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SUMMARY

We consider algebraic methods of the two-level type for the iterative solution of large sparse linear
systems. We assume that a fine/coarse partitioning and an algebraic interpolation have been defined in
one way or another, and review different schemes that may be built with these ingredients. This includes
algebraic multigrid (AMG) schemes, two-level approximate block factorizations, and several methods
that exploit generalized hierarchical bases. We develop their theoretical analysis in a unified way,
gathering some known results, rewriting some other and stating some new. This includes lower bounds,
that is, we do not only investigate sufficient conditions of convergence, but also look at necessary
conditions. Copyright © 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

For the iterative solution of (very) large sparse linear systems
Au=hb (1)

many recent works focus on the design of efficient algebraic multigrid or multilevel methods.
The aim is to achieve multigrid-like speed of convergence [1,2] with a robust algorithm that
works essentially in a black box fashion, using no additional information besides the matrix
structure and the matrix entries. Such techniques include algebraic multigrid (AMG) meth-
ods, multilevel approximate block factorizations, and several methods that exploit generalized
hierarchical bases (see Section 2 for details and references).
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Most of these methods share some common features. They are based on the recursive use
of a two-level scheme, and basically the same two ingredients enter the definition of these
two-level schemes.

The first of these ingredients is a partitioning of the unknowns in fine and coarse grid ones,
according to which the system matrix is permuted (in general only implicitly) and written in

the 2 x 2 block form
A A
q— FF FC 2)
Acr Acc

Here and in the following, F' refers to the F set, i.e. the set of fine grid unknowns, and C to
the C set, i.e. the set of coarse grid unknowns.

The second ingredient is then an ‘interpolation’ matrix Jrc that interpolates a vector defined
on the C set onto the F set. To this matrix, one associates a prolongation matrix

Jrc
p= ( ] ) 3)

Ac= p"Ap=Acc + AcrJrc + JprcAre + JicArrJre 4)

and the Galerkin coarse grid matrix

Many works discuss algorithms and strategies to perform the F/C partitioning and set up
corresponding interpolation matrices, which is a subject of paramount importance. Here we
consider a side problem: assuming these ingredients have been defined in one way or another,
how to compare the different schemes that have been proposed, and, in particular, what can
we say about their respective conditions of convergence? Note that we confine ourselves to
the two-level schemes, assuming that the coarse grid matrix can be inverted exactly. We also
restrict our attention to symmetric and positive definite matrices 4. Although the algorithms
presented below may in general be applied to non-symmetric matrices as well, their analyses
indeed traditionally focus on the symmetric and positive definite case.

Several previous works address the algebraic analysis of schemes considered here [3—13].
In general, we do not improve them in the sense that we do not try to obtain better bounds.
Our goal is indeed different. We primarily aim at developing the analysis of all the methods in
a way that allows to better see their similarities and their differences. Doing so, we sometimes
derive bounds that are slightly less accurate than those appeared in previous works, but offer
a complementary information, being easier to interpret in the context of this study. We also
try to develop more general analyses embracing at once a wider scope of applications.

These results inform us on sufficient conditions of convergence. In this study, we also
complement this information by a discussion of necessary conditions of convergence, based
on lower bounds. This novel approach allows to assess the relevance of the upper bounds and
hence to develop the comparison on a firmer basis.

The paper is organized as follows. In Section 2, we present the different families of meth-
ods, stating their main properties and giving the corresponding algorithms. Their analysis is
developed in Section 3. A few concluding remarks are given in Section 4.
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1.1. Notation

All matrices and vectors are real. Their dimensions are conformed with dimensions used in
the context. When a 2 x 2 partitioning is referred for a matrix, it is assumed a partitioning of
form (2), and the vectors are partitioned accordingly.

We note p(C) the spectral radius of any square matrix C, whereas ||C|| is its usual 2-norm,
that is, ||C||> = p(CTC); if 4 is a symmetric positive definite matrix, we note ||- |4 the matrix
norm induced by the corresponding energy norm, that is, ||C||,=||4"/>CA~"2||. Eventually,
if C has real eigenvalues (e.g. it is similar to a symmetric matrix), Amin(C) and An.(C),
respectively, stand for the smallest and the largest eigenvalue of C.

2. TWO-LEVEL SCHEMES

2.1. Algebraic multigrid (AMG)

AMG methods are now quite popular. Pioneer works are due to Brandt [7], Ruge and Stiiben
[11,14] and Stiiben [15] giving rise to ‘classical’ AMG, which is fairly well presented in
Reference [12]. Besides, AMG methods are developed in numerous recent works, see, e.g.
References [9, 16—24].

All these schemes obey the same general template as classical multigrid algorithms, al-
ternating smoothing steps and coarse grid corrections. In the framework stated above, the
iteration matrix for the coarse grid correction is

I - p/fg 'pT4 (5)
whereas the iteration matrix associated to one smoothing step is
I-M~'4 (6)

where M stands for the smoothing operator.

In practice, one most often uses both pre- and post-smoothing, performed in a symmetric
way, so as to preserve the symmetry of the global operator. This leads to iteration matrices
of the form

(I —M~'A)I — pA:' pA)I — M~ 4) (7)

We give below an algorithm that implements such AMG schemes. We consider the case
where AMG is used as preconditioner, that is, the given algorithm computes the action of
By as defined from

I —BayueA=U =M~ A)I — pAc' p'a)I — M~"4) (8)

This is unusual, but, in practice, for robustness and efficiency reasons, AMG is often used as
a preconditioner for, e.g. the conjugate gradient method. Our motivation here is a bit different.
The other schemes presented below all belong to the preconditioning family. Then, using the
same format to present AMG allows to better highlight the practical differences between the
methods.

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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Algorithm 1 (AMG as preconditioner)
v=Byt computed as

t=M"Tr; w=r — At

. Y= Wq +J1ICWF

. Solve Aczc=yc

. Zr =JrcZc
.Vv=t+z+ M Y(w—Az)

[ S O R S

2.2. Hierarchical basis block-diagonal preconditioning (HBBD )

This scheme and the following two originate from the observation that using hierarchical bases
improves the conditioning of finite element matrices [5,25-27]. Most works in this direction
consider standard hierarchical bases for regular meshes with geometric refinement. However,
as observed in Reference [28], the matrix

I Jrc
J—( 1> ©)

defines a generalized basis transformation that allows to exploit these ideas in the algebraic
framework introduced in Section 1.
The system matrix in this generalized hierarchical basis is

ArF Arc ‘|’;AFFJFC> (10)

A=J"4] = :
Acr + JpcArr Ac

Thus the basis transformation leaves unchanged the top left block, whereas the bottom right
block is equal to the Galerkin coarse grid matrix Ac.
A first approach to precondition this matrix consists in using a block-diagonal approximation

of the form
. Orr
Bugpep = ( A (11)

where Qpr stands for some approximation to 4rr, which is assumed symmetric and positive
definite. This preconditioner is expressed in the transformed basis and, in practice, it is more
convenient to bring it back to the original basis. This gives

~TH —1
BHBBD == J BHBBDJ
hence

A—1
—1 _ T
BHBBD - JBHBBDJ

(1 e\ (O 1
a 1 Az ) \Jke 1

=q0prq" + pAc' p"

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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_ (’) 12
7=, (12)

The corresponding algorithm is given below.
The recursive use of this approach leads to so-called parallel multilevel preconditioners
[27,29] and additive AMLI methods [30, 31].

