
Numer. Math. (1998) 80: 397–417 Numerische
Mathematik
c© Springer-Verlag 1998

Using approximate inverses
in algebraic multilevel methods?

Y. Notay
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Summary. This paper deals with the iterative solution of large sparse sym-
metric positive definite systems. We investigate preconditioning techniques
of the two-level type that are based on a block factorization of the system
matrix. Whereas the basic scheme assumes an exact inversion of the subma-
trix related to the first block of unknowns, we analyze the effect of using an
approximate inverse instead. We derive condition number estimates that are
valid for any type of approximation of the Schur complement and that do
not assume the use of the hierarchical basis. They show that the two-level
methods are stable when using approximate inverses based on modified ILU
techniques, or explicit inverses that meet some row-sum criterion. On the
other hand, we bring to the light that the use of standard approximate inverses
based on convergent splittings can have a dramatic effect on the convergence
rate. These conclusions are numerically illustrated on some examples.

Mathematics Subject Classification (1991):65F10, 65B99, 65N20

1. Introduction

To solve large sparse symmetric positive definite systems

Au = b(1.1)

arising from discrete elliptic PDEs, many recent works focus on the design
of efficient algebraic multilevel preconditioners. Like standard multigrid
[18,30], these are based on a two-level method recursively used in aV or
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W cycle algorithm. However, the basic scheme originates here from a block
factorization of the system matrix

A =
(

A11 A12
A21 A22

)
=
(

A11
A21 SA

) (
I A−1

11 A12
I

)
,(1.2)

where the first block of unknowns corresponds to the fine grid nodes, the
second block of unknowns to the coarse grid nodes, and whereSA = A22 −
A21 A−1

11 A12 is the Schur complement ofA ; since the latter is a dense
matrix, some relevant sparse approximationS has to be supplied and the
preconditioner writes

B̃ =
(

A11
A21 S

) (
I A−1

11 A12
I

)
.(1.3)

Whether considered as a “stand alone” method or as an intermediate
step in a full multilevel cycle, the potentialities of this two-level scheme
essentially depend on the spectral condition number

κ(B̃−1A) =
λmax(B̃−1A)
λmin(B̃−1A)

(1.4)

which should be close to 1 and bounded independently of the grid size1.
A straightforward computation shows that

B̃−1A =
(

I ∗
S−1 SA

)
.(1.5)

and an essential step in the analysis consists therefore in provingO(1)
upper and lower bounds on the spectrum ofS−1 SA. Such results exist for
the methods that originate from the hierarchical basis multigrid method [5,
7–11,26–28,31], but also for some other approaches whereS is computed
according an incomplete Gaussian elimination process [23,29].

Now, the preconditioner (1.3) involves solving two systems withA11
each time it is needed to solve a system withB̃. Some works pay little
attention to that point. The key argument is thatA11 has condition number
O(1) [1,5,10], so that any reasonable iterative scheme converges quickly
in a number of steps independent of the grid size. In practice however, the
cost of such inner iterations becomes rapidly prohibitive. Most works take
this into account and consider preconditioners of the form

B =
(

P
A21 S

) (
I P−1 A12

I

)
,(1.6)

1 Throughout this paper,λmax(C) andλmin(C) denote respectively the largest and the
smallest eigenvalue ofC
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whereP−1 stands for the used approximate inverse ofA11, possibly implic-
itly defined by a very few steps of some iterative procedure. The argument
about the conditioning ofA11 serves then only to show that it is easy to de-
fine cost effective approximate inverses such that the spectrum ofP−1 A11
is very well clustered around 1.

Preconditioners of the form (1.6) also arise in another family of algebraic
multilevel methods [1,3,4,6,24], whose primary step consists in approxi-
matingA−1

11 by some sparse matrixB11. The basic scheme assumes then that
the Schur complementA22 −A21 B11 A12 of the so approximated matrix is
computed exactly, but some recent developments [6,13] introduce versions
for which B11 is less sparse, leading to a block incomplete factorization
(1.6) in which bothA11 and the Schur complement are approximated.

Now, although numerous works analyze two-level methods of the type
(1.6), so far available theoretical results involve the so-called strengthened
CBS constant [9,10,17] and can therefore be useful only whenA is a fi-
nite element matrix computed using thehierarchical finite element basis
functions.

In fact, as is well known [26], the Schur complementSA is the same
for both nodal and hierarchical representations. Hence, as easily seen from
(1.5), these analyzes apply to the version (1.3) with exact inversion ofA11
whatever the used basis.

This is however not true anymore in the general case. In [8,26,27], it
is shown that the equivalence of the preconditioner (1.6) in the usual nodal
basis with its counterpart in the hierarchical basis can be restored by adding
to A12 andA21 a term equal to(A11 − P ) times some interpolation matrix.
As (A11 − P ) is small when a sufficiently accurate approximate inverse is
used, the question of the necessity of this additional term is raised [8]. The
purpose of the present paper is to develop a finer analysis of this issue.

