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Optimal V-cycle Algebraic Multilevel Preconditioning

Yvan Notay∗
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We consider algebraic multilevel preconditioning methods based on the recursive use of a 2× 2 block
incomplete factorization procedure in which the Schur complement is approximated by a coarse grid matrix.
As is well known, for discrete second-order elliptic PDEs, optimal convergence properties are proved for
such basic two-level schemes under mild assumptions on the PDE coefficients, but their recursive use in a
simple V-cycle algorithm does not generally lead to optimal order convergence.

In the present paper, we analyse the combination of these techniques with a smoothing procedure much
the same as the one used in standard multigrid algorithms, except that smoothing is not required on the
finest grid. Theoretical results prove optimal convergence properties for the V-cycle under an assumption
similar to the ‘approximation property’ of the classical multigrid convergence theory. On the other hand,
numerical experiments made on both 2D and 3D problems show that the condition number is close to that
of the two-level method. Further, the method appears robust in the presence of discontinuity and anisotropy,
even when the material interfaces are not aligned with the coarse grid. © 1998 John Wiley & Sons, Ltd.
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1. Introduction

This paper deals with the iterative solution of large sparse symmetric positive (non-negative)
definite linear systems

Au = b (1.1)

arising from the discretization of second order elliptic PDEs. In such cases, the conju-
gate gradient method combined with a suitable preconditioning is a choice method (e.g.,
[4,5,16,22]). The preconditioner here is a symmetric positive definite matrixB such that
solving a system withB is easy whereas the (spectral) condition number of the precondi-
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tioned system

κ(B−1A) = λmax(B
−1A)

λmin(B−1A)

on which depends the convergence rate, has to be as small as possible1. In particular, a
preconditioner has an optimal order of computational complexity when solving a system
with B requires2(n) operations (wheren is the number of unknowns), and whenκ(B−1A)

is bounded independently of the grid size and possibly other problem dependent parameters.
To meet both these requirements, many recent works focus on the design of algebraic

multilevel preconditioners (e.g., [3,6,7,10–12,31,35–39]). Like standard multigrid [23,40],
these are based on the recursive use of a two-level method. However, the basic scheme
originates from a block incomplete factorization of the system matrix partitioned in a 2× 2
block form

A =
(

A11 A12
A21 A22

)
(1.2)

where the first block of unknowns corresponds to the fine grid nodes and the second block
of unknowns to the coarse grid nodes.

For such two-level methods, eigenvalue bounds are generally proved by means of local
analyses, that is, in the finite element context, by computing certain quantities associated
with element matrices. Consequently, these bounds hold independently of the grid size and
of possible jumps in the PDE coefficients, as long as these may only occur across the edges
of the coarse mesh (e.g., [2,8,25,28,38]).

Hence, algebraic multilevel methods exhibit a strong potential for robustness. Unfortu-
nately, see [38], their recursive use in a simple V-cycle algorithm does not generally result
in an optimal order preconditioning. Moreover, so far, proposed W-cycle schemes (e.g.,
[3,6,7,10–12,36–38]) require that some parameters are determined in function of eigen-
value estimates. In some cases, one can rely on theoretical results. However, as inaccurate
estimates may lead to poor performances or even to an indefinite preconditioner, a better
robustness is achieved with run-time eigenvalue estimation. Relevant procedures are pro-
posed and discussed in [10], their main drawback being the additional implementation effort
required and an increase of the cost of the preprocessing step.

Here, we develop another approach, in which one adds to a simple V-cycle some smooth-
ing iterations in a similar way as is done in standard multigrid methods, except that smooth-
ing is not required on the finest grid. Theoretically, we prove optimal order convergence
of the resulting method for ‘well-behaved’ problems, whereas, in practice, the condition
number appears independent of the number of levels and close to that of the two-level pre-
conditioner even for ‘difficult’ problems for which classical multigrid methods would not
work.

To our knowledge, the combination of algebraic multilevel methods (based on block
incomplete factorization) with smoothing has not been proposed before. Our theoretical
results are also new. Compared with algebraic multigrid methods developed along the
lines of the results in [34,32,33], our method uses simpler coarse grid matrices and allows
fixed (geometric) coarsening, thus giving simpler and cheaper implementations whenever
working with regular grids. Alternative approaches using algebraic multigrid with simple
coarse grid matrices include methods based on aggregation, see e.g., [18].

1 Throughout this paper,λmax(C) andλmin(C) denote, respectively, the largest and the smallest eigenvalue
of C.
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The remainder of this paper is organized as follows: in Section 2, we present algebraic
multilevel preconditioning methods and motivate our approach to stabilize the V-cycle; the
theoretical analysis is developed in Section 3 and the results of numerical experiments are
reported in Section 4.