Algorithm 2 (Preconditioning by HBBD)

where p is given by (3) and

v =Byappl computed as
. Yr=O0pptE

. Yc=Trc+ JI.ICI'F

. Solve /fcvc =Yc

. Zr =JpcVe

- Vp=1Zr +YF

Dn W=

2.3. Hierarchical basis block-factorization preconditioning (HBBF)

Here one also exploits the matrix in the generalized hierarchical form (10), but, following
an idea tracing back to [5,32], one preconditions this matrix with an approximate block
factorization of the form

B I Orr I Opt(Arc + ArpJrc) )
e (Acr + JicArr)Orp 1 Ac 1

which is actually a kind of inexact block Gauss—Seidel preconditioning. Transforming back
to the original basis gives

A—1
-1 _ T
BHBBF - JBHBBFJ

I —Onpdrc + I — Ot Arr)rc \ (O
1 /fgl

e ~Acr Qg +Jic(I = AprOpyr)
1
=490q" + pAc' P’
where ¢ is given by (12) and

5o <—QFF1AFC +( - QFI}AFF)JFC>

J (14)

The corresponding algorithm is given below. This approach is at the root of AMLI methods
[6,13,33-37].

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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Algorithm 3 (Preconditioning by HBBF)
V=Bt computed as

. Yr=Opptr

- Ye=Tc - Acryr + Jic(tr — Arryr)

. Solve Acvc =Yc

. Zp =JpcVe 1
. VR =1 —+ QI,_-F(I‘F — ApcVC — AFFZF)

[ S O R S

2.4. Hierarchical basis multigrid method (HBMG)

As its name indicates, the hierarchical basis multigrid method [38] bridges a gap between
multigrid and the approaches based on (generalized) hierarchical bases. It is indeed close to
HBBF, but at the same time corresponds to a standard multigrid scheme, except that only F
unknowns are relaxed during the smoothing process. That is,

I — BysuA = — RAYI — pAc' p"A)I — R™A4) (15)

o (QFFI 0)
0 0

for some non-singular approximation Qpr to Apr. Here, non-symmetric approximations are
allowed, but, as seen below, the resulting Bygmg is positive definite if and only if

O + O — QprArrQpr = O (Qrr + O = A)0pr
is positive definite. This holds if and only if
”I - Q;}‘}AFF”AFF <l

with

or, equivalently, if and only if

p(I — (3(Qrr + Or)) ' Arr) <1

(see Lemma A.1 of Appendix A). In other words, the symmetric part of Qpr has to define a
convergent iterative process for Agr. This condition is naturally satisfied with Gauss—Seidel
and symmetric Gauss—Seidel preconditioners originally considered in Reference [38].

Now, some manipulations yield

Biswg=R +R" — RAR" + (I — RA)pA:' p"(I — AR")
Further,

( — Rt)p= (— ;;AFC+(I—Q;F1AFF>JFC> _;

1

(p is thus the same as in HBBF, see (14), except that Qpr here is allowed to be non-
symmetric). One then obtains

Bignio=1(Qrr + Qpf — QprArrQpt )" + PA' B
with ¢ defined by (12). The corresponding algorithm is given below.

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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Eventually, in view of later theoretical developments, it is also interesting to express this
preconditioner in the generalized hierarchical basis. This gives

A I (O + Opr — OrpArrQpp )™
Bupmg = T T n
(Acr + JFCAFF)QFF 1 Ac
y (I Orp(Arc +AFFJFC)>

/ (16)

Comparing with (13), the similarity is striking.
Algorithm 4 (Preconditioning by HBMG)

v =Byt computed as

. Y= Q;I;II'F

- Ye=Tc = Acryr + Jrc(rp — Arpyr)

. Solve Acve=yc

. Zr=Yr +Jrcve
. Vp=1p + Q;-I‘l(l‘;: — ArcVe — AFFZr)

[ S O R S

2.5. Multilevel block factorization ( MBF)

Here we consider the methods that bypass the hierarchical form (10) and perform directly a
block incomplete factorization of the matrix 4 in its original form. Since

1 A 1 A7-'4
A: » FF FFAFC (17)
AcrAmp 1 Sy 1

Sy=Acc — AcrAptArc (18)

where

is the Schur complement, this leads to preconditioners of the form

I P I Pzl4
Bypr = ~ . Frere (19)
AcpPrp 1 S I

where Ppr and S are approximations to App and Sy, respectively. Note that we could use
QOrr as above to note the approximation to Agr, but we deliberately avoid this because, as
will been seen later, this approximation plays here a wider role than in previous methods.

There are numerous such approaches (e.g. References [39—60]). Some of them do not fit
exactly in the above framework and a few incorporate multigrid ideas such as the combined
use with a smoother, but we do not want to enter these details here. Most of these meth-
ods construct the approximate Schur complement S algebraically, using ILU-like techniques
justified either heuristically or theoretically. Here again, we do not want to enter these con-
siderations, our purpose being much less a comparison of these methods between themselves
than a general comparison of this approach with AMG, HBBD, HBBF and HBMG.

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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In this view, note that if an interpolation matrix Jrc has been defined, it is possible to use
the corresponding Galerkin coarse grid matrix Ac as approximate Schur complement [28, 55].
In the following section, we particularize the analysis to the case S=dA¢, as this gives a
closer comparison with other approaches. Concerning the general case, we state the results
in terms of function of the extremal eigenvalues of S~'S,, without investigating further how
these quantities may be bounded for the different methods.

Now, it is interesting to derive an expression of By, as we did for other approaches. One
obtains

I P Arc\ [ P7 1
B*l — FF FF _ Pfl T_|_ _S_1 -T
MBF ( / ) ( S _ACFP;FI / 9 prq ps> p

~1
p= (‘PfjAFC> 20)

The corresponding algorithm is given below.
Algorithm 5 (Preconditioning by MBF)
v =Byt computed as

L. Yr =Ptz

2. yoc=rc — Acryr

3. Solve Sve=Yyc

4. vp :P;FI (rr — Apcve)

3. THEORETICAL ANALYSIS

3.1. The strengthened Cauchy—Bunyakowski—Schwarz (C.B.S.) inequality

The so-called strengthened C.B.S. inequality and the associated constant play a key role in the
analysis of multilevel methods [3, 4, 8]. We first recall the definition of the C.B.S. constant.

Definition 1
Let

e Arr Arc
Acr Acc
be a symmetric positive definite matrix partitioned in 2 x 2 block form. The C.B.S. constant

associated with this matrix and this partitioning is

T
max Vrdreve

T T
w7 (Vedrrve YW2(vEAceve)'?

y= (21)

In the following lemma we gather the most important properties of this constant. These
results are well known (e.g. Reference [3, Lemma 9.2 and Corollary 9.4]).

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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Lemma 1
Let A be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let y be
the associated C.B.S. constant.

