −1F

(2)
1 − E

(2)
1 P −1F

(1)
1

)
−
∑̀
k=3

(
Ek + Fk − E

(1)
k−1P

−1F
(2)
k−1 − E

(2)
k−1P

−1F
(1)
k−1

− offdiag
(
E

(2)
k−2P

−1F
(2)
k−2

))
−
(
E`+1 + F`+1 − E

(2)
`−1P

−1F
(2)
`−1 − E`P

−1F` − E`+1P
−1F`+1

)
.
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Letting−F (A) be the strictly upper triangular part ofA, and decomposingF = ∑`+1
k=1 F

(A)
k

similarly as in (4.6), we then obtain, equating each term in the upper triangular part ofβ ∗B

with the corresponding part ofA :

F1 = F
(A)
1

F2 = F
(A)
2 + E

(1)
1 P −1F

(2)
1

Fk = F
(A)
k + E

(1)
k−1P

−1F
(2)
k−1 + upp

(
E

(2)
k−2P

−1F
(2)
k−2

)
k = 3, . . . , `

F`+1 = F
(A)
`+1 + upp

(
E

(2)
`−1P

−1F
(2)
`−1 + E`P

−1F` + E`+1P
−1F`+1

) (4.10)

Finally, we note that (4.1), together withAe ≥ 0, implies

Pe ≥ Fe (4.11)

Relations (4.1), (4.6)–(4.11) form the basic assumptions of the next theorem which con-
tains our main algebraic result. The resulting upper eigenvalue bound is a function of some
parameters, to be chosen such that auxiliary matrices are non-negative definite. The prac-
tical computation of these parameters will de addressed immediately after the proof of the
theorem.

Theorem 4.1. Let A = (aij ) be a Stieltjes matrix,P = (piiδij ) a diagonal matrix with
positive diagonal entries,F = (fij ) a non-negative strictly upper triangular matrix and
E = F t.

Let + = (Lk)k=1,...,`+1 be a partitioning of[1, n] such that the indices inLk+1 follow
those inLk, 1 ≤ k ≤ `.

Define, fork = 1, . . . , ` + 1

Fk :
(
Fk

)
ij

=
{

fij if i ∈ Lk

0 otherwise
(4.12)

F
(A)
k :

(
F

(A)
k

)
ij

=
{ −aij if i ∈ Lk , andj > i

0 otherwise
(4.13)

Ek = F t
k, E

(A)
k = F

(A)t
k , and, fork = 1, . . . , `

F
(1)
k :

(
F

(1)
k

)
ij

=
{

(Fk)ij if i ∈ Lk , j ∈ Lk+1
0 otherwise

(4.14)

F
(2)
k :

(
F

(2)
k

)
ij

=
{

(Fk)ij if i ∈ Lk , j ∈ ∪`+1
r=k+2Lr

0 otherwise
(4.15)

E
(1)
k = F

(1)t
k , E

(2)
k = F

(2)t
k

Assume that, fork = 1, . . . , `

Fk = F
(1)
k + F

(2)
k (4.16)
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and that

F1 = F
(A)
1

F2 = F
(A)
2 + E

(1)
1 P −1F

(2)
1

Fk = F
(A)
k + E

(1)
k−1P

−1F
(2)
k−1 + upp

(
E

(2)
k−2P

−1F
(2)
k−2

)
k = 3, . . . , `

F`+1 = F
(A)
`+1 + upp

(
E

(2)
`−1P

−1F
(2)
`−1 + E`P

−1F` + F`+1P
−1F`+1

) (4.17)

Define further, fork = 3, . . . , ` − 1

F̂k = upp
(
E

(2)
k−2P

−1F
(2)
k−2

)
(4.18)

F̂
(1)
k :

(
F̂

(1)
k

)
ij

=
{

(F̂k)ij if i ∈ Lk , j ∈ Lk+1
0 otherwise

(4.19)

F̂
(2)
k :

(
F̂

(2)
k

)
ij

=
{

(F̂k)ij if i ∈ Lk , j ∈ ∪`+1
r=k+2Lr

0 otherwise
(4.20)

Êk = Êt
k, Ê(1)

k = F̂
(1)t
k , Ê(2)

k = F̂
(2)t
k , and letÊ(m)

1 = F̂
(m)
1 = Ê

(m)
2 = F̂

(m)
2 = 0,m = 1, 2.

