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Abstract

Incomplete factorization preconditioners based on recursive red—black orderings have been shown efficient for
discrete second order elliptic PDESs with isotropic coefficients. However, they suffer for some weakness in presence
of anisotropy or grid stretching. Here we propose to combine these orderingsladgitincomplete factorization
preconditioning techniques.

For implementation considerations, the latter are extended to the case where the block pivots are generalizec
tridiagonal matrices, say matrices that have at most one nonzero entry per row in their strictly upper triangular
part. On the other hand, a new block method is introduced for the improvement of the performance. This method
is called IMBILU (improved modified block ILU).

Numerical results show that the resulting preconditioner is efficient and robust with respect to both discontinuity
and anisotropy in the PDE coefficients 1999 Elsevier Science B.V. and IMACS. All rights reserved.
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1. Introduction

This paper deals with the iterative solution of large sparse symmetric positive (nonnegative) definite
linear systems

Ax=b (1.1)

arising from the finite difference discretization of two dimensional second order elliptic PDESs. In such
cases, the conjugate gradient method [4] is widely used and increasing attention has been paid tc
preconditioners based on a MILU factorization A4fcomputed with respect to a recursive red—black
ordering of the unknowns, see [6—9,16,28] and also the more general approach developed in [32]. These
preconditioners indeed combine the efficiency of multilevel methods with the ease of implementation of
approximate factorization preconditioners, and have recently been proved of near optimal order for PDEs
with isotropic coefficients [28]. They can further be made optimal by using a proper (W cycle type) inner
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polynomial acceleration [2,6—9]. Note that using “modified” ILU (where discarded fill entries are lumped
to the main diagonal) is essentially motivated here by multigrid like considerations [6—8,16,28] (see also
Section 2).

Now, the method suffers from some weakness in presence of anisotropy, most likely because some of
the discarded fill entries are then very large. In this paper, we propose to improve the basic scheme by
accepting these large fill entries, coping with this extra fill by using a blockwise incomplete factorization
scheme instead of a pointwise one.

Motivated by this particular context, two enhancements of standard block ILU algorithms [4,5,10,17,
22] are also introduced.

First, accepting large fill entries while keeping the block pivots tridiagonal (or with small bandwidth)
would require a problem dependent ordering strategy which could be difficult to implement for
complicated problems. We therefore found it more practical to extend somewhat classical block ILU
techniques by letting the block pivots lgeneralizedridiagonal, that is with at most one nonzero per
row in the strictly upper triangular part (like usual tridiagonal matrices), but in arbitrary position.

Next, we observed that using in this context the standard modified block ILU (MBILU) factorization
scheme does actually not allow to improve much the results obtained with the basic pointwise MILU
algorithm. This led us to investigate improvement of standard MBILU, and we propose here a new
technique. It reduces to MBILU for the most common case of line partitioning, but, in more general
circumstances, it is expected to improve the conditioning properties and in any event not deteriorate
them, reasons for which we refer to it as improved MBILU or IMBILU.

Numerical experiments show that the resulting preconditioner, whose basic pointwise version was
already found robust with respect to jumps in the PDE coefficients [9,28], is now robust with respect to
anisotropy too.

It is worth mentioning some of the previous attempts to improve the considered preconditioning
technique in the presence of anisotropy. The method in [9] looks similar to the one presented here,
as it is also based on the acceptance of more fill-in. However, only inverse free preconditioners were
considered, and this was found to bring only a limited improvement. The methods in [3,23] are more
successful, but require a problem dependent ordering strategy. The method in [32] controls the fill-in
by value rather than by position, which improves the robustness in presence of anisotropy at the price
of a considerable increase of the fill-in. A convincing example on a stretched grid is provided, which
however also comes with a change in the ordering policy, the recursive red—black like approach followed
for the model problem being apparently left for an ordering inspired by multigrid techniques. Finally, the
method in [15] fixes the numbering only during the numeric factorization, as a function of the value of
the matrix coefficients in the generated Schur complements. Results are promising, especially becaust
this strategy is also applicable to unstructured matrices. However, this dynamic renumbering makes the
preprocessing step time consuming and difficult to implement [29]. Note that with the approach followed
in the present paper, the ordering is fixed prior to the factorization according to the standard recursive
red—black partitioning (see Section 2). Once the matrix is permuted, the preprocessing cost is similar to
that of any block incomplete factorization method (see Section 5).