Then:
(1)
 — max YeAcrdpreve
ve#0 viAccve
Vi7#0 V}:AFFVF
(2)
Imin(AclS0) = amin(At ST =1 = 72
and
] ~1 —1a(F)
AmaX(ACCSA) <1, ;”max(AFFSA ) <1
where
SA :ACC _ACFA;},IAFC
SLF) =App — AFcAEé‘ACF
(3)
Imin(D7'A)=1=79, Ipax(D'A)=1+7y
where
A
D— ( FF )
Acc
Proof

See References [3, Lemma 9.2] for (1) and (2) and Reference [3, Corollary 9.4] for a proof
that 1 —7 and 1+ are lower and upper bounds on the eigenvalues of D~'4. We give a proof
of the sharpness of these bounds for the sake of completeness. Let vo be an eigenvector of
AgtAcrAppAre with eigenvalue 92 (such an eigenvector exists by (1)). One checks that

Apr  Apc y‘lA;;Achc _ (1 " y) <AFF ) <V1A;;AFCVC>
ACF ACC \ /el ACC Aol

(AFF AFC> (—V—IAF;AchC> —(1—7) (AFF ) (—v—lAF;AchC>
Acr  Acc Ve Acc Ve

showing that the extremal eigenvalues are effectively equal to their respective bounds. O

and that

In general, for finite element matrices expressed in the usual nodal basis, y is very close
to 1 and therefore these results are of little help. But the above framework applies as well

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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to matrices in hierarchical form, and several works show that the C.B.S. constant is nicely
bounded away from 1 in such cases [61-66]. How this may be extended to generalized
algebraic basis transformations is considered in Section 3.5. In the following, we note § the
C.B.S. constant associated with matrices 4 in the generalized hierarchical form (10).

Here, it is important to observe that both matrices 4 and 4 have the same Schur complement,
that is,

Acc — AcpAppAre = Ac — (Acp + JprcArr)Ar (Are + AppJic)

(see References [4, 13]). Hence, when § is bounded away from 1, Lemma 1 also shows that
A¢ is spectrally equivalent to the Schur complement of the original matrix A.

In (3) of Lemma 1, the focus is on exact block Jacobi preconditioning. We conclude this
subsection with a theorem showing that the C.B.S. constant characterizes more widely the
condition number associated with any block-diagonal preconditioning.

Theorem 2
Let 4 be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let y be
the associated C.B.S. constant. Let
B
B < FF )
Bcc

be a block-diagonal matrix with symmetric positive definite diagonal blocks Brp, Bcc. Let

pr = MaX(Znax (Brp Arr ), Zmax (B Ace))
Hm = min(;“min(B[‘_‘j«lAFF )7 jvmin (BEéA CC))

Then:
max(,uM,(l + ')/),um) < j~max(BilA) < (1 + V):uM
min(,u,,,,(l — '})),UM) = Amin(B_lA) = (1 - V):um
and
_ L+7y
k(B4 g —L =2
1
k(B~'4) > max (’uM, >
( ) Him 1- 7
Proof

The lower bound on Anin(B~'4) and the upper bounds on Apn.(B~'4) and x(B~'A4) are
straightforward corollaries of Lemma 1. Further,

2T Az
max BilA -
Aax( ) nzl;zlg( 7Bz

T T
2YAppzr zpAcctce
> max ( max — ,m T
2740 LpBrrip 140 ZrBcocZc

:,uM

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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whereas, letting D be the block-diagonal part of A4,

2'Az 7' Dz
Amax(B “14) = max —- ——=
ax( ) z;zg( 2'Dz 77Bz

> ( max z' Az min z'Dz
“ \'zt0 2Dz 140 7TBz

= (1+7)tn

This proves the lower bound on Ap.(B~'4). A similar reasoning gives the upper bound on
Jmin(B~'4). The lower bound on x(B~'A4) is then obtained by taking the ratio of uy and the
smallest of the upper bounds on Api,(B~'4). |

The upper bound on the condition number is not new and may even be improved as in
Reference [3, Theorem 9.3] (We do not display the latter expression because it is not easy
to interpret). The lower bound, however, tells us something more: there is really no way to
obtain an efficient block-diagonal preconditioning if the C.B.S. constant is not bounded away
from 1.

3.2. Analysis of HBBD

Here, it suffices to apply Theorem 2 to the system matrix and its preconditioner, both expressed
in the generalized hierarchical basis. We omit the proof because it is straightforward.

Theorem 3 (analysis of HBBD)

Let A be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let Jrc be
some interpolation matrix. Let 4 be the matrix resulting from the application of the generalized
basis transformation defined by (9), (10), and let § be the C.B.S. constant associated with 4.
Let Bugep be the HBBD preconditioning matrix, as defined in Section 2.2 (with symmetric
positive definite approximation Qpr to Apr). Then:

_ 14+94
K(Brgao) < 55
m
1
K(Byylypd) > max (”;” — ?>

where
/lM - ;Lmax(Q;]«!AFF)a /1m = /lmin(Q;].!AFF)

Thus, this approach can be efficient if and only if § is bounded away from 1 and K(Q;FIA FF)
reasonably small. This does not mean that Agr has to be well conditioned. In some cases, its
structure is such that nice approximations may be found even when it is near singular. This
occurs for instance with 2D anisotropic problems on regular grids with geometric refinement
[31, 54].

However, a good purely algebraic method should work independently of the matrix struc-
ture, and should not rely on specialized approximations Qpr. From that point of view, HBBD

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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requires that Apr is well conditioned. As seen below, the other methods investigated in this
paper share this requirement.

3.3. Analysis of HBBF and HBMG

. . Al a
Here we start from the observation that Byspe4 and Bpgyed (or, equivalently, Bypppd and

Al 4 - : 51 - s ¢
BypmgA) are similar to, respectively, Bypprd and Bypygd, where

. Orr
Buppr = < i
c

. ((Q;F‘ + O — OrpArr O )™ )
BHBMG - A
Ac
and

. I A A I Q74
e o ler Arc OrrArc (22)
—AcrQpr 1) \Acr  Ac 1

Arc = Apc + Aprdre,  Acr =Acr + JicArr

with

Observe here that (22) defines a transformation similar to (10), except that in (22) the
(pseudo) interpolation matrix has a prescribed form, deduced from the matrix entries. Thus,
both HBBF and HBMG are block-diagonal preconditioning after a further algebraic basis
transformation. Hence, according to Theorem 2, some significant improvement over HBBD is
possible if and only if this further transformation results in a smaller C.B.S. constant. This is
investigated in Reference [4, Theorem 5.2], whose main result is extended to non-symmetric
QOpr in the following theorem.

