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Abstract

We consider iterative solvers for large linear systems, and develop a theoretical analy-
sis for parallel implementation techniques which resort to overlapping decompositions,
i.e. in which some unknowns are replicated on two or more processors to facilitate the
parallelization.

We investigate the conditions under which a given sequential preconditioner can be
implemented by means of purely local computations and basic communication routines
similar to those needed when no preconditioning is used. General algebraic results are
given which are applicable to point and blockwise approximate factorization or SSOR
preconditioners.

keywords: iterative methods for linear systems, parallel computing,
preconditioning.
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1 Introduction

To program an application on a parallel computer requires in general much more effort
than programming it sequentially. Even if the algorithm has some natural parallelism
well fitted to the considered architecture, some technical work is still needed to avoid any
bottleneck and group the communications as much as possible to decrease the number
of synchronization points.

As part of this art, it is a common practice to try to alleviate the communication cost
by replicating some variables and repeating identical calculations in parallel. A careful
dependency analysis is then needed to see whenever a given copy of a given variable has
the right value or not.

Here, we consider the parallelization of linear iterative solvers, and develop math-
ematical tools which allow the design of easy-to-implement algorithm with minimal or
close to minimal communication cost per iteration.

We follow the idea of replicating some variables on several processors, or, in more
technical words, we consider the use of overlapping decompositions. But, as an essential
condition to make things transparent to the user, we want to avoid any discrimination
between the different copies of a same variable, and, as far as possible, between these
replicated vaiables and those assigned to only one processor.

In this view, we propose to apply, in some sense, the iterative scheme to an augmented
system whose variable set corresponds to the direct sum of the local variable sets, and
in which replicated variables are therefore represented several times.

We first show that one may follow this approach and keep nevertheless a strict math-
matical equivalence with the corresponding process applied to the original system. Be-
sides the communications required to compute the iteration parameters and control con-
vergence (which are similar as in any implementation), the only communication routine
needed for the unpreconditioned version is a basic piece of program which exchanges the
value at each replicated variable for the sum of local value and the values which, on the
other processors, correspond to the same original variable.

Our main result is then a serie of algebraic theorems which give sufficient conditions
for the preconditioned version being implemented with the same type of simple commu-
nication routines. These remain the same whatever the specific preconditioner, and to
implement any of them which matches our assumptions requires only to supply routines
for purely local matrix vector operations.

General results are given for explicit and implicit preconditioners in factorized form,
allowing easy and efficient parallelization of SSOR and approximate factorization type
preconditioners.

The stated sufficient conditions are actually restrictions on the nonzero pattern of
the factors involved in the preconditioner. They are easy to check either by hand (ma-
trices with regular structure) or by software. For incomplete factorization of matrices
corresponding to a five point stencil, a reordering of the unknowns is generally sufficient
to meet these requirements. Our results offer then a nice implementation scheme for
the parallel ordering strategy proposed in [9] and generalized in [8], and which roughly
consists in numbering separately the “interior nodes” (those which are not replicated)
and the “interface nodes” (which form the overlapping part of the decomposition).

Very interesting results were obtained in [7, 10, 11] for this method on both MIMD
and SIMD computers. In this specific case as well as in the more general applications



outlined in Section 4, our results appear as an efficient tool to analyse what is to handle
in a sequential preconditioner to put is in a nice parallelizable form; since the handling
is performed at the level of the global preconditioning matrix, any knowledge on sequen-
tial preconditioners can be used to minimize its impact on the convergence rate. This
approach represents therefore a worthwhile alternative to the empirical troncation of the
preconditioners sometimes proposed in the literature in spite of its dramatic and unpre-
dictible effects on the convergence rate, see a.o. [12] for an example in the incomplete
factorization context.

The remainder of this paper is organized as follows: in Section 2, we explain how
to apply to iterative scheme on the augmented system, derive the general form for the
preconditioners, and outline our main results; these are proved in Section 3, whereas
some existing and potential applications are outlined in Section 4; finally, in Section
5, we consider the case one applies our results to parallelize incomplete factorization
preconditioners, and show how one can then also parallelize the computation of the
triangular factors.