In this view, we investigate the eigenvalue distribution associated to pre-
conditioners (1.6) in function of the spectral properties ofP−1 A11 and
S−1 SA , using only assumptions compatible withA defined from a stan-
dard finite difference or finite element scheme.

If A is a (non strictly) diagonally dominant M-matrix, our analysis proves
in particular the stability of the two-level method whenP is a modified
(possibly blockwise) ILU factorization ofA11 (e.g. [2,14–16,19]), orP−1

an explicit approximate inverse ofA11 satisfying some row-sum criterion
[2, Chapter 8].

On the other hand, we show that the use of standard approximate inverses
based on convergent splittings can have a much more dramatic effect than
expected, leading to a condition number that may grow up toO(h−4) when
the mesh size parameterh decreases.
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The paper is organized as follows: in Sect. 2, we develop a simple analysis
of the behavior of the condition number whenP−1 is a standard approxi-
mate inverse ofA11 ; our main theoretical results are proved in Sect. 3, and
their application to approximate inverses satisfying a row-sum criterion is
discussed in Sect. 4. Section 5 is devoted to numerical results.

Terminology and notation

Throughout this paper, inequalities between matrices or vectors of the same
dimensions are to be understood elementwise, whereaspositive(nonneg-
ative), when applied to a matrix or a vector, meanselementwise positive
(nonnegative).

2. Standard approximate inverses

In this section, we derive alower bound on the condition number by evalu-
ating the Rayleigh quotients

r =
vTAv
vTB v

, r =
vTAv
vTB v

associated to vectors of the form

v =
(−P−1 A12 v2

v2

)
, v =

(
−A−1

11 A12 v2
v2

)
.

A straightforward computation shows that

vTAv = vT
2 SA v2 + vT

2 A21

(
A−1

11 − 2P−1 + P−1A11P
−1
)

A12 v2

vTB v = vT
2 S v2 ,

vTAv = vT
2 SA v2 ,

vTB v = vT
2 S v2 + vT

2 A21

(
P−1 − 2A−1

11 + A−1
11 P A−1

11

)
A12 v2 .

Further,A−1
11 − 2P−1 + P−1 A11 P−1 =

(
I − P−1 A11

)2
A−1

11 , whereas,
lettingλM = λmax

(
P−1A11

)
, one has for allw1

wT
1

(
P−1 − 2A−1

11 + A−1
11 P A−1

11

)
w1

= wT
1

(
A−1

11 P
) (

P−1A11P
−1 − 2P−1 + A−1

11

)
w1

≥ λ−1
M wT

1

(
I − P−1 A11

)2
A−1

11 w1 .
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Hence, with

qv2 =
vT

2 SA v2

vT
2 S v2

,

gv2 =
vT

2 A21
(
I − P−1 A11

)2
A−1

11 A12 v2

vT
2 SA v2

,

one obtains

r = qv2 (1 + gv2) , r ≤ 1
q−1
v2 + λ−1

M gv2

.

Sinceλmax
(
B−1 A

) ≥ r , r ≥ λmin
(
B−1 A

)
, this implies

κ
(
B−1 A

)
≥ (1 + gv2)

(
1 +

qv2

λM
gv2

)
,(2.1)

showing that the two-level method can be stable with respect to the use of
the approximate inverse only ifgv2 is bounded above independently of the
mesh size.

Now, as is well known, in discrete PDE applications,SA is spectrally
equivalent to the coarse grid discretization matrix. Therefore,vT

2 SA v2 =
O(h2) for smooth vectors, which further impliesvT

2 A21 A−1
11 A12 v2 '

vT
2 A22 v2 = O(1) when one doesnot make use of the hierarchical basis.

Hence,gv2 can be bounded independently of the mesh size only ifP−1 acts
nearly as an exact inverse for thesesmoothvectors, whereas usual convergent
splittings are on the contrary known to converge fast forroughvectors [18,
30].

To illustrate this, letA be more specifically the matrix associated with
the standard five point finite difference approximation of the Laplacian on
the unit square with Dirichlet boundary conditions and a uniform mesh size
h in both directions, whereh is such thath−1 is an even integer.

Assume further for simplicity thatP−1 is the approximate inverse re-
sulting fromm ≥ 1 stationary iterations with the Jacobi preconditioning,
i.e. (

I − P−1 A11

)
=
(
M−1 N

)m

whereM = diag(A11) = 4 I andN = M − A11 = −offdiag(A11).
The vectorv(νµ)

2 which interpolates on the coarse grid nodes the function
sin νπx sin µπy is shown in [22] to be an eigenvector ofSA for ν =
1, . . . , h−1

2 − 1 , µ = 1, . . . , h−1

2 − 1. The corresponding eigenvalue writes

λνµ = 4

(
1

4 − 2(cν + cµ)
+

1
4 − 2(cν − cµ)

+
1

4 + 2(cν − cµ)
+

1
4 + 2(cν + cµ)

)−1
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wherecν = cos νπh , cµ = cos µπh. For ν = µ, it takes the simpler
expression

λνν =
8(1 − c2

ν)
2 − c2

ν

,

and it is also easy to check that(
M−1N

)2 (
A12 v(νν)

2

)
=

c2
ν

2

(
A12 v(νν)

2

)
.