The remainder of this paper is organized as follows: general terminology and notation are summarized
below; (block) incomplete factorizations with recursive red—black ordering are presented in Section 2;
basic properties of IMBILU are stated in Section 3; the use of generalized tridiagonal matrices in block
incomplete factorization algorithms is discussed in Section 4, and the results of numerical experiments
are reported in Section 5.
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General terminology and notation.The symbolsA™ and A(A) denote the transpose and the null
space of the matrixd, respectively. The order relation between real matrices and vectors is the usual
componentwise order: il = (A;;) andB = (B;;) thenA < B (A < B) if A;; < B;; (A;; < B;;) for all

i, j. A is called nonnegative (positive) £ > 0 (A > 0). The Hadamard product « B of the matrices

A = (A;;) and B = (B;;) of the same dimensions is defined through element by element multiplication:
(Ax B);j = A;j Bij.e=(1,...,1)7 is the vector with all components equal to unity ani$ the matrix
whose entries are all equal to unity.Af= (A;;), we denote by dia@!) the pointwise (diagonal) matrix
whose entries ard;; §;; and we set offdiagd) = A — diag(A).

When referring to matrices or vectors in block form, we assume that some partitigdhiag
(L;)=1....m Of the set of the firskz integers is defined according to whielvectorsx = (x;) are
partitioned into block components; of dimensionsn; (with n; =#L;, I =1,...,M) andn x n
matricesA into block componentd ;; of dimensions:; x n;. Lower case indices refer to scalar entries
and capital indices to block entries.

2. Factorizations with recursive red—black ordering

Factorizations with recursive red-black (or other multilevel) ordering are usually described by a
recursive procedure, although nothing prevents using the same presentation as for general incomplet
LU algorithms. The algorithm below corresponds to the basic pointwise version (e.g., [6—8,16,28]).
It includes the “modification”, that is the preconditioner is computed so as to have the same row-
sum asA. In the present context, the motivation for this rule is different than with natural orderings,
and is essentially inspired by multigrid like considerations. Indeed, when preserving the row-sum, the
successived ) resemble discretization matrices on coarser grids [6-8,16,28], which would not be true
anymore without the “modification’A” becomes then strongly diagonally dominant foria# 1).

Algorithm 2.1.
Let AV = A.
Forr=1,...,. M - 1:
(i) partition A = A in a 2x 2 block form:

%5 I
40 40 )
21 22
(i) approximateA!” by the diagonal matrix;; with same row-sum;
(iii) form the Schur complemer§?) = AY) — AS) P;;* AYY) so that

AD — A(lll)—Pu 0 N Py O I PfllA(llz)
o o/ lay so)lo

(wherel,;, I are the unit matrices of the appropriate dimensions).
(V) let AU+D — 5D
Let Py =AM,
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The preconditioner can then be expressed as

B=LP'U, (2.1)
where
P1y A(llz) Py
.
U=L"= p, o A , P= Py, ) (2.2)
Pym Pym

The procedure above looks like a block incomplete factorization, but it is actually equivalent to a
pointwise one because the block pivitg, I =1,..., M — 1, are diagonal. The Schur complement
S can thus be computed as in methods based on pointwise elimination. Presentations based on th
latter framework also state that the last blagj,, has to be factorized exactly. This is not explicit in the
scheme above, but it is needed in practice since solving a systenBweébuires solving a system with
PMM-

We now complete the description by defining the partitioning strategy. It corresponds to a multilevel
partitioning with a further red—black partitioning of each node set.

More precisely, consider a regular rectangular grid (with boundaries not necessarily regular). Let
h be the mesh size on this (finest) grid. One first partitions the nodes set into the usual subsets
Sk, k=0,..., ko, whereS;, contains the nodes corresponding to grid of mesh Sivke, Bi,-1 those
of the remaining nodes corresponding to a grid of mesh $izé/? etc.

The 2x 2 partitioning to be used at stéfs then as follows. I is odd, sayl = 2k + 1, it corresponds
to the usual red—black partitioning of the rectangular grid of mesh dized&fined by the nodes in
SxU---USy, , where one selects for the first block the group that contains only nodgshor/ = 2k +2,
the first block is formed with the nodes §i that were not selected at previous step, and the second block
is formed with nodes i, 1 U - - - U Sy, that is the nodes of the grid of mesh siZé%. We noteL; the
subset of nodes corresponding to bldgkhat is the first block of the 2 2 partitioning used at step.
Considering then as in Fig. 1 the boxes built on the nodes of the grid of mesh*sizg the above
procedure implies that the nodesSp that correspond to mid edge points areli 1, and that those
corresponding to center of boxes ardig  ».