Theorem 4
Let

. App Arc
A= . .
Acr  Ac
be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let § be the
associated C.B.S. constant. Let O be some non-singular approximation to Azr, and let

ya I Apr Arc\ (1 ~OprArc
~Acr Q1) \der  Ac 1

n=1 — O Arr|lay <1

If

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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then, the C.B.S. constant 7 associated with 4 satisfies

R =
Proof
By Lemma 1,
L= 7 = Anin(A ¢ S)
with
S;=5; =Ac - AACFA;;AAFC
and

Acc=Ac +ACF(Q;;AFFQ;; — Qrr — OFp)Arc
Observe that
Ace — S =Acr(I — Ot Apr) At (I — AprOpp YArc

Hence, using Lemma 1 again, and noting that 5= ||/ — Ay7 Qrt A}7l,

T s, Lcrdp A
1 cl cc AA)ZC ZAC CFA FF FCAZC
2t AcrAprArcte t(Ac — AcrAppAre)ze
. 1
> min — —
S n (A Arczc)"U — A Ot AU — A Ot AP A *Apeze) 1
(A;;/zAFCzC )T(A;}]’/ZAFCZC) 2 -1
- 1
T 1252 =)
The required result follows. 0

Formally, this theorem applies to any matrix, not only to those that are in generalized
hierarchical form. But we refer explicitly to A to stress that this results is helpful only when
the original C.B.S. constant is already bounded away from 1. This is perhaps better seen by
rewriting (23) in the following equivalent form:

1 1
—1<y ——1
1—7 "(l—vz )

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451
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On the other hand, this latter relation clearly displays that HBBF and HBMG may indeed
improve significantly HBBD when Qpr is a good approximation to Apr (note that when Qpr
is symmetric, # is just the spectral radius of 7 — Q;FAFF)

Now, ‘ideal’ block-diagonal preconditioning of A would require to solve a system with
Ace (the bottom rlght block of A). This would be impractical because Acc is in general
much denser than A¢; it is even a dense matrix as soon as Q! is dense. Then, using Ac
to approximate Acc is justified as follows. By (2) of Lemma 1, Ac is spectrally equivalent
to the Schur complement of 4, which is equal to the Schur complement of :éf, which itself
is (by Lemma 1 again) spectrally equivalent to Acc¢; hence, by transitivity, A¢ is spectrally
equivalent to Acc. This reasoning, coupled with the application of Theorems 2 and 4, leads
to the following theorems.

Theorem 5 (analysis of HBBF)

Let 4 be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let Jrc be
some interpolation matrix. Let 4 be the matrix resulting from the application of the generalized
basis_transformation defined by (9), (10), and let § be the C.B.S. constant associated with 4.
Let 4 be the matrix defined by (22), and let § be the associated C.B.S. constant. Let Bypgr be
the HBBF preconditioning matrix, as defined in Section 2.3, with symmetric positive definite
approximation Qpr to App such that

j~M - ;Lmax(QEI;AFF) <2

Then:
_ 1+/ /lM
K(BHBBFA) ’)) mln(l _5)2 im)

1+(w/\/1—y2(1—n ) A

1—(17"//\/1—V2(1—n y) min(l — 92, 4,)
and

Ay u(1=5) 1
>
K(BygprA) > maX()um’ -2 "1-3

where

A = )umin(Q;FlAFF ), n=max(Ay — 1,1 — 4,)
Further, if Ay <1,

1 1

“Brione ) < 75 ainT = 7,2

1

1
< ‘ 5
L= (nf//T = 72(1 — y?)) min(l — 72, 2,
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Proof
The first two inequalities to prove are straightforward corollaries of Theorems 2 and 4
providing that

T
ZCA ccZc

1 -9 < <1 for all zc#0 (24)

ZEA\CzC
where dcc =Ac — Acr(2057 — Ot Arr O Ve

Now, Ay < 2 implies that 205, — QppAprQpp is positive definite (see Lemma A.1), hence
the upper bound in (24). On the other hand, for all z¢ #0,

T 1 T 7 T T
V/ ACCZC Z ACCZC Z SAZC Z S“ZC R
C __~c Cc~4 > ZCH4 >1- ,VZ (25)

~ T R ~ = ~
ZEAclc ZCSAZC ZgAch ZEAclc
which shows the lower bound in (24). Moreover,

T 7 T T 52
. Z Acclc y/ Acczc .z S"ZC 1-—
min 72 < < | max 55— | | min TC 5 = Yz (26)
2 gLAczc 240 ZpSGZe 270 zlAcZc 1—9

hence the lower bound on x(BypgpA), using Theorem 2 again.
The last two inequalities to prove follow along the same line as the two first ones, using

additional fact that
R n Orr — Arr 0
Buppr — A = Ao qa
0 ACF QFFAFC

is positive semidefinite when 4y < 1, hence Ama(Bgprd) < 1, which supersedes the upper
bound from Theorem 2. O

Theorem 6 (analysis of HBMG)

Let 4 be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let Jrc be
some interpolation matrix. Let 4 be the matrix resulting from the application of the generalized
basis_transformation defined by (9), (10), and let § be the C.B.S. constant associated with 4.
Let A be the matrix defined by (22), and let § be the associated C.B.S. constant. Let Bypumg be
the HBMG preconditioning matrix, as defined in Section 2.4, with non-singular approximation
QOrr to Apr such that

n= ”1 - Q;I’}AFF”AFF <l
Then:

1 1
— 7 min(1 — 2,1 —#)

K(BypugA) < 7

1 1
< . -
L= (n7/y/T=(1 =) min(1 = 751 =)
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and

K(B;éMGA)>max<152 (1-)(1-7) 1 )

- 1-3 13
where ¢ is the smallest singular value of I — 4}/7Q7 A7

Proof
Firstly, I — A'2pA;! pT4'? is an orthogonal projector [12, p. 431], and therefore positive
semidefinite. Hence, from (15), one deduces

Tp-1 T 41
2 BigugZ <z A 'z forall z

which shows Amax(BypyaA) < 1. Further, (25) and (26) are also valid here. The theorem is
then a straightforward corollary of Theorems 2 and 4 if

-1 -T —1 -7
min 2;(Opr + O — OprArrQpy )2r —1 -
27 #0 Z};A;],!ZF‘

and

-1 T -1 T

max 2:(Qpr + O — OrrArrOpr )2r —1_&
T 4—1 -

27 £0 2pAppZr

where both can be checked from

Ot + Ot — QrpArr Ot = A — A (I — ALF Ot AT — A Qi A A
and from the fact that #?> and % are, respectively, the largest and the smallest eigenvalue of
(I~ AZF Ot AY I — Apf Orf ALY, 0

As HBBD, these approaches can thus be efficient if and only if § is bounded away from 1
and n= ||l — QppArrl4,, relatively small. Here again, the latter condition should be seen as
a constraint on the F/C partitioning, to be chosen such that Az is reasonably well condi-
tioned. Then, finding approximations for which # is fairly small is not that difficult (see, e.g.
Reference [6]). In this case, the main term in the upper bound on the condition number is
1/(1 — $*) for both HBMG and HBBF, and one should not expect much difference between
them.

An alternative, more direct, analysis of HBBF preconditioning is developed in
References [3, 5, 6]. This analysis assumes Qpr such that 1), < 1, and leads to a bound whose
exact expression is hard to interpret, but which may fortunately be simplified into

1

_ 1
K(BHéBFA) < 1= 52
m

This is better that the bound of Theorem 5 if $> < 1/(2 — 5?), but leads anyway to the same
general conclusion: when one uses a close enough approximation to Apr, the condition number
is close to 1/(1 —$?), which is the ‘ideal’ condition number corresponding to exact inversion
of Apr (observe that upper and lower bounds coincide when Qpr = Apr).
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Our analysis brings an additional light, being more general and including virtually any
block-diagonal preconditioning of the transformed matrix A. In particular, it shows that there
is no real need to scale Qpr so as to satisfy Ay < 1, as suggested in Reference [6].