2. Algebraic multilevel preconditioning and smoothing

An exact factorization of the system matrix (1.2) writes

A =
(

A11
A21 S

) (
I A−1

11 A12
I

)
(2.1)

whereS = A22 − A21A−1
11 A12 is the Schur complement. This leads to a direct method,

which is impractical becauseS is generally dense. However, it is most often easy to find a
sparse approximationAc to S that has a similar structure to that ofA . One then obtains the
following two-level block incomplete factorization preconditioner:

B(2) =
(

A11
A21 Ac

) (
I A−1

11 A12
I

)
(2.2)

Initially, this method was proposed for finite element matrices computed with the hierarchi-
cal basis [2,8,11,12,36–38], generalizing in this way the hierarchical basis multigrid method
[13–15,42]. In this context, one usesAc = A

(hb)
22 , which corresponds to the finite element

discretization on the coarse mesh.
However, as observed in [36], elementary computation shows that, for anyB(2) of the

form (2.2),

B−1
(2) A =

(
I ∗

A−1
c S

)
(2.3)

where the Schur complementS is in addition invariant under a basis transformation of the
form

T =
(

I J12
I

)
(2.4)

like the one associated with the change from the hierarchical basis to the nodal basis. Con-
sequently, identical convergence results are obtained with a block incomplete factorization
(2.2) performed in the usual nodal basis. SinceA(hb) = T t A T , one has then

Ac = A
(hb)
22 = A22 + A21J12 + J t

12A12 + J t
12A11J12 , (2.5)

or, equivalently,
Ac = r A p (2.6)

where

p =
(

J12
I

)
, r = pt (2.7)

Ac is thus the ‘Galerkin approximation’ corresponding to the prolongationp.
Nevertheless, whenever working with the nodal basis, it is generally more convenient to

computeAc by means of more algebraic techniques as proposed in [28,31]. For instance,

© 1998 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., 5, 441–459 (1998)
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letting 1 be the diagonal matrix with same row-sum asA11, the method in [28] takes as
coarse grid matrix the Schur complementS̃ of

Ã =
(

1 A12
A21 A22

)
in which zero rows and columns are symmetrically deleted. With this simple method, a 2D
five-point or a 3D seven-point matrix is always approximated on the coarse grid by a matrix
with, respectively, a five-point or a seven-point structure.

Whatever the choice ofAc, the key features of the preconditioner (2.2) are two-fold.
On the one hand, see (2.3), the associated condition number and convergence rate will be
independent of the mesh size if and only ifAc is spectrally equivalent toS, which is proved
by means of local analyses, thus independent of possible jumps in the PDE coefficients as
long as these may only occur across the edges of the coarse mesh (e.g., [2,8,25,28,38]).

On the other hand,A11 has condition number2(1) [2,8,14], so that the two required
solutions of a system withA11 can be done in a number of operations proportional to
the number of unknowns in block 1. In practice, these solutions are most often made only
approximately, i.e.,A11has to be exchanged in the formulation (2.2) for some preconditioner
P . Whenever working with the the hierarchical basis, it clearly follows from the analysis
in [4,8] that the condition number associated with

B
(P)
(2) =

(
P

A21 Ac

) (
I P −1 A12

I

)
(2.8)

cannot be much worse thanκ(P −1A11) · κ(A−1
c S) .

Whenever working with the nodal basis, one should be more cautious, as inappropriate
choice ofP may lead to the loss of the spectral equivalence withA [29]. However, problems
are prevented whenP satisfies some given algebraic requirements, which, whenA is an M
matrix, are in particular met by lettingP be an MILU factorization ofA11

1. Results in [29]

prove then forλmin(B
(P )
(2)

−1
A) andλmax(B

(P )
(2)

−1
A) bounds that are close to, respectively,

λmin(P
−1A11) · λmin(A

−1
c S) andλmax(P

−1A11) · λmax(A
−1
c S) .

In the theoretical analysis developed below, we assumeP = A11 from the second level.
One possible approach consists then of invertingA11 to some sufficient precision by a
proper iterative scheme, the extra cost being acceptable since the finest grid is not involved.
On the other hand, satisfactory numerical results are obtained in Section 4 when using an
MILU factorization ofA11 at every level. In some sense, this approach relies on the fact
that the multilevel method is likely to be stable when the basic two-level scheme itself is
not deeply perturbed by the approximate inversion ofA11 .

Combination with a smoother

If

pA =
( −P −1 A12

I

)
, rA = ( −A21P −1 I

)
(2.9)

1 By MILU we refer to an incomplete LU decomposition in which discarded fill entries are lumped to the
diagonal to forceP to have the same row-sum asA11 [4,16].

© 1998 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., 5, 441–459 (1998)
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can be considered as, respectively, (matrix dependent) prolongation and restriction,

B
(P)
(2)

−1 =
(

P −1 0
0 0

)
+ pA A−1

c rA (2.10)

appears similar to a coarse grid correction term as used in multigrid methods [21,31]. This
observation led us to investigate the combined use of algebraic multilevel preconditioning
with a smoothing procedure. At first sight, this is not a clever approach, since smoothing
is costly on the finest grid whereas the preconditioner (2.2) has already grid independent
convergence. But, in the context of the recursive use of the two-level method, smoothing
can help to stabilize the condition number, multigrid schemes being usually optimal with a
simple V-cycle [23]. On the other hand, such a stabilization does not require smoothing on
the finest grid, so that the extra cost is moderate and in fact smaller than that involved by a
W-cycle.