2 Parallelization of linear iterative schemes

Consider the following standard version of the conjugate gradient algorithm; here A
is the system matrix, b the right hand side, z(%) the initial approximation and B the
preconditioner.

rO =5 — Au©
Fork=0,1,... until convergence :
k) — p-1,k)
ap = (g™, r®) 5 6 = agfak_y (86 =0)
d® = ¢ 4§, qY) (d(O) — 9(0))
1B — A q)
o= (W, dY); By = ar/n
uF ) = ) 4 g, )
pt) = () _ g 4 (k)

We discuss this algorithm, but a similar discussion could be developed for many other
iterative schemes as well, including methods for non symmetric or indefinite systems.

Here, we want to distribute the unknowns on the different processors (or independent
tasks) in such a way that some unknowns may be represented on several processors. The
nodes associated to these unknowns will be called interface nodes.

We need then to assume some relation between a vector defined on the global grid and
its local representations on the different processors. Here, two kinds of representations
will be considered. A vector will be said distributed whenever the true value at some node
is recovered by summing the values at the different local representations of that node,
whereas a vector will be said replicated whenever the value at any local representation
of a node is a copy of the true value at that node.

Our starting point for the parallelization of the algorithm above is to let b, r(*) ¢(*)
be distributed and ¢, u®) d*) replicated.



One easily checks that these choices are consistent if the multiplication by the system
matrix is implemented in such a way that it takes a replicated vector as input to produce a
distributed vector as output, whereas, conversely, the preconditioning step has to accept
a distributed input vector and produce a replicated output vector.

With this choice, as easily checked (a formal proof will be given below), the inner
products a; and ~i, because they both involve a replicated and a distributed vector,
are recovered by summing on all nodes without discriminating interface nodes. Another
desirable feature is that the approximate solution vector u* is replicated, i.e. one has
direct access on each processor to the computed solution at any node locally represented.

Now, to go further in our analyis, we need to introduce some additional notation and
definitions.

Throughout this paper, we assume that there are N processors (or independent tasks),
and denote P, the set of nodes represented on processor p. (P,),=1,.. n is thus a covering
of [1,n], that is

P, C[L,n] forp=1,...,N,

and
N

[1,n] = UPp.

p=1

We further note n, the number of nodes represented on processor p:
n, = #P, forp=1,..., N.

To these “local node sets” is associated an extended node set [1, 7], where
N
= n,.
p=1

A natural partitioning of this extended set is (Pp) , where

p=1,...,N

P, =

p—1 P
Z ng+1, E g
g=1 g=1

is the local node set (or local grid) for processor p. Then, each node in [1,n] has one
or more correspondants in [1, 7], while each node in [1,7] has a unique correspondant in
[1,n]. A mathematical representation of this correspondance relation is obtained with
the n x n boolean matrix £ defined by

2 h
o — { 1 ifz € P, and 7 is the (i — b nq)t node in P,

0 otherwise .
L has exactly one nonzero per row and at least one nonzero per column and
Y=L L

is the 7 x 7 matrix such that ¥;; = 1 if and only if ¢ and j corresponds to a same node
in [1,n], with 3;; = 0 otherwise.



As easily seen a vector # in R" is a distributed representation of a vector x in R* if
and only if
r=L'2

and it is a replicated representation if and only if
T = Lzx.

Consequently, the matrix ¥ transforms the distributed representation of a vector into
its replicated representation.

Going back to the conjugate gradient algorithm, the above choice of distributed and
replicated representations amounts to assume

b = L' (2.1)
r®) = k) (2.2)
t® = Ltk (2.3)
g(k) — /;g(k) (2.4)
a® = Ly (2.5)
d¥ = £d® (2.6)

for all £ > 0.

Now, let A be an # x 7 matrix such that
A=L'AL (2.7)
and let B be an & x 7 matrix such that
=L'B'L (2.8)

(we may not write B! because BY is not invertible).

It is not difficult to see that a multiplication by Ais an algebraic formulation for an
implementation of the matrix vector product which takes a replicated vector as input to
produce a distributed output vector. Indeed, if & = Lz,

Av=L'ALz =L (AR) .