Concerning the last leveb, is partitioned as previous levels M = 2(ko + 1) is even, but one will
useLy,11= Ly = Sk, if M is odd.

This partitioning strategy, referred to as recursive (or repeated) red—black [6—8,16,28], is depicted in
Fig. 2 with the induced numbering for 99 grid andM =5 (thusko = 2).

Note that the choice o#f (or kg) results from some compromise: smaller valuesvbimply fewer
iterations but larger factorization costs, because of the exact inversion of the last Meekog, n'/?
guarantees that the factorization cost i:10[16,28]; slightly smaller values are however generally
preferable.

Concerning the incomplete factorization process, it is worth noting that the fill-in remains moderate
although Algorithm 2.1 discards only fill entries inside the same diagonal block. Indeed, only four
nonzero entries per row are generated in the block offdiagonal part, see [16,28]. This corresponds to the
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Fig. 1. Part of the grid of mesh sizé/2 The filled circles correspond to nodesSi; 1 U - - - U Sg, and the others to
nodes inSy; among them, those markedare inLy;41 and those markegt are inL 2.

79 37 67 38 80 39 68 40 81
32 53 33 54 34 55 35 56 36
64 28 71 29 65 30 72 31 66
23 49 24 50 25 51 26 52 27
76 19 62 20 77 21 63 22 T8
14 45 15 46 16 47 17 48 18
59 10 69 11 60 12 70 13 61
5 41 6 42 7 43 8 44 9
73 1 57 2 74 3 58 4 75

Fig. 2. Recursive red—black ordering for &® grid andM =5 (ko = 2); So = L1 U Ly with L1 = {1, ..., 40},
Lo={41,...,56); Sy =L3ULawith L3={57,...,68}, L4={69,...,72}; S2=Ls={/3,...,81}.

connections in the five point schemes associated with the successive grids of mésl2isize. , 2‘oh,

plus the skew connections joining the nodes at the center of the boxes, built on the grid of mesh
size Zh,k > 1 (i.e., the nodes irLy), to the corner of these boxes (i.e., their nearest neighbors in
Ly+1U---ULy). This is also illustrated in Fig. 1, where the straight lines represent the five point
scheme connections for the grid of mesh sizé,2and the dashed lines indicate the additional skew
connections between nodeslig, , » and those in subsequent blocks.

Analyzes have been reported that explain the efficiency of the resulting preconditioner for discrete
PDEs with isotropic coefficients (e.g., [6-8,16,28]). All these analyzes fail for anisotropy. See, for
instance, [3] where explicit calculations are reported. We want to give here a more intuitive explanation
of this phenomenon.
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In this view, consider for instance the fill entries generated by the elimination of hddeFig. 1.
The four nonzero offdiagonal entries in theh row of A5 ™ connecti; to Jji, jz, k1 andks. Since only
ji and j, belong to the same block, only the fill ent/? " P_tA Y betweenj, and j, is to be
discarded. Now, in presence of anisotropy, this discarded entry may be by far larger than the acceptec
ones. More precisely, this will happen if the strong coupling corresponds to the horizontal direction. On
the other hand, a strong coupling in the vertical direction will entail problems when eliminating nodes
like i, andis. Therefore, in any case, one has to expect the factorization to be less and less accurate wher
anisotropy becomes stronger.

Motivated by this reasoning, we propose to improve the method by accepting these large fill entries.
Noting that at most one of them lies in each row of the upper triangular part of the successive block pivots
P;;, this is obtained by exchanging step (i) in Algorithm 2.1 for

(i) approximateA!} by the symmetric generalized tridiagonal matfty, with same row-sum and

whose strictly upper triangular part contains in each row the largest entry in absolute value from
the strictly upper triangular part of'’ .

Note that in this procedure the lower triangular partRpf is fixed from the requirement tha;; is
symmetric.