Hence, sinceA22 = 4I and
(
M−1N

)T = M−1N ,

g
v(νν)

2
=

(
c2
ν

2

)m
v(νν) t

2 (A22 − SA) v(νν)
2

v(νν) t
2 SA v(νν)

2

=

(
c2
ν

2

)m
c2
ν

2(1 − c2
ν)

,

that is, for the smoothest modeν = 1

g
(11)
v2(11) '

(
1
2

)m+1 h−2

π2

showing with (2.1) thatκ(B−1A) ≥ O(h−4) except if one increasesm as
the mesh is refined.

Remark.gv2 = O(h−2) impliesκ(B−1A) ≥ O(h−4) because we implic-
itly assume thatqv2 = O(1). On the other hand,qv2 = O(h2) , which can
be easily obtained (e.g.S = A22), leads then to a lower boundκ(B−1A) ≥
O(h−2). Thus, a worse coarse grid approximation potentially yields a better
method. Note however that only alower bound on the condition number is
improved, which gives no guarantee on the behavior of the actual condition-
ing. Asκ(B−1A) ≥ O(h−2) remains anyway by far too large, we leave this
point as an open question.

3. Eigenvalue bounds

In this section, we analyze the spectrum ofB−1A. The only restrictive
assumptions are

vT
1 Pv1 ≤ vT

1 A11v1 ∀v1(3.1)

and

vT
2 A21P

−1 A12 v2 ≤ (1 − ξ) vT
2 A22 v2

+ξ vT
2 A21 A−1

11 A12 v2 ∀v2(3.2)
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for someξ < 1. This is relatively weak sinceξ may be negative, but nev-
ertheless sufficient to entail an acceptable behavior, as it can be seen on an
intuitive basis: whenevervT

2 A22 v2 =
(
1 + O(h2)

)
vT

2 A21A
−1
11 A12 v2 ,

(3.1), (3.2) imply

vT
2 A21 A−1

11 A12 v2 ≤ vT
2 A21 P−1 A12v2

≤
(
1 + (1 − ξ) O(h2)

)
vT

2 A21 A−1
11 A12 v2 ,

i.e. P−1 has to act nearly as an exact inverse for the corresponding modes
as long as−ξ ≤ O(1).

How to compute a lower bound onξ for some classes of preconditioners
that meet (3.1) is addressed in the next section.

Letting

ζ = λ−1
min

(
S−1SA

)
,

η = λ−1
max

(
S−1SA

)
,

β = λ−1
max

(
P−1A11

)
= κ−1

(
P−1A11

)
,

Theorem 3.1 below proves upper and lower eigenvalue bounds forB−1A that
are only function ofζ, η, β andξ. Their exact expression looks complicated,
but a further analysis is provided, leading to the following simplified but
nevertheless rigorous bounds (3.9), (3.10):

λmax

(
B−1A

)
≤ η + 1 − ξ(1 − β)

η β
,

λmin

(
B−1A

)
≥ ζ−1

(
1 + (1−β)(1−ξ)

ζ−β

)−1
.

Hence, since we assumeη ≤ 1 ≤ ζ ,

κ
(
B−1A

)
≤ ζ

η β
(2 − ξ(1 − β)) (2 − ξ)

= κ
(
S−1SA

)
κ
(
P−1A11

)
(2 − ξ(1 − β)) (2 − ξ) .

Thus, when our basic assumptions (3.1), (3.2) are satisfied with−ξ ≤
O(1), the problems illustrated in Sect. 2 are prevented and the condition
number ofB−1A cannot be much larger than the product of the condition
numbers related to the two involved approximation processes.

In Sect. 5, we show on an example that our “exact” bounds (3.7), (3.8)
allow to guarantee a nice conditioning for the two-level method when
κ
(
P−1A11

)
is sufficiently close to1.
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Theorem 3.1 Let

A =
(

A11 A12
A21 A22

)
, B =

(
P
A21 S

) (
I P−1A12

I

)
(3.3)

be symmetric nonnegative definite matrices such thatA11 andP are invert-
ible.

Assume that

β vT
1 A11 v1 ≤ vT

1 P v1 ≤ vT
1 A11 v1 ∀v1(3.4)

for someβ such that0 < β < 1 and that

η vT
2

(
A22 − A21 A−1

11 A12

)
v2 ≤ vT

2 S v2

≤ ζ vT
2

(
A22 − A21 A−1

11 A12

)
v2 ∀v2(3.5)

for someη, ζ such that0 ≤ η ≤ 1 ≤ ζ.
If

vT
2 A21P

−1 A12 vT
2 ≤ (1 − ξ) vT

2 A22 v2

+ξ vT
2 A21 A−1

11 A12 v2 ∀v2(3.6)

for someξ < 1, then

vT B v ≥ γ vT Av ∀v(3.7)

whereγ is the smallest root of

γ2 − γ(η + 1 − ξ + βξ) + β η

and
α vT Av ≥ vT B v ∀v(3.8)

whereα is the largest root of

α2 − α(ζ + 1 − ξ + βξ) + β ζ .