In this respect, note however that, whereas the efficiency of the two-level method alone
is largely independent of the scaling ofAc (see (2.3) whenP = A11), its proper interac-
tion with a smoother is not. Roughly speaking, the eigenvalues ofA−1

c S corresponding to
‘smooth’ eigenvectors should be close to 1. Now, the theoretical results below show that ‘all
goes right’ whenAc is the Galerkin operator (2.6) corresponding to a prolongation and a re-
striction of the form (2.7), for which the classical multigrid theory would apply. A practical
approach to fix the scaling factor consists then of comparing for some model problem the
tentative coarse grid matrix with the Galerkin matrix resulting from linear interpolation. For
instance, considering̃S and the standard finite difference approximation of the Laplacian,
this procedure yields

Ac =
{

2S̃ for 2D five-point matrices
4S̃ for 3D seven-point matrices

(2.11)

For non-model problems, there is not much theoretical certainty in using these rules, but
the robustness of our method is anyway more or less empirical since the theoretical results
are based on the classical multigrid theory, which itself does not apply as soon as the PDE
coefficients have jumps inside coarse grid cells.

Remark 1
In algebraic multigrid methods (AMG, e.g., [34,32,33]), the interpolation is defined by
solving approximately the fine grid residual equations, which means that the prolongation
and the restriction have also the form (2.7) withP a (rough) approximation ofA11 . This
further confirms our guess that the two-level preconditioner (2.8) effectively acts as a coarse
grid correction, and should thus work well in combination with a smoother.

Besides this point, it should be clear that our approach has little in common with AMG.
Indeed, these methods exclusively consider Galerkin coarse grid matrices (see [33, p. 77]),
that is

Ac = rA ApA = A22 − 2A21P −1A12 + A21P −1A11P −1A12 (2.12)

This not only implies that coarse grid matrices tend to be denser, but also that only very
rough approximate inverses ofA11 can be used, to avoid prohibitive complexity inAc . A
further side effect seems then that some restrictions are put on the coarsening process, which

© 1998 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., 5, 441–459 (1998)
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entail that AMG methodsrequirean adaptive coarsening strategy, whereas our method has
been designed with a fixed (geometric) coarsening in mind.

Choice of the smoother

Many works on multigrid methods focus on the design of efficient smoothers. Various
possibilities are tested and compared in, e.g., [24]. In the present context, however, the
results will depend much less critically on the numerical cost involved by the smoothing
scheme, since no smoothing is performed on the finest grid. This allows one to choose a
‘robust’ smoother, without having to investigate for cheaper alternatives.

In the numerical experiments reported below, we used one pre- and one post-smoothing
iteration with the relaxed ILU(ω = −1) smoother [9], which is robust for anisotropic
problems, at least in 2D [41]. Performances are generally improved by optimizing the
parameterω , but, to keep the method simple, we did not include such refinements in our
tests.

3. Theoretical analysis

First, we need to formulate the multilevel method derived from the two-level preconditioner.
If ` levels are considered, we let the system matrix

A = A(`) =
(

A
(`)
11 A

(`)
12

A
(`)
21 A

(`)
22

)
(3.1)

correspond to level̀, and, fork = `, . . . , 2 , we partitionA(k) similarly toA(`) and set

A(k−1) = A(k)
c (3.2)

whereA
(k)
c is the approximation of the Schur complement ofA(k).

Since we assume exact inversion ofA11 except on the finest grid, the preconditionerB(`)

of A(`) is then defined by the recursion

B(k) =
(

A
(k)
11

A
(k)
21 M(k−1)−1

) (
I A

(k)
11

−1
A

(k)
12

I

)
, k = 2, . . . , ` − 1 (3.3)

B(`) =
(

P (`)

A
(`)
21 M(k−1)−1

) (
I P (`)−1

A
(`)
12

I

)
(3.4)

where
M(1) = A(1)−1

(3.5)

and whereM(k) , k = 2, . . . , ` − 1 , is an approximate inverse ofA(k) defined in function

of B(k)−1
.

Using M(k) = B(k)−1
leads to a simple V-cycle which is usually not optimal [38].

Previous works on algebraic multilevel preconditioners [3,6,7,10–12,36–38] consider then

M(k) = 3ν(B
(k)−1

A(k))A(k)−1
where3ν(t) is aν degree polynomial such that3ν(0) = 0

and whose remaining coefficients are determined as a function of eigenvalue estimates for

© 1998 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., 5, 441–459 (1998)
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B(k)−1
A(k) .

Here, we considerM(k) defined by(
I − M(k) A(k)

)
=
(
I − R(k) A(k)

) (
I − B(k)−1

A(k)
) (

I − R(k) A(k)
)

(3.6)

whereR(k) is a (symmetric) relaxation operator forA(k) , which possibly corresponds to
several smoothing iterations, although in practice we found that one iteration was enough.
Note that

x(k) = M(k) y(k)

is easily computed with

x
(k)
(1) = R(k) y(k) ; y

(k)
(1) = y(k) − A(k) x

(k)
(1)

x
(k)
(2) = B(k)−1

y
(k)
(1) ; y

(k)
(2) = y

(k)
(1) − A(k) x

(k)
(2)

x
(k)
(3) = R(k) y

(k)
(2)

x(k) = x
(k)
(1) + x

(k)
(2) + x

(k)
(3)

The basic properties ofM(k) are proved in the following lemma.

Lemma 3.1. LetM(k) be defined by (3.6) for given symmetric positive matricesA(k) ,B(k) ,
R(k) .