LetT (m)
k , k = 1, . . . , ` − 1, m = 1, 2, be the matrices with zero row-sum, such that

offdiag
(
T

(m)
k

)
= offdiag

(
E

(m)
k P −1F

(m)
k

)
− τk

(
E

(m)
k + F

(m)
k

)
− (1 − τk)

(
Ê

(m)
k + F̂

(m)
k

) (4.21)

whereτk, 0 ≤ τk < 1 , are real numbers such thatT (m)
k is non-negative definite for

m = 1, k = 1, . . . , ` − 1 andm = 2 , k = 1, . . . , ` − 3.
If, letting e = (1 1. . . 1)t,

Pe ≥ Fe (4.22)

and ifB = (P − E)P −1(P − F) is such that

Be ≥ (1 − α) Ae (4.23)

where

α =
`−1∏
k=1

(1 − τk) (4.24)

then
νmax(B

−1A) ≤ α−1 (4.25)

Proof
First, with (4.17)

upp(B) = −F + upp
(
EP −1F

)
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= −
`+1∑
k=1

Fk +
`−1∑
k=1

upp
(
E

(1)
k P −1F

(1)
k

)
+

`−1∑
k=1

E
(1)
k P −1F

(2)
k

+
`−1∑
k=1

upp
(
E

(2)
k P −1F

(2)
k

)
+ upp

(
E`P

−1F` + E`+1P
−1F`+1

)

= −
`+1∑
k=1

F
(A)
k +

`−1∑
k=1

upp
(
E

(1)
k P −1F

(1)
k

)

and thus

offdiag(B − αA) =
`−1∑
k=1

offdiag
(
E

(1)
k P −1F

(1)
k

)
+ (1 − α)offdiag(A)

Next, we note that by (4.16), there are no non-zero entries(Fk)ij in Fk such thatj ∈ Lk.
This isa fortiori true forF̂k, whence

F̂k = F̂
(1)
k + F̂

(2)
k , k = 3, . . . , ` − 1

Letting

αk =
`−1∏
i=k

(1 − τi) , k = 1, . . . , ` − 1

α` = 1

one has, sinceαk/αk+1 = 1 − τk, k = 1, . . . , ` − 1,

`−1∑
k=1

αk+1 offdiag
(
T

(1)
k

)
+

`−3∑
k=1

αk+1 offdiag
(
T

(2)
k

)

=
`−1∑
k=1

αk+1 offdiag
(
E

(1)
k P −1F

(1)
k

)

−
`−1∑
k=1

(αk+1 − αk)
(
E

(1)
k + F

(1)
k

)

−
`−1∑
k=3

αk

(
Ê

(1)
k + F̂

(1)
k

)
+

`−3∑
k=1

αk+1 offdiag
(
E

(2)
k P −1F

(2)
k

)

−
`−3∑
k=1

(αk+1 − αk)
(
E

(2)
k + F

(2)
k

)
−

`−3∑
k=3

αk

(
Ê

(2)
k + F̂

(2)
k

)

≥
`−1∑
k=1

αk+1 offdiag
(
E

(1)
k P −1F

(1)
k

)
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−
`−1∑
k=1

(αk+1 − αk) (Ek + Fk)

−
`−1∑
k=3

( αk − αk−1) offdiag
(
E

(2)
k−2P

−1F
(2)
k−2

)

On the other hand, (4.22) impliesPe ≥ Fke for 1 ≤ k ≤ ` + 1. The matricesWk such
that