Since generalized tridiagonal matrices can, as usual tridiagonal ones, be factorized without fill-in,
solving a system wittB, which requires two solves of systems with;, I =1,..., M — 1, is not much
more costly than with the pointwise version. Howe\a%,ﬁl is now full, so that steps (iii) and (iv) are to
be updated according to techniques used in (modified) block ILU algorithms. This means that one has to
compute some sparse approximatioyy to P;;* and let

S0 — 8 A% 1y AL 25, 23
where2!? is the diagonal matrix such that
QWe= A0 (Pt —K;)AY e (2.4)

used to ensurdBe = Ae as with the pointwise version; finally, since in genekgl; will not be just
diagonal, to avoid extra fill-in, one has to let no¥/*Y be some sparse approximation 8’ (with
same row-sum) instead af/*V = §(),

As discussed in the next section, usual block ILU algorithms comgitesuch that 6< K;; < Pf,l.
However, our analysis will show that it is preferable to compute the diagon&} o$uch that

K”A(llz)e = Pf,lA(llz)e, (25)
and better numerical results are obtained with this novel method. The factorization algorithm is then also
simpler since2!y = 0; moreover, usingk;, diagonal turned then out to be optimal or near optimal,

no significant improvements being obtained with more elaborate approximate inverses computed as
indicated in Section 4. We give below the corresponding algorithm.

Algorithm 2.2.
Let A = A.
Forr=1,...,. M - 1:
(i) partition A = A ina 2x 2 block form:

(D 4D
A(I)— All A12 .
40 40 )
21 22
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(i) approximateA(l’l) by the symmetric generalized tridiagonal matfiy with same row-sum and
whose strictly upper triangular part contains in each row the largest entry in absolute value from
the strictly upper triangular part of{};

(i) let K;; be the diagonal matrix such that
K1 Afye = Pt Afpe,

and form the Schur complemesit = AS) — A K, AY) so that

) _
0 (An—Jm 0 >+<[m o><n, ngﬁ)
o AR (ku-rit)ay) \ag s0) o 1

(wherel,;, IZ(Q are the unit matrices of the appropriate dimensions);
(iv) let AUFD = g,
Let Pyy = AM),

Note that using generalized tridiagonal diagonal block pivots raise no additional implementation
problem: it suffices to use a real vector to store the values together with an integer vector to store the
column indexes, both of which being filled during the numeric factorization. For the remaining, one may
use the same implementation techniques as in the pointwise case; in particular, it is not difficult to set up
a relevant data structure for the block offdiagonal pa/afince the number of nonzero entries per row
is known to be equal to 4 (or less for nodes near boundaries) [28].

3. Improved modified block ILU for Stieltjes matrices

Let 8 be a given symmetric matrix such that0g;; < 1 for all i, j and £2 a (pointwise) diagonal
matrix. Assuming thatd is a Stielties matrix, block ILU algorithms (e.g., [1,4,10,22]) compute a
preconditioner of the form (2.1), (2.2) such that

P-E—-F=A-Bx%(EKF)- %, (3.1)

where—F = —ET = U — P is the strictly block upper triangular part of, whereask is a nonnegative
symmetric block diagonal matrix that approximaies?.

There are thus three basic ingredients.

First, 8 is a (0, 1) matrix that controls fill-in. We do not refer explicitly t8 in the discussion of
algorithms in the preceding section, but fill-in control is implicit when we write “IRef be some
(diagonal or generalized tridiagonal) sparse approximatiom(lffj’ and “Let AY*D pe some sparse
approximation tas)”,

Next, unmodified block ILU (BILU) factorizations use = 0 whereas modified block ILU (MBILU)
algorithms use? so as to satisfy

Be = Ae, (3.2
that is£2 such that
Qe=(EP'F - Bx(EKF))e (3.3
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(thus £2 is 2 referred in Section 2 plus an additional compensation term for the entries discarded
because oB).

Finally, some method has to be supplied to compute a relevant sparse approxikhatiorP;; . Little
emphasis is put in the literature on the choice of the latter. In practice, a widespread technique consists
in using K as a principal band portion (most often tridiagonal)Pof!, assuming thaP itself is a band
(tridiagonal) matrix. Some other choices are discussed in [5,10,17]. Be®aisse Stieltjes matrix and
satisfies therefor@ 1 > 0, most of them, if not all, are such that

0<K <P (3.4)

and this relation is widely used as assumption in existence and conditioning analysis theorems aboult
block incomplete factorizations, see [4, Section 7.3], for instance.

However, see, e.g., [11], condition (3.4) is actually not necessary to prove the existence (i.e., the
positive definiteness) of the preconditioner, at least in the modified casgven by (3.3)). This has
been little emphasized, probably because this relation remains anyway necessary to prove by the classic:
arguments that MBILU factorizations satisfy

(z.A2) > (z,Bz) Vzel, (3.5)

i.e., that 1 (which is an eigenvalue by (3.2)) is the lowest eigenvalue of the preconditioned 8ystam
This latter property serves as basis for the conditioning analysis of these methods and extends a simila
well known result for MILU factorizations.