3.4. Analysis of MBF

This preconditioner is also a block-diagonal one, with respect to the matrix

_ 1 A A I —P;l4
= B FF FC FFAFC 27)
*ACFPFF 1 ACF ACC 1

This transformation is similar to the one analysed in Theorem 4, but applied directly to a
matrix for which the C.B.S. constant is likely to be poor. A further analysis is therefore
needed. The following theorem is restricted to approximations Ppr satisfying some strong
assumptions, but allows to bound the C.B.S. constant of the transformed matrix independently
of the C.B.S. constant of the original matrix.

Theorem 7
Let A be a symmetric positive definite matrix partitioned in 2 x 2 block form. Let Prr be
some symmetric positive definite approximation to Agr such that

Amin(PrpApr) = 1 (28)
and
P A
< r FC) is positive semidefinite (29)
Acr Acc

Then, the C.B.S. constant }y associated with

ya I y e —PrpArc
~AcrPrp 1 1

1
G P——
;bmax(PFFAFF)

satisfies

Proof
First, observe that the positive semidefiniteness of the matrix in (29) implies the positive
semidefiniteness of its Schur complement, hence

ZEACCZC > ZEACFP;FIAFCZC for all z¢
Let then a=1 /)umaX(P;FIAFF). One has, for all zc,
7o(Sy — 0dcc)ze = (1 — a) (2l Accte) + 28 Acr(20Pg) — aPpp AppPrp — A Arcze
> 20Acr (1 + )Py — aPpp AprPry — App)Arcic
= (P Apeze) (I —(Prp AppPrp>) "YU (Pt *Apr Prp )Y (Prp* Arczc)
>0

The required result follows then from Lemma 1. |
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Requirements (28), (29) are somewhat conflictual because Ppr has to be smaller (or not
larger), in the positive definite sense, than Agp, but at the same time sufficiently large (in the
same sense) so that exchanging Agr for Ppr in A does not spoil its positive semidefiniteness.
The following lemma is useful to see how this can be managed when 4 is a (non-strictly)
diagonally dominant matrix.

Lemma 8

Let 4 be a (non-strictly) diagonally dominant symmetric matrix with positive diagonal entries,
partitioned in 2 x 2 block form. Let Prr be some symmetric positive definite approximation
to Apr such that

Pt =0 (30)
(entrywise) and, Vi € F such that (4p¢); #0 for some je C,
(Arrer);

PrAprer) < ————— 31
(PppArrer) S e [(Arc)s| (D)
where ez =(1 ... 1)T. Then:
P A
R T positive semidefinite (32)
Acr Acc

Proof
Let Fe={ic€F |(Apc);j 70 for some je C} be the set of F unknowns connected to at least

one C unknown. Let Krr be such that
(Prp)y if i, jeFc
0 otherwise

(KFr)ij —{

and let Gpr be the diagonal matrix such that

Z |(AF'C)ij‘ if iGFC
(Grr)ii =1 /<€
1 otherwise

Let xr = Arprer, and let Xz be such that
_ (xp) ifieFc
(Xr): :{ 1 otherwise
Since P;FI is non-negative, one has, with (31),
(Grr = Ker)%p)i = (Gpp = Pt )X )i 2 0

for all i € F¢. Moreover, A being (non-strictly) diagonally dominant (with positive diagonal
entries), (xr); > 0 for all i € F¢, implying that X5 is a positive vector. Since G — Kpr has
non-positive offdiagonal entries, this, together with ( GF_F1 —Kpp)Xr = 0, implies that GF_F1 —Kpr
is positive semidefinite because it is generalized diagonally dominant with non-negative diag-
onal entries.
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GFF AFC

Acr Acc
is symmetric and non-strictly diagonally dominant with positive diagonal entries. It is therefore
positive semidefinite, as well as its Schur complement A c¢ —ACFG;FIAFC. Hence, for all z,

On the other hand, the matrix

T T —1 T T —1
zcAccte = 10Acr GrrpArctc = 20AcrKprArpcte =20 AcrPrpArcic

This shows that the Schur complement of the matrix in (32) is positive semidefinite, hence this
matrix has to be positive semidefinite too, since its top left block is positive
definite. O

Now, observe first that the right-hand side of (31) cannot be smaller than 1, on account of
the diagonal dominance assumption. Hence, (31) is always satisfied by approximations Ppr
satisfying the row-sum criterion

PFFep :AFFCF (33)
or, equivalently,
PI?[}AFFeF =e€r (34)

If Apr has in addition non-positive offdiagonal entries (i.e. is an M-matrix), then it is
easy to see that all requirements (28), (30), (31), are satisfied with a (possibly blockwise)
modified ILU factorization of Agr [3,67—69]. Indeed, such factorizations are computed so as
to satisfy the row-sum criterion (33), whereas (28), (30) follow from the standard analysis
of these methods (see, e.g. Reference [70] for a proof that includes the case of a blockwise
factorization).

On the other hand, if Azr is monotone and Aprer > 0, another possibility is to start from
any weak regular splitting of Agr, and add a diagonal correction so as to satisfy (34). Indeed,
a weak regular splitting is a splitting App = Cpr — Npr such that

Cip =0
CEFINFF =0
and it turns out that (28), (30) are then satisfied with Ppr defined by
Pip=Cip + Arr
where App is the diagonal matrix such that (34) holds, i.e.
Apr(Arrer)= Nrrer

To see this, observe that, since weak regular splittings are convergent (e.g. Reference
[3, Corollary 6.17]),

App=Crp + Cop NepCrp + -+ = Cipp
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Since (P —App )N(Arrer) =0 and Aprer > 0, this shows that P} — A+ is generalized diago-
nally dominant with non-negative diagonal entries. It is therefore positive semidefinite, which
shows both (28) and diag(Py;) > 0, implying (30) since the offdiagonal entries of P, are
non-negative by construction.

Here, it is also worth mentioning that, starting from any basic approximation satisfying
requirements (28), (29), one may improve it by some inner iterations based on Chebyshev
polynomials, and still satisfy these requirements; see Reference [10] for details.

Beyond these algebraic developments, we would like to stress more informally the role
of the row-sum criterion (33) or (34). In our eyes, it essentially ensures that —Pp}4xc acts
as a correct interpolation matrix, being close to exact for the constant vector, which is the
only (potential) low-energy mode for (non-strictly) diagonally dominant matrices. For more
general matrices, even if there is no supporting theory, a very first thing to do is therefore to
satisfy a similar criterion with respect to all low energy modes.

Note that in Reference [10], numerical results are reported for two-level MBF precondition-
ing, that illustrate the behaviour of the method when one does not take care of this condition,
using standard ILU instead of modified ILU to approximate Agr. It turns out that the resulting
condition number grows faster than 4~2, even though the ILU factorization of Az is on its
own of excellent quality, with condition number approximately equal to 1.25.

We now exploit Theorem 7 to develop our analysis of MBF preconditioning.