Conversely, the multiplication by BW is an algebraic formulation for an implementa-
tion of the preconditioning step which acts on a distributed vector to produce a replicated
vector : if y = L',

BWy =B Lty =L(B ).

It follows then from the considerations at the beginning of this section that,
stead of the algorithm above, we may execute the same algorithm, but on the ex-
tended variable set with system matrix A 1nverse precondltloner B ), right hand side
b such that b = £'b and initial approximation (%) = £u(®. The generated sequences
O} {iB} {501, {a®}, {dW} will satisfy relations (2.2—2.6) with respect to the orig-
inal sequences.



For a formal proof of this result, it suffies to note that
PO = b—Au® = £(b—Au®) = £
§O = BN = (B—l T(O)) = £g©
i@ = 440 — [t (Ag(O)) —  [t4(0)

Hence (2.2-2.6) hold for k& = 0. A similar reasoning together with an induction
argument proves then that (2.2 - 2.6) hold for all k if the computed a; and v, are equal;
but this is true by virtue of the same induction argument since

(99.7®) = (Lg®,#0) = (g0, £ti®) = (g0 r®)

(ﬂk),czw)) _ (gw), L‘d(k)) _ (,/jf(k)7d(k)) _ (t<k),d<k)) :
Relations (2.2-2.6) justify that we speak of equivalence between both processes, any
vector in the original algorithm being uniquely determined from its representation on

the extended system (that is from its local representations on the different processors).
Now, we have to investigate (2.7) and (2.8). (2.7) is actually an assembly formula

a5 = Z &ij (29)

and may be rewritten

for all 7, 7. Hence it is not difficult at all to find a matrix A satisfying (2.7).

Moreover, if all nonzero entries a;; in A are such that z and j belong to at least one
same processor, one may still satisfy (2.9) when limiting the sum in the right hand side to
nodes 2, j belonging to a same local grid. Considering the block partitioning associated to
the partitioning (P )p_l N of [1,7], A is then block diagonal. Consequently, a parallel

implementation of

1) — 4 4R
requires no communication since the computation of the pth block component tyﬂ) of 1(¥)

depends only on the pth block component c?z(ok) of d®
i =A,, d¥ p=1,...,N.

An example of rule to determine A is then

. 4 ifi,jef?p for some p
iy =19 ™o .
! 0  otherwise ,
where ¢, are the nodes in [1, n] such that one has respectively £;; = 1 and £;; = 1, and
where
= #{pe [17N] |L7.] € Pp}

is the number of processors sharing ¢ and ;.

Of course, any other rule such that (2.9) holds is also worthwhile. For instance, in
application to discrete PDEs, one will often obtain directly the desired block components
from discretizations executed locally on each processor.
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If the matrix vector product is now purely local, it does not mean that we are solving
decoupled systems. Indeed, the communication are only delayed to the preconditioning
step

g(k) — BMW k) — p =1 ot pk)

which is at first sight very sequential.
However, without preconditioning, it reduces to

g(k) — L riptk) = Zf(k)’

which implies only communication between neighbour processors as needed in any par-
allel implementation of the unpreconditioned conjugated gradient algorithm.

In this paper, we aim at investigating how the preconditioned conjugate gradient
algorithm can be implemented using the same kind of communications.

In particular, we consider preconditioners of the form

B=LP'U.

and introduce the replicated representation [A/,]5 and U of respectively L, P and U,
which is defined as the block diagonal 1 x 7 matrices whose each diagonal block is the
restriction to the concerned local node set of the corresponding matrix. A mathematical
formulation for that is

L = diagblock(‘c L ‘Ct)v
P - diagblock(‘C P Et)?
U = diagblock(‘c U ‘Ct)a

where diagy;,( . ) denotes the block diagonal part with respect to the partitioning
(Pp) N of [1,n]. Note that if L, P and U are invertible, then L, P and U are also

p=1,...,
invertible because their determinant is the product of principal minors from the original

matrix.
For these preconditioners, we will show in the next section that if, for all ¢, 5, ¢ # 7,

dpe[l,N]withje P, ande ¢ P, = {=u;=p;=p;i=0, (2.10)

then ) o ) o
U'PYL ' =U''SPLY=LU*PL L. (2.11)

Assumption (2.10) first requires that nonzero entries in L, P and U only connect
nodes belonging to at least one same processor, which is very natural in the context of
overlapping decompositions. Additionally, it is not permitted to have in L,U?, P and P*
a connection from ¢ to j if j is an interface node and if 7 does not belong to all processors
on which j is represented.