Moreover,

γ ≥ η β

η + 1 − ξ(1 − β)
(3.9)

and
α ≤ ζ

(
1 + (1−β)(1−ξ)

ζ−β

)
(3.10)

with, in addition,

γ ≥
{

η β if ξ ≥ η

η
(
β −√

(1 − β)(1 − ξ)
)

if 0 ≤ ξ ≤ η .
(3.11)
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Proof. Define the family of second degree polynomials

Pa(t) = t2 − t(a + 1 − ξ + ξβ) + aβ ,

wherea > 0. SincePa(a) = −a(1 − β)(1 − ξ) < 0 and Pa(β) =
−β(1 − ξ)(1 − β) < 0, Pa(t) admits two positive rootst1 < min(β, a) ≤
max(β, a) < t2 , which shows thatγ, α exist, are positive and satisfy

γ < min(η, β) < 1 ≤ ζ < α .(3.12)

Further, it is easily checked that

γ = η − γ(1 − β)(1 − ξ)
β − γ

, α = ζ +
α(1 − β)(1 − ξ)

α − β
.(3.13)

We now prove (3.7).

B − γA =

 P − γ A11 (1 − γ) A12

(1 − γ) A21 S + A21 P−1 A12 − γ A22


and, sinceγ < β, (3.4) implies thatP − γ A11 is positive definite. Hence
B − γ A is nonnegative definite if so is its Schur complement

SB−γA = S − γ A22 + A21

(
P−1 − (1 − γ)2(P − γ A11)−1

)
A12 .

Now, vT
2 S v2 ≥ η vT

2

(
A22 − A21 A−1

11 A12

)
v2 while, sinceη − γ > 0,

(3.6), (3.13) imply

(η − γ)vT
2 A22 v2 = γ(1−β)(1−ξ)

β−γ
vT

2 A22 v2

≥ γ(1−β)
β−γ

vT
2 A21

(
P−1 − ξ A−1

11

)
A12 v2 .

Hence,

vT
2 SB−γA v2 ≥ vT

2 A21

{(
1 + γ(1−β)

β−γ

)
P−1

−
(
η + ξ γ(1−β)

β−γ

)
A−1

11 − (1 − γ)2(P − γ A11)−1
}

A12 v2 ,

and, using (3.13) to eliminateη,

vT
2 SB−γA v2 ≥ vT

2 A21

{
β(1−γ)

β−γ
P−1 − γ(1−γ)

β−γ
A−1

11

−(1 − γ)2(P − γ A11)−1
}

A12 v2

= 1−γ
β−γ

vT
2 A21 P− 1

2

{
β I − γX−1

−(1−γ)(β−γ)(I − γ X)−1
}

P− 1
2 A12 v2 ,
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whereX = P− 1
2 A11 P− 1

2 . SinceX is symmetric positive definite,

f(X) = β I − γ X−1 − (1 − γ)(β − γ)(I − γ X)−1

will be non negative definite iff(λ) ≥ 0 for all λ ∈ σ(X) ⊂ [
1, β−1]; (3.7)

follows then because

f(λ) = (1 − γ λ)−1
(
(1 − γ λ) (β − γ λ−1) − (1 − γ)(β − γ)

)
= (1 − γ λ)−1 (1 − λ−1) (1 − β λ) .

The proof of (3.8) is similar.

αA − B =

(
α A11 − P (α − 1) A12

(α − 1) A21 α A22 − S − A21 P−1 A12

)

and, sinceα > 1, (3.4 ) implies thatα A11 − P is positive definite. Hence,
α A − B is nonnegative definite if so is its Schur complement

SαA−B = α A22 − S − A21

(
P−1 + (α − 1)2(α A11 − P )−1

)
A12 .

We may usevT
2 S v2 ≤ ζ vT

2

(
A22 − A21 A−1

11 A12

)
v2 , while, since(α −

ζ) > 0, (3.6), (3.13) imply

(α − ζ)vT
2 A22 v2 = α(1−β)(1−ξ)

α−β
vT

2 A22 v2

≥ α(1−β)
α−β

vT
2 A21

(
P−1 − ξA−1

11

)
A12 v2 ,

whence

vT
2 SαA−B v2 ≥ vT

2 A21

{(
α(1−β)

α−β
−1
)

P−1 +
(
ζ − ξα(1−β)

α−β

)
A−1

11

−(α − 1)2(αA11 − P )−1
}

A12 v2

= α−1
α−β

vT
2 A21 P− 1

2

{
−βI + αX−1

−(α−1)(α−β)(αX − I)−1
}

P− 1
2 A12v2 .