Now, having a glance at Algorithm 2.2, one can see that (3.5) will still hold although the diagonal
entries ofK are here larger than the corresponding oneg®ik; indeed, the remainder matrik= A — B
is the sum of 2< 2 block diagonal matrices

(Ag'f — Py 0 )
0 A (K — Pty A

which are readily found nonnegative definite since batf — P,; and K;; — P;;* have nonpositive
offdiagonal entries and zero (generalized) row-sum, i.e., are symmétniatrices. A more formal proof

of this result is given in Theorem 3.1 below, where we address the general case of factorizations defined
by (3.1) withK satisfying

(K(Fe)),= (P (Fe)), forallisuch thatFe), #O0. (3.6)

Before stating this theorem, we briefly discuss why adding this rule for the computation of the diagonal
entries ofK should improve MBILU preconditioning.

First, note that ifg x (Ediag(K)F) is purely diagonal, this new method leads to exactly the same
preconditioner as MBILU; indeed the diagonalkfinfluences then only the diagonal Bfwhich, vias2,
is anyway recomputed so as to satisfy the row-sum criterion (3.2). This in particular arises when applying
block methods with line partitioning to five point matrices. Hence, for most previous applications of block
ILU, IMBILU reduces to MBILU.

In more general cases however, the fill entries in the successive Schur complements will be larger
in absolute value with IMBILU since the new rule implies an increase of the diagonal entri€s of
Therefore, IMBILU factorization ofA corresponds to MBILU factorization of some matt# which
has smaller (larger in absolute value) offdiagonal entries, but same row-sum since (3.2) holds in both
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cases. Thugd’ = A + A, where offdiagA) < 0 andAe = 0, showing that applying IMBILU amounts to
applying MBILU to the matrix to which one has added a nonnegative definite perturbation matrix.

Improving the largest eigenvalue behavior associated with modified factorizations by factorizing a
perturbed matrix is a common technique (see [20] for an example in the block case) although in general
only purely diagonal perturbation matrices are considered (see, however, [12]). In most cases, some
benefit is guaranteed on the largest eigenvalues, at the price of some decrease of the lowest eigenvalue
Here, the philosophy is different: we cannot estimate to what extent the largest eigenvalues of the
preconditioned system will be decreased by using IMBILU; numerical experiments in Section 5 show
that this ranges from zero to something very dramatic. However, this improvement comes essentially for
free since both methods have same lowest eigenvalue.

Note that approximate inverses satisfying a generalized row-sum criterion were already considered
a.o. in [4] but, to our knowledge, not in the context of block incomplete factorizations of the form (2.1).

For completeness, we also prove in Theorem 3.1 the existence of the preconditioner. It means that we
do not assume the positive definitenes®obut rather show that it is a consequence of the relation (3.1)
that defines it. For consistency, we have then to introduce some generalized iPVveo$e® (satisfying
PP*P = P [13]), and writeP* instead ofP ! in the assumptions of the theorem; héw is determined
is however unimportant since the regularity®fwhich impliesP* = P~1, is finally proved.

We would like nevertheless to point out a little exception to that rule. Whes a singular weakly
diagonally dominant symmetri¢/-matrix, N' = spare} [14] and the row-sum criterion (3.2) implies
that the preconditioner is also singular. The existence analysis proves however then that it is positive
semidefinite withAV'(B) = N'(A), which is sufficient for making it a valid preconditioner [21,25].
Moreover, even in such casé&s= (P — E)PT(P — F)=P — E — F + EP"F does not depend on
the choice of the generalized inverse since aRjy, is singular whereas the entries in the last diagonal
block of P* do actually not influence the entries WP F. We refer to [21] for more details about the
singular case; see also Section 5 for some practical considerations.

Finally, let us recall that the existence of MBILU factorizations cannot be proved without additional
assumption involving the nonzero pattern and/or strict diagonal dominance, see [22] where necessary an
sufficient conditions are given. We therefore add the requirement, following the approach in [21,22], that,
forall 1< I < M — 1 the blockA{) (or equivalently, some of the blocks ;, J > I) contains at least
one nonzero entry. Besides, itis also assumed in [21,22] that the diagonal blotksefrreducible (or
1 x 1); in fact, only the diagonal blocks @t are to be such and, as an alternate possibility, existence can
still be proved if P;; is reducible for soméd but (Fe); > 0. Because of this slight extension, we give a
very condensed proof, referring to [21,22] for a more thorough development of the arguments.