If ρ
(
I − R(k) A(k)

) ≤ 1 , thenM(k) is symmetric positive definite and satisfies

λmin

(
M(k) A(k)

)
≥ min

(
1 , λmin

(
B(k)−1

A(k)
))

(3.7)

λmax

(
M(k) A(k)

)
≤ max

(
1 , λmax

(
B(k)−1

A(k)
))

(3.8)

Proof
LettingA(k) = L(k) U(k) be a symmetric factorization ofA(k) and defining

M̃(k) = U(k) M(k) L(k)

R̃(k) = U(k) R(k) L(k)

B̃(k) −1 = U(k) B(k)−1
L(k)

one obtains
M̃(k) = I +

(
I − R̃(k)

) (
B̃(k) −1 − I

) (
I − R̃(k)

)
from which the symmetry ofM(k) is obvious.

Further, letv be any vector and setw = (I − R̃(k))v . One has

vt M̃(k) v
vt v

= 1 + wt( B̃(k) −1 − I )w
wt w

wt w
vt v

whereasρ
(
I − R(k) A(k)

) ≤ 1 implies wt w
vt v ≤ 1 . Hence,

λmin

(
M(k) A(k)

)
= min

v
vt M̃(k) v

vt v

© 1998 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., 5, 441–459 (1998)
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≥ 1 + min

(
0 , min

w
wt( B̃(k) −1 − I )w

wt w

)

i.e., (3.7) and

λmax

(
M(k) A(k)

)
= max

v
vt M̃(k) v

vt v

≤ 1 + max

(
0 , max

w
wt( B̃(k) −1 − I )w

wt w

)

i.e., (3.8). Note that (3.7) proves also the positive definiteness ofM(k).

By induction, Lemma 3.1 ensures the positive definiteness ofB(`) if the splittings associ-
ated withR(k) are convergent for allk. Further, inequalities (3.7), (3.8) show that smoothing
cannot have an adverse effect on the eigenvalue distribution.

Proving a beneficial effect is of course harder. Since

λmin

(
M(`−1) S(`)

)
≥ λmin

(
M(`−1) A(`−1)

)
· λmin

(
A(`−1)−1

S(`)
)

(3.9)

λmax

(
M(`−1) S(`)

)
≤ λmax

(
M(`−1) A(`−1)

)
· λmax

(
A(`−1)−1

S(`)
)

(3.10)

the convergence rate will approach that of the two-level method ifκ(M(`−1)A(`−1)) is close
to one. To analyse this, we resort to some arguments of the multigrid convergence theory.
More particularly, the following theorem rewrites and adapts to our context Hackbush’s
result for the V-cycle in the symmetric positive definite case [23, Lemma 7.2.1 and Theorem
7.2.2].

Theorem 3.1. LetM(k) , k = 1, . . . , ` − 1 be defined by (3.5),(3.6), whereA(k) andR(k)

are symmetric positive definite matrices and whereB(k) , k = 2, . . . , ` − 1 is defined by
(3.3) for some2 × 2 partitioning ofA(k) . Assume that

λmax

(
R(k) A(k)

)
≤ 1 k = 2, . . . , ` − 1 (3.11)

If, for some positive constantscA , CA such thatcA < 2 , one has, fork = 2, . . . , ` − 1 ,

− cA vt R(k) v ≤ vt
(
A(k)−1 − B

(k)
(2)

−1)
v ≤ CA vt R(k) v ∀v (3.12)

where

B
(k)
(2) =

(
A

(k)
11

A
(k)
21 A(k−1)

) (
I A

(k)
11

−1
A

(k)
12

I

)
(3.13)

then, fork = 1, . . . , ` − 1 ,

λmin

(
M(k) A(k)

)
≥ 2

2 + CA

(3.14)

λmax

(
M(k) A(k)

)
≤ 2

2 − cA

(3.15)
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Proof
Obviously, (3.14), (3.15) hold fork = 1 and we will show by induction that they hold for
anyk . In this view, let

U(k) =
 A

(k)
11

1
2

S(k)
1
2

( I A
(k)
11

−1
A

(k)
12

I

)

whereS(k) is the Schur complement ofA(k) . Note thatA(k) = L(k) U(k) whereL(k) = U(k)t
.

Let further

M̃(k) = U(k) M(k) L(k)

R̃(k) = U(k) R(k) L(k)

B̃(k) −1 = U(k) B(k)−1
L(k)

B̃
(k)
(2)

−1 = U(k) B
(k)
(2)

−1
L(k)

One has (
I − M̃(k)

)
=
(
I − R̃(k)

) (
I − B̃(k) −1

) (
I − R̃(k)

)
On the other hand,

B̃(k) −1 =
(

I

S(k)
1
2 M(k−1) S(k)

1
2

)

B̃
(k)
(2)

−1 =
(

I

S(k)
1
2 A(k−1)−1

S(k)
1
2

)

whence, by the induction argument,

2
2+CA

vt B̃
(k)
(2)

−1
v ≤ vt B̃(k) −1

v ≤ 2
2−cA

vt B̃
(k)
(2)

−1
v ∀v (3.16)

The right inequality implies

vt
(
I − M̃(k)

)
v ≥ vt

(
I − R̃(k)

) (
I − 2

2−cA
B̃

(k)
(2)

−1) (
I − R̃(k)

)
v ∀v

which gives, using the left inequality (3.12),

vt
(
I − M̃(k)

)
v ≥ vt

(
I − R̃(k)

) (
−cA
2−cA

I − 2cA
2−cA

R̃(k)
) (

I − R̃(k)
)

v ∀v

Therefore,

λmax

(
M(k) A(k)

)
= λmax

(
M̃(k)

