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Abstract. We consider the computation of the smallest eigenvalue and associated eigenvector
of a Hermitian positive definite pencil. Rayleigh quotient iteration (RQI) is known to converge
cubically, and we first analyze how this convergence is affected when the arising linear systems are
solved only approximately. We introduce a special measure of the relative error made in the solution
of these systems and derive a sharp bound on the convergence factor of the eigenpair in a function of
this quantity. This analysis holds independently of the way the linear systems are solved and applies
to any type of error. For instance, it applies to rounding errors as well.

We next consider the Jacobi–Davidson method. It acts as an inexact RQI method in which the
use of iterative solvers is made easier because the arising linear systems involve a projected matrix
that is better conditioned than the shifted matrix arising in classical RQI. We show that our general
convergence result straightforwardly applies in this context and permits us to trace the convergence
of the eigenpair in a function of the number of inner iterations performed at each step. On this basis,
we also compare this method with some form of inexact inverse iteration, as recently analyzed by
Neymeyr and Knyazev.
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1. Introduction. We consider the computation of the smallest eigenvalue and
associated eigenvector of a Hermitian positive definite pencil A− λB.

In this context, the Rayleigh quotient iteration (RQI) method is known to con-
verge very quickly, and cubically in the asymptotic phase [1, 15]. However, it requires
solving at each step a system with the shifted matrix A − θ B, with shift θ equal to
the Rayleigh quotient, i.e., changing from step to step. For large sparse matrices, this
makes the use of direct solvers impractical, and, therefore, several works focus on the
use of iterative solvers either by a direct approach [2, 19, 24] or indirectly via the use
of the Jacobi–Davidson (JD) method [3, 14, 20, 21, 22, 23]. However, how an inexact
solution may affect the convergence seems up to now not very well understood, de-
spite the various analyses developed in these papers. The answer is actually far from
obvious because, on the one hand, the systems to solve are very ill conditioned, and
hence reducing the error measured with respect to any standard norm may involve a
lot of numerical effort. On the other hand, it has been known for a long time from the
error analysis made in connection with direct solvers that large errors in the computed
solution do not necessarily spoil the convergence [16, 26].

In this paper, we first bring some new light on the actual convergence of inexact
RQI. We introduce a special measure of the relative error made in the solution of the
linear systems and bound the convergence factor of the eigenpair in a function of this
quantity. Moreover, we show that the bound is sharp, indicating that the analysis
takes the errors into proper account. This is further demonstrated by showing that
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our bound allows a straightforward analysis of the rounding errors arising with a
backward stable direct solver when θ is numerically equal to λ1.

We next consider the JD method. Although it may be motivated in a different
way (see [21]), it acts as an inexact RQI method and may even be seen as one of
the easiest ways to implement robustly iterative solvers within RQI, since the ill-
conditioned systems are not attacked directly (see the above references or section 4 for
details). Here we show that our special measure of the error is equal to some standard
relative error for the linear systems arising in the JD method. Hence our general
convergence result straightforwardly applies, allowing us to trace the convergence
of the eigenpair in a function of the number of inner iterations. This also allows
some comparison with the predicted convergence of schemes based on inexact inverse
iteration, as analyzed by Neymeyr [11, 12] and Knyazev and Neymeyr [9] (see [5, 10]
for alternative analyses of inexact inverse iteration that, however, do not allow us to
directly bound the convergence rate).

The remainder of the paper is organized as follows. In section 2, we recall some
needed results on the convergence of RQI with exact solution of the arising linear
systems. Our convergence analysis of inexact RQI is developed in section 3, and the
JD method is discussed in section 4.

Notation. Throughout this paper, A and B are Hermitian n× n matrices. We
further assume that B is positive definite and that the smallest eigenvalue of the
pencil A − λB is simple. The eigenpairs are denoted (λi, ui), i = 1, . . . , n, with
the eigenvalues ordered increasingly (i.e., λ1 < λ2 ≤ · · · ≤ λn) and the eigenvectors
orthonormal with respect to the (·, B ·) inner product (i.e., (ui, B uj) = δij).

For any symmetric and positive definite matrix C, we denote ‖·‖C as the C-norm,
that is, the norm associated to the (·, C ·) inner product: ‖v‖C =

√
(v, C v) for all

v.