Theorem 3.1. Let A be an irreducible (weakly diagonally dominant symmetrid/-matrix, 8 a
symmetric matrix such thd@t < g;; < 1 for all i, j, K a nonnegative symmetric block diagonal matrix
and £2 a diagonal matrix.

Let P be the block diagonal matrix an#l the strictly block upper triangular matrix satisfying

P—-E—-F=A—Bx(EKF)—- £,

whereE = FT.
Let

B=(P—-E)P"(P—F),
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whereP* is a generalized inverse d@f, and lets2 be the diagonal matrix such that
Re¢=(EP'F —Bx(EKF))e.

(1) Assume that for all < 7 < M — 1, there is at least one block;,;, I < J < M, which is nonzero
and that, for all1l <7 < M, either P;; isal x 1 block or it is irreducible or(Fe); > 0.
If 2 < £, thenP is a symmetricM-matrix, with P;; regular (positive definitgfor 7 =1, ...,
M — 1and Py, also regular(positive definity except ifA is singular and2 = £2, in which case
Py is singular (positive semidefinijeand V' (B) = NV (A).

(2 f2>02and, forl =1,...,M — 1, P;; is regular andK;; such that

(K(Fe)), = (P Y (Fe)), forallisuch that(Fe); #0, (3.7)
offdiag(K ;) < offdiag(P;;}), (3.8)
thenA — B is nonnegative definite.

Proof. (1) Obviously, offdiagP) < 0 andF > 0 while
((P = F)e), = (Ae); + ZEIS((I - P+F)e)s +((2 - 2)e),

S<I
implies (P — F)e > Ae > 0 by the classical induction argument (see, e.g., [2P])is therefore an
M-matrix. Moreover,Pe > Fe proves thatP;; is regular when eithefFe); > 0 or P, is irreducible (or
1 x 1) with ((Fe);); # 0 for somei [14].
On the other hand, if for any < M, (((P — F)e);); > 0 for somei, one will have necessarily
(((P = F)e);); >0 for someJ > I, j e L,, because (a)Fe); > 0 means that there is one nonzero
entry in rowi of F, say entry(F;,);;, whence

(Eji P ((P = F)e),); = (Fr)i (P (P = Fe),); >0,

and (b)P;, irreducible= P;;* > 0, whence((Fe);); < (P;;¢;); for somei implies P;}(Fe); < e; and
thereforeE;;(e; — P,‘,l(Fe),) is nonzero for at least some> I by our assumptions. It then follows
that Pyprenr = 0 may occur only if (P — F)e); =0 for all I, that is if Ae = 0 and$2 = £2. Since Py

is irreducible by assumption, this proves the regularity’gf, in any other case, whild/(B) = N (A)
follows otherwise fromBe = 0 on the one hand and div'(B)) = dim(\N (Pyx)) (see the proof of [21,
Theorem 3.2]) with difiV (Py)) = 1 becauseP,,y, is irreducible on the other hand.

(2Q)A—B=E(K - PHF+R2 —(¢s—p)*(EKF).

Let G be the symmetric block diagonal matrix such tat = 0 if either (Fe); =0 or (Fe); =0 and
Gij=(K— P*l),-j otherwise (which in particular means thi@};,, = 0). Since(Fe); = 0 impliesE,; =0
forall r and(Fe); = 0 impliesF;; = 0 for all s, it is readily seen thak (K — P™)F = EGF. Now, (3.8)
implies offdiag G) < 0 and also offdiagG ;) > offdiag(K;; — P;;*) for all I < M. Therefore, (3.7)
ensures thatG,;(Fe);); > 0foralli such tha((Fe);); # 0 (since therG,;);; = (K;; — P,‘,l),-l-). Hence,

G is a symmetricM -matrix, showing that (K — P*) F is nonnegative definite. On the other hand, (3.7)
readily impliesEK Fe = E P~1Fe so that2 > 2 may be rewritter2e > ((s — B) * (EK F))e, showing,
together withe — 8 > 0, EKF > 0 that2 — (¢ — B) * (EK F) is also nonnegative definite, whence the
required result. O

Remark. Eq. (3.6) fixes only those of the diagonal entrigs for which (Fe); # 0, but the other ones
do actually not influence the computation since the corresponding réwhias no nonzero element.
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4. Generalized tridiagonal matrices

As already stated, we say that a symmetric maltrix (7;;) is generalized tridiagonal if, for all there
is at most ongj > i such thatT;; # 0. As standard tridiagonal matrices, they can be factorized without
fill-in, i.e., we may write

T=(1-G"Q -0, (4.1)

whereQ is diagonal and5 strictly upper triangular with at most one nonzero per row.