)
≤ 1 + cA

2 − cA

max
0≤ξ≤1

(1 − ξ)2(1 + 2ξ)

whence (3.15) since the maximum corresponds toξ = 0 .
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Similarly, the left inequality (3.16) implies

vt
(
I − M̃(k)

)
v ≤ vt

(
I − R̃(k)

) (
I − 2

2+CA
B̃

(k)
(2)

−1) (
I − R̃(k)

)
v ∀v

which gives, using the right inequality (3.12),

vt
(
I − M̃(k)

)
v ≤ vt

(
I − R̃(k)

) (
CA

2+CA
I + 2CA

2+CA
R̃(k)

) (
I − R̃(k)

)
v ∀v

whence

λmin

(
M(k) A(k)

)
= λmin

(
M̃(k)

)
≥ 1 − CA

2 + CA

max
0≤ξ≤1

(1 − ξ)2(1 + 2ξ)

i.e., (3.14).

For the method defined in the hierarchical basis withA(k−1) = A
(hb)
22

(k)
, it is easy to

show thatλmax(A
(k−1)−1

S(k)) ≤ 1 [36], whencecA = 0 in (3.12). For 2D five-point

finite difference matrices, it is proved in [28] thatλmax( S̃
(k) −1

S(k)) ≤ 2 when the PDE
coefficients are piecewise constant on the coarsest mesh, whence againcA = 0 when using
the rule (2.11).

The analysis ofCA is harder. In fact, the multigrid convergence theory developed in [23]
for the symmetric positive definite case makes use of the following similar ‘approximation
property’:

vt
(
A(k)−1 − p(k) A(k−1)−1

r(k)
)

v ≤ CA vt R(k) v ∀v (3.17)

General analyses ofCA are rather involved and extending them to our context lies beyond
the scope of the present paper. However, it is possible to rest on the developments in [23] for
the proof of the approximation property and derive simple upper bounds forCA assuming
that (3.17) holds. This is the purpose of the the following theorem and lemma, where we

address the case of damped Jacobi smoothing (R(k)−1 = ω diag(A(k)) ).
Of course, this approach does not tell us anything for problems that do not fit well in

classical multigrid theory because standard multigrid algorithms tend to perform poorly. In
such cases, our method may still be successful since algebraic multilevel preconditioners
(and our main theoretical assumption (3.12)) depend only on the coarse grid matrix and do
not refer to any interpolation procedure, whereas works that develop more robust multigrid
algorithms (e.g., [1,19,20]) stress that the problems of standard multigrid are due to an
inappropriate interpolation rather than to a bad coarse grid approximation. Referring to
Lemma 3.2 below, this means that (3.19) may hold in cases for which (3.18) does not hold
or holds only for a prolongationp(k) that is not known a priori or impractical to use.

Lemma 3.2. Let A(k) and A(k−1) be symmetric positive definite matrices. LetD(k) =
diag(A(k)) andD

(k)
2 = diag(A(k)

22 ).
If, for somep(k) of the form (2.7),

vt
(
A(k)−1 − p(k) A(k−1)−1

r(k)
)

v ≤ CA ω−1 vt D(k)−1
v ∀v (3.18)
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wherer(k) = p(k)t
, then

vt
2

(
S(k)−1 − A(k−1)−1

)
v2 ≤ CA ω−1 vt

2 D
(k)
2

−1
v2 ∀v2 (3.19)

whereS(k) is the Schur complement ofA(k) related to the partitioning induced byp(k).

Proof

(3.19) is (3.18) restricted to vectors of the formv =
(

0
v2

)
.

Theorem 3.2. Let A(k) be a symmetric positive definite matrix partitioned in a2 × 2
block form, letS(k) be the corresponding Schur complement, and letD(k) = diag(A(k)) ,
D

(k)
1 = diag(A(k)

11 ) , D
(k)
2 = diag(A(k)

22 ) . Let B(k)
(2) be defined by (3.13), whereA(k−1) is

symmetric positive definite.
If

vt
2

(
S(k)−1 − A(k−1)−1

)
v2 ≤ ω−1 ĈA vt

2 D
(k)
2

−1
v2 ∀v2 (3.20)

then
vt
(
A(k)−1 − B

(k)
(2)

−1)
v ≤ ω−1 CA vt D(k)−1

v ∀v (3.21)

where
CA ≤ ĈA

(
1 + λ−1

min

(
D

(k)
1

−1
A

(k)
11

)
λ−1

min

(
D

(k)
2

−1
A

(k)
22

) )
(3.22)

Proof
Define U(k) , L(k) , B̃

(k)
(2) as in the proof of Theorem 3.1. For any vectorv and positive

numberα ,

vt
(
I − B̃

(k)
(2)

−1)
v = vt

(
0 0

0 I − S(k)
1
2 A(k−1)−1

S(k)
1
2

)
v

≤ ĈA ω−1 vt

(
0 0

0 S(k)
1
2 D

(k)
2

−1
S(k)

1
2

)
v

≤ ĈA ω−1 vt

(
α−1 I 0

0 S(k)
1
2 D

(k)
2

−1
S(k)

1
2

)
v

= ĈA ω−1 vt U(k) G−1
α L(k) v ,

where

Gα = L(k)

(
α I

S(k)− 1
2 D

(k)
2 S(k)− 1

2

)
U(k)