Letting

g(X) = −βI + αX−1 − (α − 1)(α − β)(αX − I)−1 ,

one has

g(λ) = (α λ − 1)−1
(
(α λ − 1) (−β + α λ−1) − (α − 1)(α − β)

)
= α(α λ − 1)−1 (1 − λ−1) (1 − β λ)

which is nonnegative for allλ ∈ [1, β−1], whence (3.8).
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Finally, (3.10) holds by virtue of (3.13), together withα > ζ and the
fact that x

x−β is a decreasing function ofx for x > β; (3.9) is deduced from

γ (η + 1 − ξ(1 − β)) − β η = γ2 ≥ 0; (3.11) is proved by checking that

Pη(η β) = η β(ξ − η) (1 − β) ,

Pη

(
η
(
β−

√
(1−β)(1−ξ)

))
= η(1 − β) (ξ(1 − η) + (1 − β)(η − ξ))

+ η
√

(1 − β)(1 − ξ) (1 − η β + (η − ξ)(1 − β))

are both nonnegative when respectivelyξ ≥ η andη ≥ ξ ≥ 0. ut

4. Approximate inverses satisfying a row-sum criterion

In this section, we examine how to check our main assumptions (3.1), (3.2).
Of course (3.1) may hold for any preconditioner with an appropriate scaling.
However, since this requires in general an eigenvalue estimation, we find
more practical to focus on the classes of approximate inverses for which this
condition holds by construction.

About (3.2), note that(1−ξ)A22−A21

(
P−1 − ξA−1

11

)
A12 is the Schur

complement of (
P A12

A21 A22 − ξ SA

)
,

i.e. (3.2) holds if and only if the latter matrix is nonnegative definite. Further,
to prove this at once for a wide class of preconditioners it suffice to check
that

vT
(

∆ A12
A21 A22 − ξ SA

)
v ≥ 0 ∀v(4.1)

for some matrix∆ satisfying

vT
1 P v1 ≥ vT

1 ∆v1 ∀v1(4.2)

for any preconditioner of the class.
If A is an M-matrix, there always exists a positive vectorx = (x1 x2)T

such thatAx is nonnegative (e.g.x = (1 1 . . . 1)T whenA has nonnegative
row-sum) [12]. It is then interesting to consider the diagonal matrix∆ such
that∆x1 = A11 x1. Indeed,

Ã =
(

∆ A12
A21 A22

)
has then nonpositive offdiagonal entries and nonnegative generalized row-
sum sinceÃx = Ax. It is thus a (possibly singular2) symmetric M-matrix,

2 According to [12], an M-matrix can be singular, and a symmetric matrixC that has
nonpositive offdiagonal entries is an M-matrix if and only if it is nonnegative definite or,
equivalently, if and only ifCx ≥ 0 for somex > 0
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therefore nonnegative definite [12], i.e.ξ = 0 at the very least. In Sect. 4.4
below, we show that in fact (4.1) holds withξ ≥ 1

2 whenx = (1 1 . . . 1)T

andA arises from the linear finite element discretization of a 2D second
order elliptic PDE.

Before, we show that (3.1), (4.2) are met whenP is a (possibly blockwise)
MILU factorization of A11 computed with respect tox1 as modification
vector (Sect. 4.1), or whenP−1 is an explicit inverse ofA11 satisfying a
generalized row-sum criterion based onx1 (Sect. 4.2).

Thus, combining the results in Sect. 4.1 and 4.4,ξ ≥ 1
2 whenA is a

linear finite element matrix andP a MILU factorization ofA11 satisfying
the usual row-sum criterion.

Further, one is not restricted to a single application of the so defined
preconditioner. We indeed consider in Sect. 4.3 approximatingA−1

11 by a
few steps of some inner iterative procedure with a preconditioner satisfying
(3.1), (3.2). It turns out that the so defined approximate inverse still satisfies
(3.1), (3.2) (for the same value ofξ) when a proper polynomial acceleration
is used.

4.1. MILU factorizations

AssumeA11 is an M-matrix and letx1 be a positive vector such thatA11 x1
is nonnegative.

Then, ifP results from a possibly blockwise MILU factorization ofA11
(e.g. [2,14–16,19]) computed to satisfy the generalized row-sum criterion

P x1 = A11 x1 ,

it is well known thatA11 − P is a symmetric M-matrix, whence (3.1). On
the other hand,P writes

P = (Q − FT) Q−1 (Q − F )

whereF is strictly upper triangular and nonnegative andQ a nonsingular
symmetric M-matrix (which reduces to a diagonal matrix in case of a point-
wise factorization). For such matrices, the following theorem shows that
P − ∆ is nonnegative definite.

Theorem 4.1 LetP = (Q−FT) Q−1 (Q−F ) be such that Q is a nonsingu-
lar symmetric M-matrix andF is nonnegative and strictly upper triangular.

Assume thatP x1 is nonnegative for some positive vectorx1.
Then,

vT
1 P v1 ≥ vT

1 ∆v1 ∀v1

where∆ is the diagonal matrix such thatP x1 = ∆x1.
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Proof. First, sinceQ is an M-matrix,Q−1 is nonnegative [12]. From(I −
Q−1F )x1 = Q−1

(
∆x1 + FT (I − Q−1F )x1

)
, it is then easily seen by

induction that(I − Q−1F )x1 is nonnegative. LetT be the diagonal matrix
such thatTx1 = Q−1Fx1 . One has

P − ∆ =
(
T − FT Q−1

)
Q
(
T − Q−1 F

)
+
{
Q − T Q T − (I − T ) F − FT(I − T ) − ∆

}
.