Wke = 0

offdiag(Wk) = offdiag
(
(P − Ek)P

−1(P − Fk)
)

are therefore non-negative definite by virtue of Lemma 5.1 in [22]. One has, sinceα` = 1,

`−1∑
k=1

(1 − αk+1) offdiag(Wk)

=
`−1∑
k=1

(1 − αk+1)
(

offdiag
(
E

(1)
k P −1F

(1)
k

)
− (Ek + Fk)

)

+
`−1∑
k=2

(1 − αk)
(
E

(1)
k−1P

−1F
(2)
k−1 + E

(2)
k−1P

−1F
(1)
k−1

)

+
∑̀
k=3

(1 − αk−1) offdiag
(
E

(2)
k−2P

−1F
(2)
k−2

)

=
`−1∑
k=1

(1 − αk+1)
(

offdiag
(
E

(1)
k P −1F

(1)
k

)
− (Ek + Fk)

)

+
`−1∑
k=1

(1 − αk)
(
Ek + Fk − E

(A)
k − F

(A)
k

)

+
∑̀
k=3

(αk − αk−1) offdiag
(
E

(2)
k−2P

−1F
(2)
k−2

)

These relations (together withα = α1 ≤ αk ≤ 1, 1 < k ≤ `) show that

offdiag

(
B − αA −

`−1∑
k=1

(1 − αk+1) Wk −
`−1∑
k=1

αk+1T
(1)
k −

`−3∑
k=1

αk+1T
(2)
k

)
≤ 0

(4.26)
On the other hand, this matrix has non-negative row-sum by (4.23). It is thus a symmetricM-
matrix, hence non-negative definite. The conclusion then readily follows becauseWk, T

(1)
k

andT
(2)
k are non-negative definite.

Concerning the numbers{τk}, note first that they may be computed by considering

separately inT (m)
k the contribution of each row. Indeed, letF

(m)
k(i)

(
F̂

(m)
k(i)

)
be the matrix
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with its ith row equal to theith row in F
(m)
k

(
F̂

(m)
k

)
and the other rows zero , i.e.,(

F
(m)
k(i)

)
rs

= δri

(
F

(m)
k

)
rs

and
(
F̂

(m)
k(i)

)
rs

= δri

(
F̂

(m)
k

)
rs

; let alsoT
(m)
k(i) be the matrix

with zero row-sum such that

offdiag
(
T

(m)
k(i)

)
= offdiag

(
E

(m)
k(i)P

−1F
(m)
k(i)

)
− τk

(
E

(m)
k(i) + F

(m)
k(i)

)
−(1 − τk)

(
Ê

(m)
k(i) + F̂

(m)
k(i)

)

whereE
(m)
k(i) = F

(m)t
k(i) , Ê

(m)
k(i) = F

(m)t
k(i) .

Obviously,
T

(m)
k =

∑
i∈Lk

T
(m)
k(i) (m = 1, 2) (4.27)

and it is sufficient to check that eachT (m)
k(i) is non-negative definite.

In view of this, we note that, as observed above, there are at most two non-zero entries in
each row ofF (m)

k (and thus ofF̂ (m)
k sinceF

(m)
k ≥ F̂

(m)
k ≥ 0 ). Hence,T (m)

k(i) is zero except

in a 3× 3 diagonal block. Lettingf ′, f ′′ be the two non-zero entries inF (m)
k(i) , andf̂ ′ , f̂ ′′

the corresponding entries in̂F (m)
k(i) , this block writes, withτ = τk andp = pii

T (τ ) =


τ(f ′ + f ′′ − f̂ ′ − f̂ ′′) + f̂ ′ + f̂ ′′ −τ(f ′ − f̂ ′) − f̂ ′ −τ(f ′′ − f̂ ′′) − f̂ ′′