=
(

α A
(k)
11 α A

(k)
12

α A
(k)
21 D

(k)
2 +αA

(k)
21 A

(k)
11

−1
A

(k)
12

)

Therefore, (3.21) holds withCA ≤ ν−1 ĈA if

vt G−1
α v ≤ ν−1 vt D(k)−1

v ∀v
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or, equivalently, ifGα − νD(k) is non-negative definite. SinceαA
(k)
11 − νD

(k)
1 is positive

definite forα sufficiently large,Gα − νD(k) will be non-negative definite if and only if so
is its Schur complement

SGα−νD(k) = (1 − ν) D
(k)
2 + A

(k)
21

(
α A

(k)
11

−1 − α2
(
αA

(k)
11 − νD

(k)
1

)−1
)

A
(k)
12

On the other hand, lettingλ2 = λmin(D
(k)
2

−1
A

(k)
22 ) ,

vt
2 D

(k)
2 v2 ≥ λ2 vt

2 A
(k)
22 v2 ≥ λ2 vt

2 A
(k)
21 A

(k)
11

−1
A

(k)
12 v2 ∀v2

Hence,SGα−νD(k) is non-negative definite if

((1−ν)λ2+α) vt
1 A

(k)
11

−1
v1 ≥ α2 vt

1

(
αA

(k)
11 − νD

(k)
1

)−1
v1 ∀v1

or, equivalently, if

((1−ν)λ2+α)
(
αA

(k)
11 − νD

(k)
1

)
− α2 A

(k)
11 = α

(
(1−ν)λ2 A

(k)
11 − ν D

(k)
1

)
− ν(1−ν)λ2 D

(k)
1

is non-negative definite. Setting

ν = λ1 λ2

1 + λ1 λ2
− λ2

α

whereλ1 = λmin(D
(k)
1

−1
A

(k)
11 ) , the latter matrix writes

α λ2
1+λ1 λ2

(
A

(k)
11 − λ1D

(k)
1

)
+ λ2

2 A
(k)
11 + λ2(1−ν(1−ν))D

(k)
1

which is clearly non-negative definite since maxt t (1 − t) = 1
2 . Therefore,

CA ≤ ν−1 ĈA =
(

λ1 λ2

1 + λ1 λ2
− λ2

α

)−1

ĈA

and the proof is completed by taking the limit forα going to the infinity.

Note that ifA(k)
22 is diagonal, thenλmin(D

(k)
2

−1
A

(k)
22 ) = 1. On the other hand,A(k)

11 has

condition number2(1) [2,8,14]. In practice,λmin(D
(k)
1

−1
A

(k)
11 ) is unacceptably small when

the problem is strongly anisotropic, but this shortcoming has to be related to the fact that
damped Jacobi smoothing performs poorly anyway in such cases.

Model problem analysis

Consider the model problem corresponding to the five-point finite difference discretization
of the 2D Laplacian on the unit square with Dirichlet boundary conditions and uniform
mesh sizeh = 2−` in both directions. Let the nodes for levelk correspond to the uniform
grid of mesh sizehk = 2−k , and letA(k), k = `−1, . . . , 1 be defined by the rule (2.11), or,
equivalently, be the Galerkin matrix corresponding to linear interpolation. As noted above,
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λmax(A
(k−1)−1

S(k)) ≤ 1, i.e.,cA = 0 in (3.12).
On the other hand,S(k) andA(k−1) have as common set of eigenvectors the discrete

sine functions sinµπxhk sin νπyhk , µ = 1, . . . ,
h−1

k

2 − 1 , ν = 1, . . . ,
h−1

k

2 − 1 . The
corresponding eigenvalues write (see [30])

S(µν) = 16

(
1

1 − cµ

2 − cν

2

+ 1

1 + cµ

2 − cν

2

+ 1

1 − cµ

2 + cν

2

+ 1

1 + cµ

2 + cν

2

)−1

A(µν)
c = 4 − 2c2µ − 2c2ν

wherecµ = cosµπhk , cν = cosνπhk , c2µ = cos 2µπhk , c2ν = cos 2νπhk .
Since diag(A(k)) = 4I , the constant̂CA in (3.20) satisfies

ĈA = 4ω max
µ,ν

(
S(µν)−1 − A(µν)

c

−1
)

and can therefore be analysed directly. Usingc2µ = 2c2
µ − 1 , c2ν = 2c2

ν − 1 , and letting
cµ

2 = sµ , cν
2 = sν , tedious manipulation (easier with computer algebra) show that

4
(
S(µν)−1 − A(µν)

c

−1
)

= 16
(
1 − cµ

2 − cν
2
)+ 3

(
cµ

4 + cν
4
)+ 10cµ

2 cν
2(

4 − (
cµ + cν

)2) (4 − (
cµ − cν

)2) (2 − cµ
2 − cν

2
)

= 3sµ
2 + 10sµ sν + 3sν

2(
sµ + sν

) (
8(sµ + sν) + (sµ − sν)2

)
= α(µν)

β(µν)

whereα(µν) = 3sµ
2 + 10sµ sν + 3sν

2 , β(µν) = (sµ + sν)
(
8(sµ + sν) + (sµ − sν)

2
)

.
Since

β(µν) − 2α(µν) = (
sµ − sν

)2 (2 + sµ + sν
)

is always non-negative, we deduce

ĈA ≤ ω

2
(3.23)