The first term of the r.h.s. is nonnegative definite and has zero generalized
row-sum by construction. On the other hand, the term under brackets, which
has therefore also a zero generalized row-sum, has nonpositive offdiagonal
entries sinceT is diagonal with diagonal entries less or equal to 1 . There-
fore, the term under brackets is a symmetric M-matrix, hence nonnegative
definite. ut

4.2. “Compensated” explicit inverses

AssumeA11 is an M-matrix, and letx1 be a positive vector such thatA11 x1
is positive.

SinceA−1
11 is nonnegative [12], it is not restrictive to assume from an

explicit approximate inversesP−1 that it has nonnegative offdiagonal en-
tries not larger than the corresponding ones inA−1

11 . Assume further that
the neglected entries have been “compensated” on the diagonal in such a
way thatP−1(A11 x1) = A−1

11 (A11 x1) = x1 ; (3.1) follows then from [2,
Theorem 8.4]. On the other hand, since

(
∆ − ∆ P−1 ∆

)
x1 = 0, it is easily

seen that∆−∆ P−1 ∆ is a symmetric M-matrix, which implies (4.2) since
both∆ andP are positive definite.

4.3. Inner iterations

Here we consider approximate inverses ofA11 implicitly defined by a very
few steps of some preconditioned iterative method.

This means that

P−1 = Pm

(
P̃−1 A11

)
A−1

11 ,(4.3)

whereP̃ stands for the used preconditioner and wherePm is a polynomial
such thatPm(0) = 0.
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Assume thatP̃ satisfies (3.1), (3.2) for someξ . Then, lettingb =
λ−1

max

(
P̃−1 A11

)
, (3.1) will hold forP defined by (4.3) if

1 ≤ Pm(t) ∀t ∈
[
1, b−1

]
,

whereas (3.2) will hold for the same value ofξ if

Pm(t) ≤ t ∀t ∈
[
1, b−1

]
.

As is well known [25], the best polynomial acceleration is obtained with
shifted Chebyshev polynomials of the first kind, i.e.,

Pm(t) = c

1 −
Tm

(
b−1+1−2t

b−1−1

)
Tm

(
b−1+1
b−1−1

)


wherec is some scaling factor and whereTm(x) , m = 1, 2, . . . obeys the
recurrence relation

T0 = 1, T1 = x, Tm+1(x) = 2x Tm(x) − Tm−1(x) , m = 1, 2, . . .

Since|Tm(x)| ≤ 1 for |x| ≤ 1, we set

c =

(
1 − T−1

m

(
b−1 + 1
b−1 − 1

))−1

,

so that

Pm(t) =
Tm

(
b−1+1
b−1−1

)
− Tm

(
b−1+1−2t

b−1−1

)
Tm

(
b−1+1
b−1−1

)
− 1

satisfiesP(t) ≥ 1 for all t ∈ [1, b−1].
We have no general proof thatPm(t) ≤ t ∀t ∈ [

1, b−1]. Nevertheless,
for m = 2, one finds

P2(t) = (b + 1) t − b t2 ,

whencet − P2(t) = b t (t − 1) ≥ 0 for t ≥ 1. Form = 3, an explicit check
is harder, but one may use the following reasoning: sinceT3(−1) = −1
andT3

(
b−1+1
b−1−1

)
>
(

b−1+1
b−1−1

)
, one hasP3(b−1) < b−1 ; thereforet − P3(t)

is a third degree polynomial that is zero fort = 0 andt = 1, positive for
t = b−1, and negative fort → ∞ (the leading coefficient is< 0); hence,
t−P3(t) cannot have an additional root in

]
1, b−1[ , i.e. is uniformly positive

in that interval.
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On the other hand, one will seldom consider in practice polynomials
with degree larger than 3. Indeed, letting

β−1 = max
t∈ ]1,b−1[

P(t) ,

one readily obtains, since|Tk(x)| ≤ 1 for |x| ≤ 1,

1 − β =
2

Tm

(
1+b
1−b

)
+ 1

,

and the resulting value is generally sufficiently small form = 2 or 3.
For instance, withb = 1

2 , (which is already pessimistic sinceA11 is well
conditioned), one gets1 − β = 1

9 for m = 2 and1 − β = 1
50 for m = 3.

4.4. Linear finite elements

Here we prove a better lower bound onξ in the caseA arises from the linear
finite element discretization of a two dimensional second order elliptic PDE

−∂x ax ∂x u − ∂y ay ∂y u = f(4.4)

on an arbitrary “coarse” mesh to which on has added one level of uniform
refinement.