2. Convergence of standard RQI. Let first recall the basic algorithm: if u is
some approximate eigenvector and

θ =
(u, Au)

(u, B u)
(2.1)

is the associated Rayleigh quotient, the RQI method computes the next approximate
eigenpair (û, θ̂ ) as

û = (A− θ B)−1B u,(2.2)

θ̂ =
(û, A û)

(û, B û)
.(2.3)

(In practice, some form of normalization is performed on û, but this does not matter
for the discussion here.) Note that the RQI method favors the convergence toward
the eigenvalue closest to θ. Here we analyze the convergence toward the smallest
eigenvalue, and thus we assume that

θ <
λ1 + λ2

2
,(2.4)

which implies (since θ cannot be smaller than λ1) that

θ − λ1

λ2 − θ
∈ [0, 1).(2.5)
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To assess the convergence, we introduce the decompositions

u = ‖u‖B (cosϕ u1 + sinϕ v),

û = ‖û‖B (cos ϕ̂ u1 + sin ϕ̂ v̂),

where (v, B u1) = (v̂, B u1) = 0 and ‖v‖B = ‖v̂‖B = 1. Then (see [15, p. 73])

tan ϕ̂ = (θ − λ1) ‖(A− θ B)−1B v‖B tanϕ

≤ θ − λ1

λ2 − θ
tanϕ,(2.6)

and the cubic convergence follows from (θ − λ1) = O(sin2 ϕ).

Now, to prove our main theorem, we need a sharp bound on θ̂. This is ob-
tained with Knyazev’s analysis as developed in [6, 7]. Indeed, particularizing [6,
Theorem 2.3.1] to our context (see also [7, Theorem 2.5]), one gets

θ̂ − λ1

λ2 − θ̂
≤
(
θ − λ1

λ2 − θ

)3

,(2.7)

which is simpler than (2.6) to work with.
Knyazev’s proof is general and elegant. (It covers a family of methods and not

only the RQI method; see [13, Theorem 4.4] for an English translation.) However, for
our analysis, we need to know in which cases the above bound is sharp. This can be
seen by deriving (2.7) directly from (2.6). To this purpose, let

η = (v, Av), η̂ = (v̂, A v̂)

be the Rayleigh quotients associated to v, v̂, respectively (remember that ‖v‖B =
‖v̂‖B = 1). Note that η̂ ≤ η because v̂ is the vector resulting from one step of the shift
and invert iteration applied to v with shift θ smaller than the smallest eigenvalue for
which v has a nonzero component in the direction of the corresponding eigenvector.
Since

θ = cos2 ϕ λ1 + sin2 ϕ η,

one has

θ − λ1 = sin2 ϕ (η − λ1),(2.8)

η − θ = cos2 ϕ (η − λ1),

whence

tan2 ϕ =
θ − λ1

η − θ
,(2.9)

and, similarly,

tan2 ϕ̂ =
θ̂ − λ1

η̂ − θ̂
≥ θ̂ − λ1

η − θ̂
.

Inequality (2.6) therefore implies that (squaring both sides)

θ̂ − λ1 ≤ (θ − λ1)
3

(λ2 − θ)2
η − θ̂

η − θ
,
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whence (2.7) because the last term of the right-hand side is a decreasing function of
η ≥ λ2.

From these developments, one sees that the bound (2.7) is sharp when v = u2,
i.e., when u ∈ span{u1, u2}; then, (2.6) becomes indeed an equality, whereas one has
η = η̂ = λ2, entailing that equality is attained in (2.7). Note that, since asymptotically
v converges toward u2, it also means that the bound (2.7) gives the correct value of
the asymptotic convergence factor.

Finally, observe that it is relevant to characterize the convergence by the ratio
(θ − λ1)/(λ2 − θ) even when one is primarily interested in the accuracy of the eigen-
vector. Indeed, the B−1-norm of the residual

r = (A− θ B)u(2.10)

satisfies

‖r‖2
B−1

‖u‖2
B

≥ (θ − λ1)(λ2 − θ)(2.11)

[17, Lemma 3.2], whence, with (2.9),

tanϕ ≤
√

θ − λ1

λ2 − θ
≤ 1

λ2 − θ

‖r‖B−1

‖u‖B .(2.12)

The convergence factor for the eigenvector is, however, only the square root of
the one for the ratio (θ − λ1)/(λ2 − θ). Note also that this ratio actually has to be
made very small to satisfy a stopping criterion based on the residual norm.