−τ(f ′ − f̂ ′) − f̂ ′ τ(f ′ − f̂ ′) + f̂ ′ − f ′f ′′
p

f ′f ′′
p

−τ(f ′′ − f̂ ′′) − f̂ ′′ f ′f ′′
p

τ(f ′′ − f̂ ′′) + f̂ ′′ − f ′f ′′
p




Now,T (τ) = T (0) + τ(T (1) − T (0)). With f ′ ≥ f̂ ′ ≥ 0 ,f ′′ ≥ f̂ ′′ ≥ 0, it is easily seen
thatT (1) − T (0) is non-negative definite. Hence, ifT (τ) is non-negative definite for some
τ , it will be a fortiori non-negative definite for anyτ ≥ τ .

On the other hand, one can easily check2 thatT (0) is non-negative definite if and only
if γ ≥ 0, where

γ = f̂ ′f̂ ′′ −
(
f̂ ′ + f̂ ′′

) f ′f ′′

p

whereas, ifγ < 0,T (τ) is non-negative definite if and only ifτ is not less than the positive
root of

P(τ) = ατ2 + βτ + γ

where

α = (f ′ − f̂ ′) (f ′ − f̂ ′′) , β = f̂ ′ (f ′′ − f̂ ′′)+ (f ′ − f̂ ′) f̂ ′′ − f ′f ′′
p

(
f ′ − f̂ ′ + f ′′ − f̂ ′′) .

Note that this root will always be less than one sinceT (1) is readily found positive definite
whenp > f ′ + f ′′, which always holds in practice because of (4.16), (4.22).

2

(
b + c −b −c
−b b − a a
−c a c − a

)
with a, b, c ≥ 0 is non-negative definite if and only ifbc − a(b + c) ≥ 0.
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Taking the maximum of this root over the polynomials corresponding to the different
T

(m)
k(i) , m = 1, 2, i ∈ Lk, gives thus a valueτk < 1 for which bothT

(1)
k andT

(2)
k are non-

negative definite as required in Theorem 4.1. Note that in particularτk will be zero when
γ ≥ 0 for all concerned matrices. The model problem analysis below shows that this happens
at some levels (more precisely,τ3 = 0 in that case). It is, however, generally not true that this
may happen at every level, because thenτk would be zero for allk, whenceκ(B−1A) = 1,
which would mean thatB = A. It is nevertheless possible, when̂f ′f̂ ′′ 6= 0 (that is for
level three and higher) to enforceγ ≥ 0 (or, more generally, to controlτk) by setting
the corresponding diagonal entriespii sufficiently large, which amounts to perturbing the
approximate factorization algorithm by adding a non-negative diagonal matrix to the matrix
being factorized. The discussion of such a perturbation technique, which implies a decrease
of the lowest eigenvalues, lies however beyond the scope of the present paper.

Model problem analysis

We consider here the matrix resulting from the five-point finite difference discretization of
the Laplacian on the unit square with Dirichlet boundary conditions and uniform mesh size
h in both directions. Hence, all diagonal and non-zero off-diagonal entries are equal to 4
and−1, respectively.

Considering an interior nodei in Lk , 1 ≤ k ≤ `, all of whose nearest neighbours in
Lk+1 ∪ . . . ∪ L`+1 are also inside the domain, it follows from a symmetry argument that
the four non-zero entries in the corresponding row ofF are equal, and further, depend only
on the considered level. Letfk denote the value of these off-diagonal entries for such nodes
in Lk, and letpk be the corresponding diagonal entry inP .