We shall see that IMBILU works fine in the context of Algorithm 2.2, that is with diagonal
approximation of the inverse block pivots entirely determined by (2.5). However, for completeness, and
to allow comparison with MBILU, we need to extend to generalized tridiagonal matrices algorithms
that compute, forP;; tridiagonal, K;; equal to the tridiagonal band portion 6’;}1. We find that the
most reasonable extension consists in letlikgy;);; = (Pf,l),-j whenever(P;;);; # 0, and(K;;);; =0
otherwise. If P;; is permutable to a tridiagonal matrix, this gives the same result as one would obtain
with the standard algorithm after explicit permutation, but without requiring this additional step.

Now, computing such an approximation for matrices of the form (4.1) is actually easy. Indeed, the
method in [31] (see also [4, Section 8.1.2]) generalizes straightforwardly: from (4.1), we deduce

Tl=u-6)"t0+T17G",

and, sincel’ ~! is symmetric and/ — G)~* upper triangular with diagonal unity, one easily checks that

(T_l)ii = 0y if G, =0 forallk,
(Til)ij = (Til)ji = (Til)ijij
(T_l)ii =Qii + (T_l)ijGij

All requested entries can then be computed from theses relations by considering the nodes in decreasin
order.
Note for completeness that generalized tridiagonal matrices are treediagonal matrices, defined in [18]

as matrices whose associated graph is a tree. The converse is not true: some treediagonal matrices are r
generalized tridiagonal, although all are permutable to a generalized tridiagonal form.

if Gix=0forallk#j.

5. Numerical results

We report here the results of numerical experiments performed on the linear system resulting from the
five point finite difference approximation with uniform grid of mesh sizef the PDE

=0, p(x, y) Oy u(x,y) — dygq(x, y)oyu(x,y) = f(x,y) in2=(0,1) x(0,1),
{u(x,y):O only,

ou(x,
y —0 onl=a02\Ip
n

with the following specification, wherg is an anisotropy parameter which we let vary fronTi® 10°.

Problem 1. p=d,q=1, f =1andl=0S2.
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Fig. 3. Specification of the PDE coefficients for Problem 3.

Problem 2.

p:{loo-d n (3.2) x(4.3). q:{wo n (5.5) x (3.3).
d elsewhere, 1 elsewhere,

f =100 whereg =100 andf =0 elsewhere, Io={(x,y)|0<x <1, y=0j}.
Problem 3. I;,=0 (I1 =9 £2) andp, ¢ and f as specified in Fig. 3.

Note that, ford = 1, Problem 1 reduces to the model Dirichlet problem, Problem 2 to the problem in
[33] and Problem 3 to the model Neumann problem; Problem 3 is inspired from the Stone problem [30]
and borrowed from [19,22].

The considered preconditioning techniques are:

e MILU(rrb): preconditioner computed by Algorithm 2.1.

e IMBILU(rrb): preconditioner computed by Algorithm 2.2K,, generalized tridiagonal with
offdiagonal part computed as indicated in Section 4 was also tested but not found significantly
better.

e MBILU(rrb): preconditioner computed according to the method indicated in the discussion
preceding Algorithm 2.2, withk;; < P;;* computed as indicated in Section 8 defined by
(2.3), (2.4) andA*+D equal to the matrix with same row-sum &%’ and same sparsity pattern as

S — Al diag(K;)AY; K, = diag(P;;Y) was also tested but found still less efficient.

e MBILU(line): standard MBILU for line partitioning (same as MINV(1) in [17]).

o DMBILU*(line): same as above but with “dynamic perturbations” added as recommended in [19]
for (partially) anisotropic problems.

For the preconditioners based on recursive red-black partitioning, W& detog, 2! to guarantee that
the factorization cost is similar to that for MBILU(line) and DMBILU*(line) [16,28].
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Note that Problem 3 leads to a singular but compatible system. Except possibly DMBILU*, the
preconditioners above are then singular too, but admissible because they have same kerf2&]as
In practice only the last pivot of the pointwise factorization of the last block is zero and it suffices to
exchange it for an arbitrary positive value to use these preconditioners trouble free as regular ones [21].
Besides, we projected all direction vectors onto the rangé taf improve the stability [26] at the price
of 2 more flops per unknown and per iteration.