3. Convergence of inexact RQI. Assume that some errors are introduced in
the computation of û = (A−θ B)−1B u. Let ũ be the resulting vector. To analyze the
influence on the convergence factor, we need a proper measure of these errors. The
error vector x = û−ũ is by itself meaningless because the scaling of ũ is unimportant.
Among other possibilities, one may consider

û − (û, v)

(ũ, v)
ũ

for some vector v not orthogonal to û, ũ. Somewhat arbitrarily, we select v = B u.
Note, nevertheless, that (û, B u) = 0 is not possible because this would imply θ̂−θ =
‖û‖−1

B (û, (A−θ B) û) = 0, which contradicts (2.7). Accordingly, since ũ approximates
û at least in direction, it is not very restrictive to assume that (ũ, B u) �= 0.

This choice leads us to characterize the error with

y = û − (û, B u)

(ũ, B u)
ũ(3.1)

for which we have still to choose an appropriate norm. Here we state the following
lemma, which is a straightforward generalization of [14, Lemma 3.1].

Lemma 3.1. Let A, B be n × n Hermitian matrices. Assume that B is positive
definite, and let λ1 < λ2 ≤ · · · ≤ λn be the eigenvalues of the pencil A−λB. For any
nonzero vector u, one has

min
z⊥Bu
z�=0

(z, (A− θ B) z)

(z, B z)
≥ λ1 + λ2 − 2 θ,
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where θ = (u, Au)
(u, B u) .

Moreover, the bound is sharp: if u ∈ span{u1, u2}, where u1, u2 are eigenvectors
associated to λ1, λ2, then (3.1) becomes an equality, the lower bound being attained
for the vectors z in the one-dimensional subspace span{u1, u2} ∩Bu⊥.

Hence, when the condition (2.4) holds, A− θ B is positive definite on Bu⊥, and

‖ · ‖A−θ B =
√
(·, (A− θ B) ·)(3.2)

defines a particular (energy) norm on that subspace. Since y belongs to that subspace,
we may therefore use that norm, and we find that this makes the theoretical analysis
easier.

Now, results are often better expressed in a function of relative errors. In this
view, we compare the actual norm of y with the norm one would obtain with ũ = u,
that is, if no progress at all were made in the computation of the eigenpair. We thus
propose to measure the errors introduced in the RQI process with the number

γ =

∥∥∥û − (û, B u)
(ũ, B u)

ũ
∥∥∥
A−θ B∥∥∥û − (û, B u)

(u, B u) u
∥∥∥
A−θ B

.(3.3)

This looks somewhat unusual, but, as recalled in the introduction, standard measures
of the error are often meaningless as far as the convergence of the eigenvector is
concerned. Moreover, we shall see in the next section that this measure allows a
straightforward analysis of the JD method.

We now state our main result.
Theorem 3.2. Let A, B be n×n Hermitian matrices. Assume that B is positive

definite, and let λ1 < λ2 ≤ · · · ≤ λn be the eigenvalues of the pencil A − λB. Let u
be any nonzero vector such that

θ =
(u, Au)

(u, B u)

satisfies

θ <
λ1 + λ2

2
.

Let

û = (A− θ B)−1B u,

and let ũ be a vector such that (ũ, B u) �= 0 and

γ =

∥∥∥û − (û, B u)
(ũ, B u)

ũ
∥∥∥
A−θ B∥∥∥û − (û, B u)

(u, B u) u
∥∥∥
A−θ B

≤ 1.

Then

θ̃ =
(ũ, A ũ)

(ũ, B ũ)
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satisfies

θ̃ − λ1

λ2 − θ̃
≤ σ2 θ − λ1

λ2 − θ
,(3.4)

where

σ =
(θ − λ1) + γ (λ2 − θ)

(λ2 − θ) + γ (θ − λ1)
.(3.5)

Moreover, the bound is sharp: let u1, u2 be eigenvectors associated to λ1, λ2; if
u ∈ span{u1, u2}, then, for all x ∈ span{u1, u2} such that |(x, B u)| < |(û, B u)|,
one has that equality is attained in (3.4) for either ũ = û+ x or ũ = û− x.