Theorem 9 (analysis of MBF)

Let 4 be a symmetric positive definite matrix partitioned in 2 x 2 block form. Let Bygr be
the MBF preconditioning matrix, as defined in Section 2.5 (with symmetric positive definite
approximations Ppr to Apr and S to Sy=Acc —ACFA;PIAFC, respectively). Assume that

Ion = Jmin(PrpApr) = 1
and

(PFF Arc

is positive semidefinite
Acr Acc

Let A be the matrix defined by (27), and let J be the associated C.B.S. constant. Then:

1+ 7 max(vy /(1 =), nr)
1-9 min(vy, An)

2
A3y

< i v—l MM

h <1+ ! ;M) min(vy, An)

K(Byppd) <

and

K(B{,“lgFA) > max < max(/u, V) ! >

min( A, v/ (1 = 52))" 1 =7

where

Vum :)vmax(SilsA )5 Vi :;Lmin(SilsA)

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451



ALGEBRAIC MULTIGRID AND ALGEBRAIC MULTILEVEL METHODS 439

and
)VM :/lmax(P;]-!AFF)
Further, if S=Ac, where Ac is the Galerkin matrix (4) associated with some interpolation

matrix Jrc, then,

1+ 9 max((1 —7)"", Au)
1= 11—

2 )
T Asy
<<1+V1‘AM> -7

K(Byprd) <

and

_ 52
K(BM};FA)zmax<lM A (1=77) 1 )

I 1 =92 T1—%

where § is the C.B.S. constant associated with the matrix 4 resulting from the application of
the generalized basis transformation defined by (9), (10).

Proof
The first inequality to prove is a straightforward corollary of Theorem 2 if

T
ZCAcch Vi

v < 1 < —
VY 78 1-9

for all zc #0

which one proves with Lemma 1 and

T4 T4 T
ZCAcch . ZCAcch ZCSAZC
2[Szc 2lSjzc 2lSzc

for all z¢ #0

The second inequality then follows from Theorem 7, which implies (1 — 7?)~'< Ay and

(1 +9)/(1=35) < Ap(1 4+ 7)* < Ay(1 + /1 = 25,')?. With the help of Lemma 1 again, the
further two upper bounds are particular cases of the previous ones, for vy < 1 and v,, =1—42.

Since
T4 T T
ZiAccze . ZrAcczc Z:S4Ze
max ——w——— > | min —p— | [ max —x =V
240 Z.SZc 240 Z,SiLc 240 Z,SZc
and
T4 T T
min ZCAcch > [ max ZCAcch min ZCSAZC - Vm
T = T T - =2
2c#0  2.SZ¢ 240 ZpSiZe 240 Z.SZc 1—-%
the lower bounds are also corollaries of Theorem 2. [

Here again, we have to mention that slightly better bounds are obtained with the more
direct analysis developed in Reference [10]. Their expression, however, is not that easy to
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interpret, so we do not display them. The present approach has also several other merits: it
applies more widely to any block-diagonal preconditioning of the transformed matrix 4, and,
most important, shows that this type of preconditioning can be efficient if and only if 7y is
bounded away from 1, that is, if and only if Prr, besides being a close approximation to
AFr, 1s also such that —P;FIAFC acts as a ‘correct’ interpolation.

3.5. Algebraic interpolation and the C.B.S. constant

Methods based on generalized hierarchical bases (HBBD, HBBF and HBMG) can be effi-
cient only if § is bounded away from 1. This raises the question of the construction of the
interpolation matrix Jrc, which we consider in this subsection.

Theorem 7 and Lemma 8 open the way to interpolations of the form —KprAdpc, where Kgp
stands for some approximate inverse of Agp. However, it is essential here to keep Kpr as
sparse as possible, to avoid excessive complexity in A¢c. The sparsest Kyp is diagonal. If 4 is
(non-strictly) diagonally dominant with positive diagonal entries and App strictly diagonally
dominant, diagonal Kpr such that

1 1

<(Kpp)i € = forallieF (35)
Arr)i — Y jem oy (el 0 S S e 1(Are)y]

satisfies all assumption of Lemma 8 and Theorem 7,* which yield

1
P <yl = —F—F—
7 \/ /Lmax(KFFAFF)

Here, we would like to point out that, if 4 is a (non-strictly) diagonally dominant M-matrix
and if all coupling in Agrc are classified ‘strong’, then the standard interpolation in AMG is
defined with

(% Iy DArc)y
(Arr)i (X jec [(AFc)i])
[12, p. 448]. Interesting enough, this interpolation is thus of the form —KprApc with diagonal

Kpr; moreover, the corresponding Kpr also satisfies (35), the upper bound following from
the diagonal dominance assumption, whereas, letting 6; = (4gr )i — >_;; [(4);;|, one has

(Jrc)ij= forallieF, jeC

Z‘,‘#i |(A )i,/" _ (Arr)ii — 0;
(Arr)i(Xjec I(Arc)y|)  (Apr)il(Arr )i — 2 e iy (AFF)i| — 0i)
_ 1 1 — (0:/(Arr)ir)
(Arr)ic = X jep iy [(AFr )il 1= 01/ (Arr)ic = 32 jep iy 1(AFF )i |)

from which one sees that the lower bound in (35) is also satisfied, §; being non-negative.
However, in general, AMG does not use interpolations of the form —KgrAgc, even for
M-matrices. Indeed, couplings are classified in ‘strong’ and ‘weak’, according their magnitude,

¥The lower bound in (35) implies that Az — K ;Fl is (non-strictly) diagonally dominant, hence (28).
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and only strong couplings in 4r¢ lead to a non-zero term in Jrc. As this yields sparser Jgc,
this raises the question whether such interpolations are also appropriate for the definition
of generalized hierarchical basis transformations. A detailed answer to this question would
perhaps require a thorough analysis of all interpolation schemes that have been proposed with
AMG. Here we consider another viewpoint, based on the measure

(zr — Jrczc)' diag(Arr )(2r — Jrcic)

= nzliox 77Az (36)

that is often used to assess the quality of an interpolation scheme in AMG, the smaller t,
the better the interpolation [12]. The following theorem just shows that 7 is in fact strongly
connected to j. More precisely, it shows that 7 is reasonably bounded if and only if § is
bounded away from 1 and Agr is well conditioned. Note that the theorem is not restricted to
Dpp = diag(Apr), which is the intended application here. This wider scope is used in the next
subsection.

Theorem 10

Let A4 be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let Jr¢c be

some interpolation matrix. Let 4 be the matrix resulting from the application of the generalized

basis transformation defined by (9), (10), and let § be the C.B.S. constant associated with A.
Let

B (zr — Jrczc) Drr(zr — Jretc)
7= max
240 ZT Az

where Dpp is a symmetric positive definite matrix of same size as Apr. Then:

TS 1—1 : =
/lmin(DFFAFF) 1 - Y

and

1 1 1
T =z max ( . — L 1 )
/Lmax(DFFAFF) 1— Y imin(DFFAFF)

Proof
Let J and g be defined by (9) and (12), respectively. Since zr — JrcZe = q'J 'z there holds
(with w=J"1z),

T

WirDppWr

7= max ————
wA0  widw

On the other hand, from the factorization

App Apc\ (1 ApcAZ! sP 1
Acr Ac I Ac ) \Ag'dcr 1
(with S;F) =Apr —AAFC/IEIAACF), one deduces

wlAw = W[T;S/(iF)WF +(We + A dcpwe) dc(we 4+ Ag ' Acrwr)
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and therefore

min(w"dw) = w5 wp (37)
Wc
Hence,
1
= (38)
)vmin (D;F SAA )

and the required result follows from Lemma 1, using
/ﬂbmin(D;;Si"F)) = /ﬂbmin(A;;S;ﬂF)))Lmin(D;IlAFF)

to prove the upper bound and

Sumin(DpSY) < Danax (At SE )V danin(D it A )