The results are reported in Fig. 4. For the three test problemsiwith= 512, we have graphically
represented in function af the number of floating point operatiorifiops) per unknown to reduce
the two-norm of the residual by 1B when using the conjugate gradient algorithm with zero vector
as initial approximation. The preprocessing cost is not included, but, for all the considered methods it
remains fairly small compared with the solution cost. For instance, considering IMBILU(rrb)] step
the Algorithm 2.2 requires about 38 flops plus 2 divisions per node in block 1 to form and fad®grize
and to computek;; and the approximate Schur complement. Hence, since, with the used rulg, for
the cost of factorizingP,,, is aboutn flops, the global preprocessing cost is only about 39 flops plus 2
divisions per unknown.

Looking at the results, the reference methods MILU(rrb), MBILU(line) and DMBILU*(line) behave
as expected whereas the pictures are self explanatory with respect to MBILU(rrb) and IMBILU(rrb):
MBILU(rrb) hardly improves anything over MILU(rrb), while IMBILU(rrb) combines the efficiency
of MILU(rrb) in the isotropic cases with the robustness of standard block methods with respect to
anisotropy. Note that MILU(rrb) remains better than its block extension IMBILU(rrb) for isotropic to
moderately anisotropic problems essentially because both methods present then a similar conditioning
but iterations are somewhat cheaper with MILU(rrb).

Algorithm 2.2 outmatches thus previous incomplete factorization based preconditioners. In Table 1,
we report the associated condition numkefor the three test problems artd? ranging from 64 to
512. We also give the exponentfrom the assumed relationship= ch~*, estimated from the largest
two problems data (say,~* = 256 ands ! = 512). The first observation is that the condition numbers
are fairly small for such a cheap preconditioning. Fog 1 (isotropic case) the condition number
is similar to the one associated with the preconditioner of Algorithm 2.1 (MILU(rrb)) and fits well
x = 0.8- h~932 For other values ofl, the increase ok with 41 is more erratic. However, if one
considers the maximum overof the observed values, it seems thgtresents in the end a similar nice
asymptotic behavior.

Remark. For completeness, we also performed some tests with standard (unmodified) ILU precondi-
tioners in both pointwise [24] and blockwise [5,10,17] versions (using in the latter case a line partition-
ing). For the model Problem 1, these methods require respectively more than 7000 and more than 380(
flops in the isotropic casel = 1). Whend = 10° (d = 1073), these flop counts reduce to respectively
1600 (1600) and 700 (600). The relative behavior of unmodified methods improves thus in presence of
anisotropy, but they nevertheless remain outmatched by DMBILU*(line), which we were therefore right
to take as reference (block) incomplete factorization preconditioner. This is confirmed by a further test
ran on the more difficult Problem 2: then, with the unmodified block ILU preconditioner, the solution of
the problem requires more than 6400 flops whea 10°, more than 7400 whei = 1, and more than

2100 whend = 1073,
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Table 1
Condition numbers for IMBILU(rrb)

d 0.001 0.01 0.1 1 10 100 1000 max)

h~1 Condition numbers for Problem 1

64| 105 156 3.16 280 316 156 1.05 3.16
128 | 1.23 2.78 5.11 3.62 511 278 123 5.11
256|189 580 837 457 837 580 189 8.37
512 | 3.67 111 10.7 5.71 10.7 111 3.67 111
uw 096 094 036 032 036 094 0.9 041

ht Condition numbers for Problem 2

64| 169 264 446 295 448 391 1.78 4.48
128 | 2.22 487 597 3.74 596 593 3.00 5.97
256 | 3.64 9.84 10.2 4.71 101 112 6.76 11.2
512 | 7.85 134 118 5.86 11.7 135 114 135
I 1.11 045 0.20 0.32 0.21 0.28 0.75 0.27

h—1 Condition numbers for Problem 3

64 | 397 3.89 437 3.04 473 380 375 4.73
128 | 494 548 574 3.78 595 532 4.69 5.95
256 | 735 11.2 9.19 468 956 108 6.20 11.2
512|987 138 110 578 11.1 138 8.60 13.8
" 042 029 025 031 0.22 0.35 0.47 0.30
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