Proof. Assume (without loss of generality) that ‖u‖B = 1, let θ̂ be defined by (2.3)
and y by (3.1), and let

δ̂ = θ − θ̂, δ̃ = θ − θ̃.

First observe that (û, (A−θ B) û) = (û, B u), that (û, (A−θ B)u) = ‖u‖B = 1,
and that (u, (A− θ B)u) = 0. Hence

‖û− (û, B u)u‖2
A−θ B = −(û, B u).(3.6)

Further,

δ̂ = − (û, (A− θ B) û)

(û, B û)
= − (û, B u)

‖û‖2
B

,(3.7)

and, since (y, (A− θ B) û) = (y, B u) = 0,

δ̃ = − (ũ, (A− θ B) ũ)

(ũ, B ũ)

= − ((û+ y), (A− θ B) (û+ y))

‖û+ y‖2
B

= − (û, (A− θ B) û) + ‖y‖2
A−θ B

‖û+ y‖2
B

= −(1− γ2)
(û, B u)

‖û+ y‖2
B

.(3.8)

On the other hand, consider the projector P = I − u (Bu)∗. Observe that
(v, B P w) = (P v, Bw) for all v, w, i.e., that P is orthogonal with respect to the
(·, B ·) inner product. Since P y = y, one has

‖û+ y‖2
B = ‖(I − P ) û‖2

B + ‖P û+ y‖2
B

≤ ‖(I − P ) û‖2
B + ‖P û‖2

B + ‖y‖2
B + 2 ‖P û‖B ‖y‖B(3.9)

= ‖û‖2
B + ‖y‖2

B + 2 ‖P û‖B ‖y‖B .
Hence, using Lemma 3.1,

‖û+ y‖2
B ≤ ‖û‖2

B +
1

λ1 + λ2 − 2 θ

(‖y‖2
A−θ B + 2 ‖P û‖A−θ B ‖y‖A−θ B

)
(3.10)

= ‖û‖2
B − (γ2 + 2 γ)

(û, B u)

λ1 + λ2 − 2 θ
,
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and, therefore, with (3.7), (3.8),

δ̃ ≥ 1− γ2

δ̂−1 + γ2+2 γ
λ1+λ2−2 θ

.

We now use (2.7) to bound δ̂. With β = (θ − λ1)/(λ2 − θ), the latter inequality
may be rewritten as

θ − λ1 − δ̂

β−1(θ − λ1) + δ̂
≤ β3,

i.e.,

δ̂ ≥ (θ − λ1)
1− β2

1 + β3
= (θ − λ1)

1− β

1− β + β2
.

We thus have, since λ1 + λ2 − 2 θ = (θ − λ1)(β
−1 − 1),

δ̃ ≥ (θ − λ1)
(1− γ2)(1− β)

1− β + β2 + β(γ2 + 2 γ)
,

whence, letting D = 1− β + β2 + β(γ2 + 2 γ),

θ̃ − λ1 = θ − λ1 − δ̃ ≤ θ − λ1

D

(
D − (1− γ2)(1− β)

)
=

θ − λ1

D
(β + γ)2

and

λ2 − θ̃ = λ2 − θ + δ̃ ≥ λ2 − θ

D

(
D + β(1− γ2)(1− β)

)
=

λ2 − θ

D
(1 + β γ)2.

Therefore, (3.4) holds with

σ =
β + γ

1 + β γ
=

(θ − λ1) + γ (λ2 − θ)

(λ2 − θ) + γ (θ − λ1)
.

To prove the sharpness, first observe that the only inequalities used in the proof
are (2.7), (3.9), (3.10). Moreover, it has already been noted in section 2 that (2.7)
becomes an equality when u ∈ span{u1, u2}. On the other hand, under the given
assumptions, both P û and y belong to the one-dimensional subspace span{u1, u2}∩
Bu⊥. For this subspace, it is shown in Lemma 3.1 that the inequality used to obtain
(3.10) from (3.9) is actually also an equality, whereas, since P û and y are aligned,
one has necessarily

|(P û, B y)| = ‖P û‖B ‖y‖B ;
i.e., (3.9) becomes an equality too if and only if (P û, B y) is positive. Let then
ũ = û+ cx, where c equals either 1 or −1. One finds

y =
c

1 + c (x, B u)
(û, B u)

(
(x, B u)

(û, B u)
û − x

)
,
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Fig. 1. σ versus (θ − λ1)/(λ2 − θ) (top) and evolution of (θ − λ1)/(λ2 − θ) in a function of
the number of steps (bottom).

showing that, since |(x, B u)| < |(û, B u)|, one can always, by choosing appropriately
the sign of c, select the direction of y in such a way that (P û, B y) > 0 holds.