On the other hand, lettingx(k)
1 be the positive vector defined on the fine grid nodes at

levelk by (
x(k)

1

)
i

=
{√

2 if i is centred in a coarse grid square
1 otherwise

it is easy to see that (
−offdiag

(
A

(k)
11

))
x(k)

1 ≤ 2
√

2x(k)
1

Hence,ρ(offdiag(A(k)
11 ) ≤ 2

√
2 and thereforeλmin(D

(k)
1

−1
A

(k)
11 ) = 1

4λmin(A
(k)
11 ) ≥ 1−

√
2

2 .
Theorem 3.2 implies then

CA ≤ 3 + √
2

2
ω (3.24)
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To satisfyλmax(R
(k)A(k)) ≤ 1 , ω = 2 is the proper choice. Sinceλmin(A

(`−1)−1
S(`)) ≥ 1

2

andλmax(A
(`−1)−1

S(`)) ≤ 1 [25], Theorem 3.1 and (3.9), (3.10) finally yield

λmin

(
M(`−1)−1

S(`)
)

≥ 1

5 + √
2

(3.25)

λmax

(
M(`−1)−1

S(`)
)

≤ 1 (3.26)

independently of the number of levels. If subsystems withA
(`)
11 are solved exactly too, these

bounds directly apply to the extremal eigenvalues ofB(`)−1
A(`) (see 2.3), whereas the

results in [29] prove that they deteriorate only slightly whenP (`) is a MILU factorization
of A

(`)
11 .

4. Numerical results

We have tested our multilevel preconditioner on linear systems resulting from the finite
difference discretization of

−∂x ax ∂x u − ∂y ay ∂y u (− ∂z az ∂z u ) = f in �{
u = 0 on 00 ⊂ ∂ �
∂u

∂n
= 0 on 01 = ∂ �\00

where� is the unit square (2D) or unit cube (3D). We use the point mesh box integration
scheme [26] with, except on Problem 3D1, uniform mesh sizeh in each direction.

In all experiments, we ran the preconditioned conjugate gradient algorithm with the zero
vector as initial approximation, and the reported the number of iterations. is the one needed
to reduce the relative residual error‖rk‖

‖b‖ below 10−8 . The reported CPU times are given in
seconds and include preprocessing, that is, the operations needed to compute the successive
incomplete factorizations ofA11 , approximate Schur complements and relaxation opera-
tors. No particular optimization effort was made, so that the timing results cannot pretend
to be optimal and should be used only as relative criteria. Whenever the CPU time is not re-
ported, this is because, for technical reasons, the corresponding test was run with a program
using a completely different data structure, so that a comparison would be meaningless. The
considered machine is a SUN SPARC20/514 workstation with 128 Mb of RAM memory.

In the tables,AML refers to algebraic multilevel preconditioners as presented in Section 2,
with, at every level,A11 approximated by a MILU factorization without fill-in, considering
a natural ordering of the concerned nodes.Ac was defined by the rule (2.11) at levels
where smoothing is performed, whereas we setAc = S̃ at level(s) where smoothing is not
performed, further numerical tests showing that this is slightly better than using the rule
(2.11) everywhere.

BesidesAML–V-cycle with smoothing, which refers to the method discussed throughout
this paper, we included three different variants for comparison purposes:AML–V-cycle
(no smoothing)is the same method with smoothing iterations skipped;AML–W-cycle (no
smoothing)is the method proposed in [28] for 2D problems that uses a W-cycle with
parameters fixed according eigenvalue bounds proved assuming that the PDE coefficients
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Table 1. Results for Problem 2D1

Preconditioner λmin λmax κ Number of iterations CPU

h−1 = 128

AML–V-cycle with smoothing 1.02 2.54 2.50 14 2.42
AML–W-cycle (no smoothing) 0.86 2.00 2.31 14
AML–V-cycle (no smoothing) 1.01 8.53 8.42 32
AML–two level 1.02 2.11 2.07 14
ILU 1E-6 1.21 9E+5 196 18.0
MILU 1.00 371 371 150 13.8
DRILU 2E-3 46.4 2E+4 87 7.96

h−1 = 512

AML–V-cycle with smoothing 1.02 2.54 2.50 15 73.3
AML–W-cycle (no smoothing) 0.86 2.00 2.33 15
AML–V-cycle (no smoothing) 1.02 17.5 17.1 48
DRILU 2E-3 193 8E+4 192 427

are piecewise constant on the coarsest mesh;AML–two levelcorresponds to the reference
two-level scheme (2.8), with thus the first coarse grid matrix inverted exactly.

We always considered standard coarsening and, forAML–V-cycle with smoothing, per-
formed full reduction, leaving only one node in the coarsest level, this node being the first
one in the natural ordering of the fine grid. ForAML–V-cycle (no smoothing), to limit the
effect of the dependency of the number of levels on the condition number, the coarsest grid
considered was 16×16 (2D,h−1 = 128), 32×32 (2D,h−1 = 512) or 5×5×5 (3D), these
grid sizes being limited on account of the involved factorization cost. ForAML–W-cycle (no
smoothing), to get exactly the same method as the one tested in [28],A(k) was factorized
exactly as soon asnk ≤ 81 was reached.

We also compared the multilevel variants with some reference incomplete factorization
preconditioners:ILU is the standard scheme without any fill-in andMILU is the ‘modified’
version in which discarded fill entries are lumped to the main diagonal [4,16];DRILU is
the perturbed variant of MILU introduced in [27].