With the help of Fig. 1, one may check that each such non-zero inFk receives two
contributions from the termE

(1)
k−1P

−1F
(2)
k−1 ( for k ≥ 2 ), and one from the term

upp
(
E

(2)
k−2P

−1F
(2)
k−2

)
(for k ≥ 3). Thus,

f1 = 1 , f2 = 2
f 2

1

p1
,

fk = 2 f 2
k−1

pk−1
+ f 2

k−2

pk−2
, k = 3, . . . `

On the other hand, again because we restrict ourselves to interior nodes,(Be)i = (Ae)i =
0, implying(P e)i = (Fe)i , i.e.,pk = 4fk. Therefore

f1 = 1 , f2 = f1

2
= 1

2

fk = fk−1

2
+ fk−2

4
k = 3, . . . `

One may check that the solution of a recursionµk = aµk−1 + bµk−2 is any linear
combination ofrk

1 andrk
2, wherer1, r2 are the solutions ofr2 − ar − b = 0. Taking into
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account the given values forf1, f2, we then obtain

fk = 2
√

5
5

((
1+√

5
4

)k −
(

1−√
5

4

)k
)

= 2
√

5
5

(
1+√

5
4

)k
(

1 − (−1)k
(

3−√
5

2

)k
)

, k = 1, . . . , `

In particular,f1 = 1, f2 = 1
2, f3 = 1

2, f4 = 3
8 andfk ≈ 2

√
5

2

(
1+√

5
4

)k

with a relative

error less than 1% fork ≥ 5.
Considering the computation ofτk, one readily finds, withf ′ = f ′′ = fk, f̂ ′ = f̂ ′′ = 0

for k = 1, 2 andf̂ ′ = f̂ ′′ = fk−2
4 , k = 3, . . . , ` − 1 :

τ1 = 1

2
, τ2 = 1

2

τk =
2fk

4 − fk−2
4

fk − fk−2
4

k = 3, . . . ` − 1

Using fk−2
4 = fk − fk−1

2 , the last equation writesτk = (fk−1 − fk) /fk−1, which, inciden-
tally, also holds fork = 2. Therefore,

1

1 − τk

= fk−1

fk

k = 2, . . . , ` − 1

and, for` ≥ 2

α−1(`) =
`−1∏
k=1

1

1 − τk

= 1

1 − τ1

f1

f`−1
(4.28)

i.e.,

κ ≤
√

5(
√

5 − 1)`−1

1 + (−1)`
(

3−√
5

2

)`−1
(4.29)

To be completely rigorous, we should include a thorough verification that the above values
for τk are sufficient to makeT (m)

k(i) non-negative definite for the nodes near boundaries too.
This is not so easy however, although we have done it for the first levels. We prefer to refer
the reader to the next section, where the actual computation of the bound of Theorem 4.1.
reveals that the value (4.28) is obtained, not only for the model problem, but for a quite
large range of applications.

Assumingh−1 = 2` (see (3.2)) , the estimate (4.29) gives

κ ≤
√

5√
5 − 1

h−log2(
√

5−1)

1 − 3+√
5

2 h
log2

(
3+√

5
2

) (4.30)

<

√
5√

5 − 1

h−log2(
√

5−1)

1 − h
for h ≤ 1

16
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Table 1. Our bound (4.29) and the estimate( `
2 + 1)2 as a function of̀

` 2` ≈ √
n Bound(4.29)

(
`
2 + 1

)2
2 4 2.00 4
3 8 4.00
4 16 4.00 9
5 32 5.33
6 64 6.40 16
7 128 8.00
8 356 9.85 25
9 512 12.19

10 1 024 15.06 36
11 2 048 18.62
12 4 096 23.01 49
13 8 192 28.44
14 16 384 35.16 64
15 32 768 43.46
16 65 536 53.72 81
17 131 072 66.40
18 262 144 82.07 100
19 524 288 101.45
20 1 048 576 125.40 121

where log2(
√

5 − 1) = 0.306 and
√

5√
5−1

= 1.81.

On the other hand,j = `
2 corresponds just to the number of successive refinements

between the fine grid and a coarse grid with sufficiently few nodes to allow the use of a

direct solver. It is then interesting to compare our bound (4.29) with
(

`
2 + 1

)2
, an estimate

frequently met in the analysis of (V -cycle) multilevel methods, and often called ‘nearly
optimal’ (see [24,25] for instance) . These methods present, in addition, some similarities
with the method considered here, although they are based on hierarchical finite elements.