Observe that the sharpness of the bound is not proved only for one special ori-
entation of the error vector but that it holds for a two-dimensional subspace that
includes both vectors aligned with u1 and vectors orthogonal to it.

To illustrate our result, we have plotted on Figure 1 (top) the convergence factor σ
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against (θ − λ1)/(λ2 − θ) for several values of γ. One sees that σ → γ when θ → λ1;
more precisely, one has

σ ≈ γ when
θ − λ1

λ2 − θ
� γ.(3.11)

On this figure (bottom), we also display the evolution of (θ−λ1)/(λ2−θ) in a function
of the number of RQI steps. (More precisely, we display it for the worst-case scenario,
according to the bound (3.4).) One sees that it is not necessary to make the errors
very small to essentially preserve the cubic convergence rate.

Practical estimation of γ. In practical situations, one generally does not have
access to the exact value of γ. Nevertheless, some estimate can be obtained, based
on the following reasoning. The situation is essentially similar to the one met in the
context of the solution of Hermitian positive definite linear systems: theoretical results
are expressed in a function of the energy norm of the error, which is not available in
practical computations. However, one is generally satisfied with the computation of
the residual norm, because it expresses the same error with respect to a different
but equivalent norm, and in practice it most often happens that, on the whole, both
measures of the error evolve similarly.

Here we want to follow the same approach, but we need to be careful because
(3.2) defines a norm only on a particular subspace. Let then

P = I − u (u, B u)−1 (Bu)∗(3.12)

be the projector with range Bu⊥ and kernel span{u}, and note that P ∗(A − θ B)P
is Hermitian with range Bu⊥. Hence, the pencil P ∗(A − θ B)P − λB possesses
n − 1 eigenvectors forming a B-orthonormal basis of Bu⊥ and whose corresponding
eigenvalues are, by Lemma 3.1, not smaller than λ1 + λ2 − 2 θ and not larger than
λn − θ. Therefore, by expanding v ∈ Bu⊥ on this basis, one obtains, since P v = v
and thus ‖v‖A−θ B = ‖v‖P∗(A−θ B)P ,

α1 ‖v‖A−θ B ≤ ‖P ∗(A− θ B)v‖B−1 ≤ α2 ‖v‖A−θ B ,(3.13)

where α1 =
√
λ1 + λ2 − 2 θ and α2 =

√
λn − θ.

On the other hand,

P ∗(A− θ B)

(
û − (û, B u)

(ũ, B u)
ũ

)
= P ∗

(
B u − (û, B u)

(ũ, B u)
(A− θ B) ũ

)
= − (û, B u)

(ũ, B u)
P ∗(A− θ B) ũ

=
(û, B u)

(ũ, B u)
P ∗ g,

where

g = B u − (A− θ B) ũ(3.14)

is the residual of the linear system solved within the RQI process. Similarly, one finds

P ∗(A− θ B)

(
û − (û, B u)

(u, B u)
u

)
= − (û, B u)

(u, B u)
P ∗(A− θ B)u

= − (û, B u)

(u, B u)
r,
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where r is the current residual of the eigenproblem (2.10).

Hence, with (3.13),

α−1 γ̃ ≤ γ ≤ α γ̃,(3.15)

where α =
√

λn−θ
λ1+λ2−2 θ and where

γ̃ =
(u, B u)

|(ũ, B u)|
‖P ∗(A− θ B) ũ‖B−1

‖(A− θ B)u‖B−1

=
(u, B u)

|(ũ, B u)|
‖P ∗ g‖B−1

‖r‖B−1

.(3.16)

Error analysis for θ → λ1. For the sake of simplicity, here we confine ourselves
to standard eigenproblems (B = I).

In the final phase of the process, one reaches θ = λ1 up to machine accuracy before
the eigenvector has converged (see (2.12)). Some subtle reasoning is then needed to
show that the ill-conditioning of A−θ I does not prevent further progress despite that
the computed solution to (A − θ I)v = u cannot be accurate even with a backward
stable direct solver [16, 26].