Problem 2D1

Here,� is the unit square and

ax = ay =
{

103 in
(

1
4, 3

4

)
×
(

1
4, 3

4

)
1 elsewhere

f =
{

1 in
(

1
4, 3

4

)
×
(

1
4, 3

4

)
0 elsewhere

00 = {(x, y) | 0 ≤ x ≤ 1, y = 1}

Results are reported in Table 1. Clearly, using smoothing is successful in stabilizing the
condition number associated with the V-cycle. The latter is independent of the mesh size
and approaches that of the corresponding two-level method. On the other hand, the W-cycle
without smoothing confirms its good behaviour [28], whereas the V-cycle without smooth-
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Table 2. Results for Problem 2D2 with AML–V-cycle with smoothing

h−1 λmin λmax κ Number of iterations CPU

100 1.01 3.81 3.78 18 1.84
400 1.01 3.19 3.16 17 38.6
500 1.01 4.26 4.22 18 69.1

ing is far from being competitive even though the number of levels was limited by factorizing
exactly a rather large coarse grid matrix. ILU-type preconditioners are as expected not op-
timal, further tests showing that the best variant (DRILU) becomes competitive with our
multilevel method whenh−1 is not larger than 16.

Problem 2D2

Here,� is the unit square and

ax = 100, ay = 1 , f = 0 in (0.65, 0.95) × (0.05, 0.65)
ax = 1 , ay = 100, f = 0 in (0.25, 0.45) × (0.25, 0.45)
ax = 100, ay = 100, f = 1 in (0.05, 0.25) × (0.65, 0.95)
ax = 1 , ay = 1 , f = 0 elsewhere

00 = {(x, y) | 0 ≤ x ≤ 1, y = 1}

i.e., the problem has jumps and anisotropy in both directions. Further, whenh−1 is an odd
multiple of 20 (e.g.,h−1 = 100 orh−1 = 500), one may check thatnone of the discontinuity
lines is aligned with the coarse grid generated by the first reduction.

For this problem, the W-cycle method from [28] fails to produce a positive definite
preconditioner. This illustrates a shortcoming of versions using parameters predetermined
in function of theoretical estimates, whose use is dangerous as soon as the assumptions
needed in the proofs of these estimates are not met anymore.

On the other hand, the results for the V-cycle method with smoothing are reported in
Table 2. Compared with Table 1, one observes only a slight deterioration of the perfor-
mances, despite this the problem would be very difficult to solve with a standard multigrid
algorithm.

Problem 3D1

Here,� is the unit cube and

ax = ay = az =
{

103 in
(

1
4, 3

4

)
×
(

1
4, 3

4

)
×
(

1
4, 3

4

)
1 elsewhere

f =
{

1 in
(

1
4, 3

4

)
×
(

1
4, 3

4

)
×
(

1
4, 3

4

)
0 elsewhere

00 = {(x, y) | 0 ≤ x, y ≤ 1, z = 0z = 0 or z = 1}
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Table 3. Results for Problem 3D1

preconditioner λmin λmax κ Number of iterations CPU

h−1 = 40

AML–V-cycle with smoothing 1.01 7.39 7.34 23 21.7
AML–V-cycle (no smoothing) 1.01 110 109 79
ILU 1E-5 1.12 83 599 100 56.3
MILU 1.00 13 304 13 302 255 143
DRILU 3E-3 19.4 677 63 35.6

h−1 = 80

AML–V-cycle with smoothing 1.01 7.24 7.20 24 241
DRILU 3E-2 41.9 1531 96 579

non uniform 68× 68× 68 mesh
AML–V cycle with smoothing 1.01 12.4 12.3 33 208
DRILU 1E-3 27.7 1911 88 342

The problem thus presents a strong discontinuity. Further, since more often than in 2D,
simulations make use of varying mesh sizes, we also investigated the effect of moderate
anisotropy induced by grid stretching. In this view, besides standard uniform grids, we
considered a 68×68×68 mesh which is is structurally regular but refined near the interfaces
between different materials, the mesh sizeshx = h(x) , hy = h(y) , hz = h(z) varying
according to

h(t) =


0.025 if 0.00 ≤ t ≤ 0.20 or 0.30 ≤ t ≤ 0.50
0.010 if 0.20 ≤ t ≤ 0.21 , or 0.29 ≤ t ≤ 0.30
0.005 if 0.21 ≤ t ≤ 0.29

with h(t) = h(1 − t) for 0.5 ≤ t ≤ 1 . In this case, one may also check thatnone of the
material interfaces is aligned with the (pseudo) coarse grid generated by the first reduction.

The results are reported in Table 3. As in 2D, our approach to stabilize the V-cycle
appears successful and ILU type preconditioners are outmatched even though 3D meshes
are necessarily less refined than 2D ones (further tests show here again that DRILU becomes
competitive whenh−1 ≤ 16). On the other hand, performances remain satisfactory on the
non uniform mesh despite the anisotropy induced by the grid stretching [17].

Note that we deliberately omitted 3D tests with strongly anisotropic coefficients because
the kind of smoother considered here cannot pretend to be efficient in such cases, and
alternative approaches resorting to plane relaxation or semi-coarsening should be considered
instead (see, e.g., [24]).
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