Table 1 makes this comparison, from which it turns out that our bound is better for any
realistic problem size. The improvement is not dramatic, but sufficient to rank the considered
method among the category of ‘nearly optimal’ preconditioners.

5. Numerical results

We first consider the five-point finite difference approximation of1u = 1 on the unit square
with uniform mesh sizeh = 2−m in both directions and homogeneous Dirichlet boundary
conditions.

We consider̀ step RRB orderings as defined in Section 2 withı̂ = ̂ = 0. This choice
corresponds to the definition in [13] and, for the considered problem, leads also to a mul-
tilevel RRB ordering, i.e., leaves in the last level the nodes corresponding to the coarsest
meshes.

Our numerical bound, the actual conditioning, and some iteration counts are given in
Table 2 for various mesh sizes, using` = m = log2h

−1, and for various̀ and fixed mesh
sizeh = 1

64.
For the bound, we obtain in each case exactly the predicted value (4.29), which depends
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Table 2. Results for the Poisson problem

h−1 ` Bound(4.25) κ # it (ε = 10−3) # it (ε = 10−6)

16 4 4.00 1.95 5 9
32 5 5.33 2.39 6 10
64 6 6.40 3.00 8 13

128 7 8.00 3.73 9 15
256 8 9.85 4.63 11 18
512 9 12.19 5.73 13 21

64 4 4.00 1.99 6 10
64 5 5.33 2.44 7 11
64 6 6.40 3.00 8 13
64 7 8.00 3.62 8 14
64 8 9.85 4.33 9 14
64 9 12.19 4.33 9 14

0

0.5
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1.5

2

2.5

3

3.5

4

4 5 6 7 8 9

d h−1 = 64

d

d

d

d

d d

h−1 = 2`++
+

+
+

+
+

log2
√

5 + (` − 1)log2(
√

5 − 1)

Figure 2. log2 κ as a function of̀ for increasing and fixed problem size

only on`. It seems to predict correctly the behaviour of the actual conditioning, which is
overestimated by a factor about 2.1 only. This is confirmed in Fig. 2, where we have plotted
log2κ as a function of̀ together with the line log2

√
5 + (` − 1) log2(

√
5 − 1) which

represents the leading asymptotic term in (4.29).
For h−1 = 64, the conditioning does not increase for` larger than eight because eight

RRB steps reduce the 63× 63 grid to a 3× 3 grid for which one hardly sees the difference
between an approximate and an exact factorization.

The given numbers of iterations are those necessary to reduce the norm of the residual
‖ rk ‖ below ε ‖ b ‖ when using the preconditioned conjugate gradient algorithm with
zero initial approximation. They are fairly small, especially when only a modest precision
is required. This is much different than with most incomplete factorization preconditioners,
which present small isolated eigenvalues and for which fast convergence may be observed
only after some delay [21,22].

As expected from the formula (1.3) and our conditioning estimate, the number of iterations
increases by about 10% when` is increased by one unity for fixedh. If h−1 increases together
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with `, the number of iterations grows more quickly, in our opinion because superlinear
convergence effects are more dramatic for modest problem sizes.