Here our results offer a straightforward way to prove that one more step is then
enough to compute an accurate eigenvector. Indeed, with a backward stable direct
solver, the computed solution ũ is such that

‖g‖ = ‖u− (A− θ I) ũ‖ ≤ c εmach ‖A‖ ‖ũ‖.

Hence, since P is orthogonal (thus ‖P g‖ ≤ ‖g‖) and using (2.11),

γ̃ ≤ c εmach
‖ũ‖ ‖u‖
|(ũ, u)|

‖A‖ ‖u‖
‖r‖

≤ c εmach

cos(ũ, u)

‖A‖√
(θ − λ1)(λ2 − θ)

.

Thus

σ ≤ θ − λ1

λ2 − θ
+ α

c εmach

cos(ũ, u)

‖A‖√
(θ − λ1)(λ2 − θ)

,

whence

tan(ũ, u1) ≤
√

θ̃ − λ1

λ2 − θ̃
≤
(
θ − λ1

λ2 − θ

)3/2

+ α
c εmach

cos(ũ, u)

‖A‖
λ2 − θ

;

that is, for θ → λ1,

tan(ũ, u1) ≤ α
c εmach

cos(ũ, u)

‖A‖
λ2 − λ1

,(3.17)

which is not far from the best attainable accuracy; see [26, pp. 69–70] (note that
tan(ũ, u) = O(tan(u, u1)) = O(

√
θ − λ1 )).

4. Convergence of the JD method. The JD method [3, 14, 20, 21, 22, 23]
combines some form of inexact RQI with a Galerkin approach.
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Let u be the current approximate eigenvector which we assume is normalized
with respect to the B-norm. With this method, one first computes a correction t
orthogonal to Bu⊥ by solving (approximately) the so-called correction equation

P ∗(A− λ̃ B)P t = −r; (t, B u) = 0,(4.1)

where λ̃ is an approximation of the “target” eigenvalue, where r is the residual (2.10),
and where

P = I − u (Bu)∗

is the projector (3.12). Next, one applies the Galerkin principle: the initial approx-
imation and the successive corrections are gathered to form the basis of a subspace
from which one extracts the best approximation of the searched eigenpair by the
Rayleigh–Ritz procedure (see, e.g., [22] for algorithmic details).

The exact solution to (4.1) is

t̂ =
1

(Bu, (A− λ̃ B)−1Bu)
(A− λ̃ B)−1B u − u,(4.2)

and hence the equivalence with RQI is recovered if one has used λ̃ = θ and if the next
approximate eigenvector is u+ t̂.

In practice, one does not always select λ̃ = θ. One first sets λ̃ equal to some fixed
target, for instance, λ̃ = 0, if one searches for the smallest eigenvalue of a Hermitian
positive definite eigenproblem; λ̃ = θ is then used when, according to some heuristic
criterion, one detects that θ entered its final interval (see [14, 25] for examples of such
criteria). Here we confine ourselves to this final phase.

On the other hand, the next approximate eigenvector resulting from the Rayleigh–
Ritz procedure is generally not equal to u+t. However, in the context considered here,
this procedure selects the vector from the subspace for which the associated Rayleigh
quotient is minimal. Hence the convergence as measured through the evolution of the
ratio (θ − λ1)/(λ2 − θ) can only be improved by this approach. Note, however, that
little improvement is expected in the final phase, at least if the correction equation is
solved sufficiently accurately: RQI converges then so quickly that one hardly acceler-
ates it. Actually, the Galerkin approach is mainly useful in the first phase, to bring
θ into its final interval quickly and to avoid misconvergence if one has selected λ̃ = θ
too early.

We thus continue assuming that one has selected λ̃ = θ < (λ1 + λ2)/2, and we
bound the convergence factor by analyzing the Rayleigh quotient associated to

ũ = u+ t̃,

where t̃ is the computed approximate solution to (4.1). Note that ( t̃, B u) = 0,
whence (ũ, B u) = (u, B u) = 1. Thus, since, by (4.2),

û = (û, B u) ( t̂+ u),

one has

û − (û, B u)

(ũ, B u)
ũ = (û, B u) ( t̂− t̃ ),
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whereas

û − (û, B u)

(u, B u)
u = (û, B u) t̂.