Let Ac be the finite element matrix associated to the discretization of
(4.4) on this coarse mesh. As is well known [26],vT

2 Ac v2 ≥ vT
2 SA v2 so

that (4.1) holds for someξ > 0 if

vT
(

∆ A12
A21 A22 − ξAc

)
v ≥ 0 ∀v .(4.5)

Now, the latter matrix corresponds to the assembly of elementary matri-
ces associated to each coarse triangle. Therefore, (4.5) may be checked con-
sidering only these elementary matrices. If we assume further thatax(x, y)
anday(x, y) are piecewise constant on the coarse triangulation, one readily
obtains that each of these elementary matrices writes (the vertex opposite
to the mid edge nodei is the nodei + 3, i = 1, . . . , 3)

2c1 0 0 0 −c1 −c1
0 2c2 0 −c2 0 −c2
0 0 2c3 −c3 −c3 0

0 −c2 −c3 (c2 + c3)(1 − ξ) ξc3 ξc2
−c1 0 −c3 ξc3 (c1 + c3)(1 − ξ) ξc1
−c1 −c2 0 ξc2 ξc1 (c1 + c2)(1 − ξ)


= c1 T1 + c2T2 + c3 T3 ,
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wherec1, c2, c3 are positive provided there are no interior angles larger than
π
2 . On the other hand, deleting the zero lines and columns inT1 , T2 , T3 ,
one gets the same3 × 3 matrix

T̃ =

 2 −1 −1
−1 1 − ξ ξ
−1 ξ 1 − ξ

 ,

which is readily found nonnegative definite forξ = 1
2 .

5. Numerical results and conclusions

We first report the results of a numerical experiment that illustrates our
theoretical investigations. In this experiment,A is the matrix resulting from
the five point finite difference discretization of the Laplacian on the unit
square with Dirichlet boundary conditions and a uniform mesh sizeh in
both directions, whereh is such thath−1 is an even integer.

We consider two-level preconditioners of the form (1.6), where the sec-
ond block is formed with the nodes present in the grid of mesh size2h, and
whereS is taken equal to the matrix associated with the discretization of
the Laplacian on this coarse grid.

ForP , we consider preconditioners based on a simple pointwise incom-
plete factorization ofA11 without fill-in and with a natural ordering of the
concerned nodes. Two choices are included: a MILU factorization for which
P andA11 have the same row-sum, and an ILU factorization for which the
error matrixA11 − P has a zero diagonal.

The results are given in Table 1. Recalling thatκ
(
S−1 SA

)
= 2 [20] ,

they illustrate the stability of the two-grid method when using MILU pre-
conditioning forA11. On the other hand, the results obtained with ILU pre-
conditioning are quite disastrous, althoughP is an excellent preconditioner
of A11 alone.

For the sake of completeness, we have also performed some tests with
scaled ILU preconditioners, that isP = c PILU where: (1)c = λmax(P−1

ILU A11),
as one would have use on the basis of some theoretical results for hierarchical
finite elements [8,26–28], which requirevT

1 P v1 ≥ vT
1 A11 v1 ∀v ; (2)

c = λmin(P−1
ILU A11), to satisfy on the contraryvT

1 P v1 ≤ vT
1 A11 v1 ∀v ;

(3) c = λmin

(
P−1

ILU A11

)
+ 0.03 andc = λmin

(
P−1

ILU A11

)
− 0.03 , which

may be seen as attempts to realize the above choice, but with a rough eigen-
value estimation. The results are given in Table 2, and clearly show that
c = λmin

(
P−1

ILU A11

)
is the only viable choice.
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Table 1. Results for the model Poisson problem

P −1A11 B−1A
h−1 λmin λmax κ λmin λmax κ

MILU preconditioning ofA11

16 1.00 1.20 1.20 0.51 1.25 2.45
32 1.00 1.21 1.21 0.50 1.27 2.54
64 1.00 1.21 1.21 0.50 1.29 2.58
128 1.00 1.21 1.21 0.50 1.29 2.58

ILU preconditioning ofA11

16 0.88 1.09 1.24 0.510 1.42 2.78
32 0.88 1.09 1.24 0.380 2.28 6.00
64 0.87 1.09 1.25 0.176 4.97 28.30

128 0.87 1.09 1.25 0.058 15.00 258.00

Towards efficient multilevel preconditioning

Returning to the case whereP is a MILU factorization ofA11 , it is interest-
ing to discuss to what extent one may trust its use in multilevel methods that
were primarily designed assuming an exact inversion ofA11 . Of course, a
complete analysis lies beyond the scope of the present paper, as it would
require a careful examination of each concerned preconditioner. However,
on the whole, we expect that most methods could be used with approximate
inversion ofA11 as long as the results for the basic two-level scheme remain
similar to those obtained above for the model Poisson problem.