/lmin(l)]._q.l S/Efp) ) < ;vmin(A]-_"I«l S/E“F) )imaX(D;]-lAFF )
to prove the lower bound. |

3.6. Analysis of AMG

Firstly, note that 7 — 42 pAZ' pT4'? is an orthogonal projector [12, p. 431]. It is therefore
positive semidefinite and singular, implying that Bavg defined from (8) satisfies

i (BahoA) =1 (39)

Hence,

K(BavigA) = Canin(BiugA)) ™'
=(1 = | =M~ — pAc' p' ) —M T D)) (40)
that is, we are left with the analysis of the 4-norm of the iteration matrix.
Since
(I — pAc' p'ay =1 — pdc' p'a)

one has, letting C=(I — pAz' pTA)I — M~ 4),

(7 = M~ AYT — pAc' pT YT — M~T4)| 4= |47 CTAC| 4
_ H(AI/ZCA—1/2)T(A]/2CA—1/2)||
— HA1/2CA—1/2H2
= - pA' p"AT - MTAF  (41)
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Thus the 4-norm of the iteration matrix is equal to the square of that of a simplified AMG
scheme with post-smoothing only.?

Now, the classical analysis of |[(I — M~'A)YI — pAz'p™4)|4, as developed in
References [7,11,12], is based on the measure 7 introduced in the previous subsection (see
(36)). Here we follow the more general approach developed in Reference [9]. The latter
analysis also introduces some measure, which depends upon a restriction operator, for which
one has some freedom. We restrict our attention to the choice »=(0 /) which is the most
natural in the context of this paper, referring to Reference [9] for a wider discussion. With
this choice, the considered measure is

(zr — Jrcze) Xpr(zZr — JrcLe)

h= n;%( YAVY/ (42)
where Xpr is the top left block of
X=MWM+M"—4)"'M" (43)

Note that, as in the above-quoted works, we assume that M + MT — A (and therefore X) is
positive definite, which, see Lemma A.l, amounts to assume

1 —M~'4]4 <1 (44)
or, equivalently,
p(I = (G(M +MT))"'4) < 1

That is, the symmetric part of the smoother has to define a convergent iterative process.

As proved in Reference [9] (see also Theorem 12 below), 1 — u~' is in fact an upper
bound on |[(I — M~'A)(I — pAz' pTA)|3. 1t is thus interesting to see that  and y are closely
related. Letting D =diag(4), commonly used smoothers satisfy the smoothing property

I =M=l < |23 = allzlfpo, for all z
for some non-trivial ¢ > 0 (see References [7, 11, 12] for examples). This is equivalent to

2T(M+MT —A)z

DMz >ag forall z#0

[11,12], which shows that ¢~ is an upper bound on Ama (D Xrr), entailing u < t/o.

This, however, depends upon the smoothing property. The following lemma allows to prove
a relation between 7 and p independently of the latter. Part of its proof is inspired from the
proof of Lemma 2.3 in Reference [9].

Lemma 11
Let 4 be a symmetric positive definite matrix partitioned in 2 x 2 block form, let M be some
non-singular matrix of same size as 4, and let X be defined by (43). Let

Y=3(M+M"), Z=3(M-M")

8This fact and its proof were pointed out by some anonymous referee.

Copyright © 2005 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2005; 12:419-451



444 Y. NOTAY

If X is positive definite, then,

12Xz 14|y 'rzy—2)p
S < < for all
23S TV S 2 gty lorallz#0 (45)

and, for any symmetric positive definite matrix Dpr of same size as Agr,

1 + ||Y71/ZZY71/2H2
2 — max(Y~14)

min(DppXpr) = max(3 Amin(Dpp Yer ), Amin(Dpp Arr))

;Lmax(D;]}XFF) < /lmax(D[t_’I«1 YFF)

Proof
Firstly,

(Mfl _~_M7T)71 :(Mfl(M _~_MT)M7T)71
:MT(M _‘_MT)flM
= 1M — (M + MT))(M + M")"'2M — (M + MT))

+ (M +M"Y)
=3Z'Y'Z+7Y)
Therefore, for all z # 0,
'Y 'z 'Y 'z 2" (3(M~ + M)z
X'z "M+ M-z "M~ + M- —M-TAM ")z
B 2'Y 'z 1
(Y +ZTY-17) g M TAM 'z

T AMT M)z
The upper bound in (45) follows then from the fact that (J(M~' +M~T))"'M~TAM " is
similar to Y ~'4. On the other hand, the lower bound is proved by checking that, for all z,
2Xz2>2"MM +M") M 2=2"(A(Z"Y'Z+Y))z > 12"Yz

The upper bound and the first lower bound on the eigenvalues of Dy, Xsr are straightforward
corollaries of (45), whereas the second lower bound follows from the fact that

AV X' =0 -MTTHA VT —AM ™)
is positive semidefinite, implying Amin(AptXpr) = 1. O
Since
Tmin(Dpp Xrr) <t < Thmax(Dpp Xrr)
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(with Dpp =diag(AFr)), this lemma allows to bound u in function of 7. That is, the analysis
of the smoothing property may be replaced by an analysis of

14 ||y-12zy -1

;vmax(D[:ﬁ1 YFF) 2 — ima (Y_]A)

Such an analysis should not be that difficult, ||Y~"2ZY~'?|| being essentially a measure on
how far M is from a symmetric matrix, whereas An.x(Y ~'4) is bounded away from 2 when the
smoother is properly scaled. For instance, with damped Jacobi smoothing, that is, M = w~'D,
one has Z=0, Y =M, and the lemma yields

o<ux< -
20 CO(2 - CU/Lmax(l)ilA))

Now, we want to go somewhat further and exploit the fact that Theorem 10 may be applied
with Dpr = Xgr, yielding

1 1 1 1

= = SUS - = - (46)
}bmax(XFF]AFF) 1 - yZ /Lmin(XFF]AFF) 1 - Vz
whereas Lemma 11 applied with Dpp = App gives
2 — dmax (Y14
Jmin(Xpp AEr ) = 2min(Yip AFr) ( ) (47)

1+ Y-12ZY- 12|
and

;Lmax(XF}lAFF) < 1
Here, it should be noted that the smoother is often symmetric and scaled in such a way that
Jmax(M~1A4) < 1. Then, (47) gives Amin(X, F_FIA FF) = Amin(M F_FIAFF), and the latter quantity is
easily bounded below if (and only if) Apr is well conditioned.

Theorem 12 below contains our analysis of AMG. The lower bound is new, whereas the
upper bounds are obtained by combining (39), (40), (41), (46) and (47) with the known
fact that ||[(I — M~'A)I — pA;' pTA)|% is bounded by 1 — pu~! (fact for which we give an
alternative proof).