Hence, Theorem 3.2 applies with

γ =
‖t̂− t̃‖A−θ B

‖t̂‖A−θ B

;(4.3)

i.e., γ is here the relative error in the correction equation (4.1) measured with respect
to the standard energy norm for that equation (remember that, for all v ∈ Bu⊥, one
has P v = v, and therefore ‖v‖A−θ B = ‖v‖P∗(A−θ B)P ).

Now, since the correction equation is positive definite on Bu⊥, one may solve it
with the preconditioned conjugate gradient (PCG) method, as advised in [14]. Then
γ may be directly bounded in a function of the number k of inner iterations [4, 18]:
with the zero initial guess, one has

γ ≤ 2

((√
κ− 1√
κ+ 1

)k

+

(√
κ− 1√
κ+ 1

)−k
)−1

,(4.4)

where κ is the spectral condition number.
Considering (3.11) again, one will achieve σ ≈ γ if one is wise enough to stop

inner iterations before γ becomes too small, so that further progress is useless. One
then recovers our main conclusion from [14], where we analyze the evolution of the
residual norm: with a proper stopping criterion, the convergence of the eigenvector
goes along with that of the successive linear systems, and the main additional cost to
compute the eigenpair compared with a mere linear system solution comes from the
need to periodically restart the linear solver.

Now, one may wonder about the value of κ for such a projected system. To
simplify the discussion, we assume here (and throughout the paper) that A is positive
definite. (The general case is easily recovered with the shift transformation A−λB →
(A+τB)−(λ+τ)B.) We also recall that it is not advised to try to directly precondition
the projected matrix (which is dense) nor even the shifted matrix A − θ B (which is
indefinite). Instead, set up your favorite (positive definite) preconditioner K for A,
and precondition P ∗(A− θ B)P with

M = P ∗ K P.

Note that the singularity of M raises no practical difficulty; see [23]. Moreover, out of
the four projection steps associated with the system matrix and the preconditioner,
only one needs to be performed in practice; see [3, 14] for details.

Now, with such a preconditioner,

κ =

max
z⊥Bu
z�=0

(z, (A−θ B) z)
(z, K z)

min
z⊥Bu
z�=0

(z, (A−θ B) z)
(z, K z)

may be bounded in a function of

κ(K−1A) =
λmax

(
K−1A

)
λmin (K−1A)

.
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Indeed, one has (see also [14])

max
z⊥Bu
z�=0

(z, (A− θ B) z)

(z, K z)
≤ max

z �=0

(z, A z)

(z, K z)

= λmax

(
K−1A

)
,

whereas, with Lemma 3.1,

min
z⊥Bu
z�=0

(z, (A− θ B) z)

(z, K z)
= min

z⊥Bu
z�=0

(
(z, A z)

(z, K z)

(
1 +

θ (z, B z)

(z, (A− θ B) z)

)−1
)

≥ λmin

(
K−1A

) (
1 +

θ

λ1 + λ2 − 2 θ

)−1

.

Therefore,

κ ≤ κ(K−1A)

(
1 +

θ

λ1 + λ2 − 2 θ

)
,(4.5)

which, together with (4.4), allows us to bound γ and thus σ in a function of k,
κ(K−1A), θ, λ1, and λ2.

Concerning the estimation of γ through γ̃ (3.16), note that

P ∗ g = P ∗ (B u − (
A− θ B

)(
u+ t̃

) )
= −r − P ∗(A− θ B

)
t̃

= gce,

where gce is the residual in the correction equation (4.1). Hence, since ( ũ, B u) =
(u, B u),

γ̃ =
‖gce‖B−1

‖r‖B−1

,(4.6)

which confirms that γ̃ expresses the same error as γ but with respect to the residual
norm instead of the energy norm.

Convergence of inexact inverse iteration. It is interesting to compare the
above result with the convergence analysis of inexact inverse iteration as developed
in [9, 11, 12]. Indeed, if schemes based on the RQI method are expected to converge
faster in general, it does not mean that they are always more cost effective. On the
other hand, the results in these papers also offer the best bounds to date for schemes
based on nonlinear conjugate gradients as developed in, e.g., [8]. Thus the comparison
may also give some insight into how the JD method compares with such methods.