Now, multilevel methods were developed for much harder problems
such as problems with jumping coefficients or anisotropy. Usual analyzes of
κ
(
S−1SA

)
(e.g. [20]), as well as our analysis ofξ in Sect. 4.4, only resort to

local estimations and are independent of possible jumps or anisotropy in the
PDE coefficients as long as the latter are piecewise constant on the coarse
mesh. At the light of Theorem 3.1, one sees then that the nice behavior
observed for the model problem will be essentially preserved ifP−1A11 re-
mains nicely conditioned. For instance, in the case of a linear finite element
discretization of (4.4), one hasξ = 1

2 , and takingS equal to the coarse grid
discretization matrix leads toη = 1, ζ = 2 [20]. Then, withβ−1 = 1.21,
our theoretical bounds (3.7), (3.8) imply

λmax
(
B−1A

) ≤ 1.52 ,
λmin

(
B−1A

) ≥ 0.47 ,

which is not too far from the values observed in Table 1.
For harder problems, one may fear an increase ofκ

(
P−1A11

)
, so it

worths mentioning that, as shown in [21],κ
(
P−1A11

)
can in fact never be
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Table 2. Results for the model Poisson problem with scaled ILU preconditioning ofA11

κ
(
B−1A

)
h−1 c = 1.09 c = 0.87 c = 0.84 c = 0.90

16 4.07 2.56 2.69 2.095
32 15.8 2.63 2.90 2.55
64 120. 2.65 3.66 3.02

128 1475 2.66 9.03 5.20

larger than3
2 in the case of equation (4.4) with linear finite elements on right

triangles; again, this proof is based on local estimations and assumes only
that the PDE coefficients are piecewise constant on the coarse mesh.

Now, with β = 2
3 , (3.7) and (3.8) give

λmax

(
B−1A

)
≤ 2.00 ,(5.1)

λmin

(
B−1A

)
≥ 0.45 .(5.2)

Hence, in the worst cases, the condition number will be at most slightly
larger than twice that of the “ideal” method with exact inversion ofA11.

Although this is reasonable for very difficult problems, this might be too
much in the context of some multilevel algorithms. One may then possibly
rely on the fact that these bounds are likely to be pessimistic, but a robust
alternative is easily obtained thanks to the results of Sect. 4.3. Indeed, one
may use

P−1 = (1 + b) P̃−1 − b P̃−1 A11 P̃−1

whereP̃ stands for the simple MILU factorization ofA11 considered so far,
and whereb−1 is a known upper bound onλmax

(
P̃−1 A11

)
. Since

β = λ−1
max

(
P−1A11

)
=

4 b

(b + 1)2
,

this means thatβ = 24
25 whenb = 2

3 . Our bounds (3.7), (3.8) imply then

λmax
(
B−1A

) ≤ 1.179 ,
λmin

(
B−1A

) ≥ 0.497 .

Thus, just by adding a single inner iteration step, weguaranteebetter con-
ditioning properties than those observed in Table 1 for the model problem.

To illustrate this, we consider the linear finite element discretization of
the PDE (4.4) on the unit square with the boundary conditionsu = 0 on Γ0 = {(x, y) | 0 ≤ x ≤ 1, y = 0} .

∂u

∂n
= 0 on Γ1 = ∂ Ω\Γ0
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and

Problem 1:

ax = ay =

1000 in
(

1
4 , 3

4

)
×
(

1
4 , 3

4

)
1 elsewhere;

Problem 2:

ax =

1000 in
(

1
4 , 1

2

)
×
(

1
4 , 1

2

)
1 elsewhere,

ay =

1000 in
(

1
2 , 3

4

)
×
(

1
2 , 3

4

)
1 elsewhere.

We use right triangles and a uniform mesh sizeh in both directions, where
h is such thath−1 is an even integer;S is taken equal to the coarse grid
discretization matrix.

The results are reported in Tables 3 and 4. It turns out that the increase
of κ

(
B−1A

)
is indeed more moderate than indicated by the bounds (5.1),

(5.2). On the other hand, with a simple and still cheap inner iteration, the
deviation from the “ideal” condition number is less than6% , which is likely
to be acceptable for most multilevel schemes.

Table 3. Results for Problem 1

P −1A11 B−1A
h−1 λmin λmax κ λmin λmax κ

P −1 = P̃ −1

32 1.00 1.34 1.34 0.50 1.44 2.85
64 1.00 1.34 1.34 0.50 1.44 2.87

128 1.00 1.34 1.34 0.50 1.44 2.87

P −1 = 5
3 P̃ −1 − 2

3 P̃ −1 A11P̃
−1

32 1.00 1.04 1.04 0.50 1.06 2.10
64 1.00 1.04 1.04 0.50 1.06 2.11

128 1.00 1.04 1.04 0.50 1.06 2.11

We refer to [21] for an example of multilevel preconditioner that even
avoids this inner iteration and turns out to be particularly cost effective
thanks to this dramatic reduction of the number of operations associated to
the fine grid nodes.
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Table 4. Results for Problem 2

P −1A11 B−1A
h−1 λmin λmax κ λmin λmax κ

P −1 = P̃ −1

32 1.00 1.34 1.34 0.50 1.47 2.93
64 1.00 1.31 1.31 0.50 1.53 3.04

128 1.00 1.31 1.31 0.50 1.56 3.10

P −1 = 5
3 P̃ −1 − 2

3 P̃ −1 A11P̃
−1

32 1.00 1.04 1.04 0.50 1.06 2.11
64 1.00 1.04 1.04 0.50 1.06 2.12

128 1.00 1.04 1.04 0.50 1.06 2.12

Acknowledgements.We are indebted to some anonymous referee for the remark at the end
of Sect. 2 and some other useful comments.
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