Theorem 12 (analysis of AMG)

Let A be a symmetric positive definite matrix partitioned in 2 x 2 block form, and let Jzc be
some interpolation matrix. Let Bamg be the AMG preconditioning matrix as defined by (8),
with non-singular smoother M such that ||/ —M ~'4||, < 1. Let A be the matrix resulting from
the application of the generalized basis transformation defined by (9), (10), and let § be the
C.B.S. constant associated with 4. Let X and p be defined by (43), (42), respectively. Then:

K(BXI\I/IGA) <u
1
S - —1
(1 - Vz)lmin XFF AFF)
1 + HY—I/ZZY'—]/ZHZ
(1= )2 — Aanax (Y 1 A4)) hnin (Y A )
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where Y = (M +M"), Z=1(M —MT). Moreover, for any symmetric positive definite block-

diagonal matrix
D Drr
Dce

;Vmin(Dily) /lmin(Dily)
2(1 - ?z)imax(AFF(D;*]; + JpcDEéch))’ z;hmin(AFF(D;p]‘ +JFCDEé‘JgC))

there holds

K(ByygA) = max (

Proof .
Let K=1 — pAz'p"A4. One has

KT — AM~")A(I — M~'4)Kz

I = M=) = pAc! pT )G = max
z

2T Az
Z'(KTAK — KTAX ' AK )z
= max
240 2T Az

wl(RTAR — RTAX ™ AR )w

= max ~
w70 wliAw
where
K=J"'KJ
=1 —J 'pAz'p"T "4
0 O R
=] — .14
0 A'
1 0
A 0
Therefore,

. S0
AK = A _ S(AF) T
( 0 o) TBid

with ¢ defined by (12). One then obtains, remembering (37),

~—1
wi(gS{q" — qSVq"X ¢S g w

wldw

It =M= = pAc! pPA)|lf = max

A1
wig'X qwr

=1 —-min ——1~—"—
Wi 70 W};(S/EIF))_le
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Further,
s s sl 4
q'X (]:(S)(QF))HZ(XFF —XpcXceXer)™!

hence W}qT)?_lqu > W}X, ' wr. The upper bounds then follow from (39), (40), (41), (46),
(47) and (38), which may be read = 1/Amin(X;7' S).
To check the lower bounds, observe that, with (45),

2
Ty—1 Ty—1 Tl
2 X 'z2<22Y 1< —+——2 D 'z forallz
/Lmin(D_IY)
Hence, letting D=JTDJ,
min w}qT)?_lqu - 2 . w}qTﬁ_lqu
Wr#0 W;(S/(IAF))*IWF = Jmin(D1Y) \ we0 W;(Sﬁ(iF))qu

—1 A=l
c 2 pin YAEwe ) (. WE'D W
Amin(D=1Y) \ we#0 w}(SifF) ) lwe ) \ WA WEAwE

o 2 2 TA™!
= m(l 9 )Vomax(Arr(q' D q))
and, similarly,
A A1
T 2 T 4=1 ' T,TH
Inin = (F) anr < - 1 max WF(FIZFWF i M
wr#0 W}:(SA )*le /Lmin(D_ Y) Wi 70 WE(SA )71WF wr#0 WFAFFWF
. 2 A T A—1
= mﬂmin(AFF(q D q))

Since qTﬁilq =(¢"J YD (g T ) =Dy} + JrcDgiJ R, the required results follow. O

The connection between the AMG theory and the C.B.S. constant is already implicit in
some previous works, see Reference [12, Section A.5]. Our analysis, however, shows more
clearly that the corresponding two-level scheme converges fast if and only if  is bounded
away from 1 and App is well conditioned.

4. CONCLUSIONS

Remarkably, it turns out that, despite their differences, all the schemes are efficient under
the same general conditions, that is, they work well if and only if Arr is well conditioned
and 9 bounded away from 1, where § is the C.B.S. constant associated with the matrix 4
resulting from the generalized basis transformation (10). The conditioning of Agr is even
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doubly important because when it is good, it is also easier to define interpolation matrices
Jrc for which the corresponding § is nicely bounded away from 1 (see Section 3.5).

Now, this requirement on Apr should be seen as a constraint on the F/C partitioning.
In other words, the coarsening process has to be designed such as to guarantee the good
conditioning of Apr, in one way or another. This is just what is behind the compatible
relaxation idea developed in References [9, 18]: an F/C partitioning is tested, and possibly
iteratively improved, by assessing the convergence of a basic iterative solution scheme for a
system with Agp.

A detailed comparison of the bounds is difficult. However, a rough comparison is easily
obtained by considering only the dependence with respect to j, assuming all other terms
sufficiently close to 1. On this basis, the situation is somewhat less favourable for HBBD,
with a condition number of order 1/(1 — §), whereas all other methods exhibit a condition
number close to 1/(1 —$?). Comparing AMG with HBMG, one may be prone to believe that
AMG should converge at least as fast, since relaxing in addition the C unknowns should not
have an adverse effect. However the analysis does not support this claim, and if it does not
prove the converse, it is remarkable that the bound for AMG mainly depends on the way the
Arp block is approximated by the smoother, and very little on the global properties of the
latter.

On the whole, we did not thus find enough differences to state that one method is better
than another. That is, all two-level schemes (except HBBD) have roughly comparable con-
vergence properties. In practice, the relative behaviour of the associated methods will mainly
depend on factors that are beyond this analysis: their behaviour in the context of a multilevel
cycle and the computational cost of each cycle, for instance. From that point of view, let us
just mention that AMG tends to be more costly, but is often viable with a simple V cycle,
whereas other methods require in general W cycles, often polynomially accelerated. On the
other hand, maybe because of this use of V cycles, AMG seems more demanding with re-
spect to the quality of the interpolation. For instance, see Reference [12, p. 524], it is not
advised to use AMG with a simple aggregation scheme, which corresponds to the crudest
but cheapest possible interpolation. Nevertheless, the associated measure t (36) is not nec-
essarily that bad for M-matrices (see Reference [12, Equation (A.4.21)]), and good results
are obtained in Reference [55] with an MBF scheme that uses coarse grid matrices built by
aggregation.

APPENDIX A

Lemma A.1
Let A be a symmetric positive definite n x n matrix, and R some n x n matrix. The following
two propositions are equivalent.

(D) I =RAJ4 <1 (<1).
(2) R+ R" — RART is positive semidefinite (positive definite).

Moreover, if R is non-singular and M = R~!, they are also equivalent to:
(3) M +MT — A4 is positive semidefinite (positive definite).
4) pl —GM +MT)'4) <1 (<1).
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Proof
We develop only the proof for the case of non-strict inequalities and positive semidefiniteness,
the proof of the other case being similar. Firstly, (1) <= (2) because

Il —RA|l4 <1 < |[I —A"?RA?| < 1
= Jma((I —APRA)I — A'PRT4'?)) < 1
> Jmax(I —A'"*(R+R" — RAR")A'?) < 1

<= R+ R" — RAR" is positive semidefinite

On the other hand, if R is non-singular and M =R~!, one has R + RT — RART=M"!
(M +MT" — A)M~T. Hence,

R+ R" — RAR" is positive semidefinite
< M +M" — 4 is positive semidefinite
= I MAMY2>2"42>0  Vze "

7" Az
— 0L ; <2
2'(5(M +M7T))z

which proves (2) <— (3) < (4). |
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