Let first recall that inexact (or “preconditioned”) inverse iteration also sets

ũ = u+ t̃,

but here t̃ is obtained by solving approximately

A t = −r.(4.7)

Stricto sensu, the analysis in [9, 11, 12] covers only the case in which t̃ = −K−1r
for some positive definite preconditioner K. However, looking closely at Lemma 2.1
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in [11] (which is the root of everything else), it clearly turns out that the main results
also apply when several inner iterations are performed, with parameter γ equal to the
relative error in (4.7) measured with respect to the energy norm, i.e.,

γ =
‖t̃+A−1r‖A
‖A−1r‖A .

The main result is precisely a bound similar to (3.4) with convergence factor

σ ≤ σ(γ, θ) ≤ σ(γ, λ1) = 1− (1− γ)

(
1− λ1

λ2

)
.(4.8)

The first inequality is sharp for any θ and is due to Neymeyr [11, 12]; the resulting
expression for σ(γ, θ), however, is so complicated that it is not interesting to reproduce
it here. The second inequality is due to Knyazev and Neymeyr [9] and actually gives
a good approximation of the first one (see the figures).

Illustration and comparison. For both the JD method and inexact inverse
iteration, we are able to bound the convergence factor σ in a function of the number
of inner iterations k, given κ(K−1A), θ, λ1, and λ2. Let σ(k, θ) be the resulting
bound. The most interesting quantity is σ1/k(k, θ), which represents the convergence
in the outer process per inner iteration. We have plotted it on Figure 2 against
(θ − λ1)/(λ2 − θ). We consider different values of k for the JD method, but, to keep
the figures readable, for inverse iteration we display σ1/k(k, θ) only for the value of k
that minimizes σ1/k(k, λ1).

One sees that, for the JD method, the optimal value of k depends on θ, that is,
on how far we are in the convergence process. On the other hand, with a proper
choice of k, the JD method clearly outmatches inverse iteration, despite that we use
for the latter the exact value of the condition number, whereas, for the JD method,
the bound (4.4) is based on the worst-case estimate (4.5).

This is confirmed in Figure 3, where we have plotted the evolution of (θ − λ1)/
(λ2 − θ) (worst-case scenario) against the cumulated number of inner iterations. One
sees that the JD method converges faster when k is increased from step to step. In
practice, this requires an adaptive stopping criterion such as the one proposed in [14].

Finally, we compared these results with the actual convergence on the following
model example: n = 10000; A = diag(λi) with λ1 = 2 and λi = 3 + i, i = 2, . . . , n;
K = diag(λi(1 + ηi)), i = 1, . . . , n, where the ηi are at random in (0, 1); the initial
approximate eigenvector is given by (u0)i = λ−2

i .
Thus, we have λ2/λ1 = 5/2, κ(K−1A) ≈ 2, and (θ0 − λ1)/(λ2 − θ) = 0.953; i.e.,

this situation is very similar to the one simulated in Figures 2 and 3 (top part).
We therefore performed 2, 4, and 8 inner iterations (with the zero initial guess)
in the successive JD steps and plotted on Figure 4 the corresponding evolution of
(θ − λ1)/(λ2 − θ) against the cumulated number of inner iterations. Note that we do
not consider the further improvement that could be obtained with the Galerkin ap-
proach mentioned at the beginning of this section and that the quantity given within
inner steps corresponds to the quantity one would get if inner iterations were stopped
at that moment. For illustration purposes, this actual convergence is compared with
the theoretical bound and with the convergence of locally optimal block precondi-
tioned conjugate gradient (LOBPCG) [8], which may be seen as an optimized version
of preconditioned inverse iteration. The latter method is not of inner-outer type, and
thus we here plot (θ − λ1)/(λ2 − θ) against the number of iterations.
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Fig. 2. σ1/k(k, θ) versus (θ − λ1)/(λ2 − θ) for κ(K−1A) = 2 (top) and κ(K−1A) = 1000
(bottom); λ2/λ1 = 5/2 in both cases.
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Fig. 3. Evolution of (θ− λ1)/(λ2 − θ) in function of the cumulated number of inner iterations
for κ(K−1A) = 2 (top) and κ(K−1A) = 1000 (bottom); λ2/λ1 = 5/2 in both cases.
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