We next consider the PDE

− ∇a∇u = f in � = (0, 1) × (0, 1) (5.1)

with

5.1. Problem A

a =
{

100 in(1
4, 3

4) × (1
4, 3

4)

1 elsewhere

f =
{

100 in(1
4, 3

4) × (1
4, 3

4)

0 elsewhere{
u = 0 for 0 ≤ x ≤ 1 , y = 0
∂nu = 0 on the remaining part of the boundary

5.2. Problem B

a =
{

10−3 in ( 1
12,

1
2) × ( 1

12,
1
2)

1 elsewhere

f =
{

1 in ( 1
12,

1
2) × ( 1

12,
1
2)

0 elsewhere{
u = 0 for 0 ≤ x ≤ 1 , y = 1 and 0≤ y ≤ 1 , x = 1
∂nu = 0 on the remaining part of the boundary

In each case, we use the five-point finite difference mesh box integration scheme [16]
with uniform mesh sizeh in both directions, andh−1 = 4·2m for Problem A,h−1 = 12·2m

for Problem B (wherem is a non-negative integer).
We consider̀ step RRB orderings where, according to the rule (3.2),` = m + 2 for

Problem A and̀ = m+3 for Problem B. In both cases, two RRB orderings were considered:
a ‘non-multilevel RRB’ ordering obtained by lettinĝı = ̂ = 0 in our Definitions (the
node (1,1) being the first node in the grid corresponding to an unknown, i.e., the node at
x = 0 , y = h for Problem A and the node atx = 0 , y = 0 for Problem B), and a ‘multilevel
RRB ’ ordering obtained by lettinĝı = 1, ̂ = 0 for Problem A and̂ı = ̂ = 1 for Problem
B (so as to leave the coarse grid nodes, for instance the node atx = y = 1

2, in the last

level). Note that, in Problem B, the nodes at
(

1
12,

1
12

) (
1
12,

1
2

)
and

(
1
2, 1

12

)
which one may

consider as belonging to the coarsest mesh on which the problem is defined, are effectively
in the last level only for̀ ≤ 2m (cf., end of Section 2), i.e., form ≥ 3 orh−1 ≥ 96.

The results are given in Table 3 for Problem A and in Table 4 for Problem B. The
iteration counts refer to the preconditioned conjugate gradient algorithm with zero initial
approximation and the same stopping criterion as for the Poisson problem.
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Table 3. Results for Problem A

h−1 ` Bound(4.25) κ # it (ε = 10−3) # it (ε = 10−6)

Multilevel RRB

16 4 4.00 2.00 7 10
32 5 5.33 2.43 8 13
64 6 6.40 3.016 10 15

128 7 8.00 3.74 12 18
256 8 9.85 4.63 14 20

Non-multilevel RRB

16 4 216.29 3.11 8 13
32 5 613.42 2.99 9 14
64 6 2589.0 5.14 12 19

128 7 5467 5.14 13 20
256 8 37746 8.43 17 26

Table 4. Results for Problem B

h−1 ` Bound(4.25) κ # it (ε = 10−3) # it (ε = 10−6)

Multilevel RRB

24 4 4.00 2.00 5 8
48 5 5.33 2.44 6 10
96 6 6.40 3.031 6 11

192 7 8.00 3.75 8 13

Non-multilevel RRB

24 4 4004 7.99 8 14
48 5 17.29 2.67 6 11
96 6 103.19 4.45 9 15

192 7 209.44 5.75 10 16

It is seen that the multilevel RRB ordering leads to a very robust method: the computa-
tion of the bound delivers exactly the value (4.29) obtained for the model problem, while
the actual conditionings and iteration counts are nearly identical. These conclusions are
supported by extensive experiments made on various PDEs of the type (5.1).

More generally, since the matrix coefficients in the successive levels are such that the
computation of the bound delivers the same result (4.29) for various values and locations
of the discontinuities, one may be convinced that this result is essentially independent of
these parameters, and therefore the method is robust in the presence of Neumann boundary
conditions and/or discontinuities of the type considered here.

The results obtained with non multilevel RRB orderings reveal that the use of these
orderings may lead to some difficulties. Clearly, the elimination of the coarse grid nodes
perturbs the computation of the bound which is no longer relevant. At the same time, the
actual conditioning and the iteration counts deteriorate. This deterioration is not dramatic
at all, but indicates a potential lack of robustness. Hence, we advise the use of multilevel
RRB orderings whenever it is possible.
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