It L is lower triangular, U upper triangular and P diagonal, this may be managed by
ordering interface nodes after the interior nodes. Entries £;; or uj; between an interface
node ¢ and an interior node j are then indeed anyway zero. Note however that no per-
mutation is actually required and that, alternatively, one may discard forbidden entries
from the preconditioner.



Note also that it is not required to have L and U triangular and P diagonal. Hence,
our results may be useful to parallelize block incomplete factorization preconditioner as
well, for instance.

Now, our analysis covers more general situations, and if, instead of (2.10) one has,
for all 2,7, ¢ # 7,

dpe[l,N]withie P, andj¢ P, = {j=u;=pj;j=p;i=0, (2.12)
then, the results in the next section prove that
SUTPALT'S =SUYAPL 'S =LU ' PL7I LY, (2.13)
where A is the 1 x 1 diagonal matrix such that
Alte=Ye

with e = (1...1)%

This result is particularly useful when interface nodes are odered first.

Now, considering for instance the ordering strategy proposed in [8], it is interesting
to address the case where part of the interface nodes are ordered first and the remaining
lastly, i.e. a mix between the situation covered by (2.10) and that covered by (2.12).
This requires to introduce some more notation to be able to distinguish between both
type of boundaries.

In this view, each pair of processors sharing some node will be labelled either '/, "¢
or’o’:

P, 0 Py # 0 = label(p,q) ="f" or label(p,q) ="t or label (p,q) ="0 ",
with, by assumption
label(p, q) = label (¢, p) for all p, g.

There is some freedom when choosing the labels, and, roughly speaking, one will give
the label ' f’ whenever the corresponding interface is to be ordered first, and the label
"' when it is to be ordered lastly. Labels of type ‘o’ will concern only non principal
interfaces (that is those limited to a corner or a ridge in 3D), and are introduced for
technical reasons, in connection with the need to satisfy the two following properties.

These form the necessary and sufficient conditions for the chosen labelling to be valid.

PROPERTY 1
For all p,q,r € [1,N] such that P,NP,N P, #£0:

label (p,q) ="f'
label ES g; = /il } = label (p,r) ="J"

and
label (p,q) = "0’
zabezgz g; =g } = label(p,r) ="t"

PROPERTY 2



For all p,q € [1, N] such that label(p,q) ="0’, and for all i € P, N P,, there exists
some r,s € [1, N] such that ¢ € P, N P with

label(p,r) ="f", label(r,q)="0'

and

label (p,s) ="0", label(s,q) ="f".

A common policy to satisfy these properties is to choose the label (either 'f’ or '£")
of pairs of processors sharing a principal boundary (that is a line of node in 2D and a
plane of node in 3D), and then let the remaining of the labels be determined by the need
to satisfy Property 1, which also implies

label (p,q) ="f'
labelE}qj g; = ’l{’ } = label (p,r) ="o’

for any p, ¢,r such that P, N P, N P, # 0 (any other choice for label(p,r) would imply
a contradiction with Property 1). If no contradiction is met, it remains only to check
Property 2, which should raise no difficulty for regular processor grids. We refer to [7]
for an example in two and three dimensions.

Thanks to Properties 1 and 2, it is proved in the next section that

E - Eg Ef
where
Ni; ifi€ P, j€ P, withp=g¢q
(Ef)ij: Oerqu#wandlabel(qu):’f’
0 otherwise
and
Y ifie P, je P, withp=gq
(Ef)aj: or P,N P, # 0 and label (p,q) ="¢’
0 otherwise .

Thus, 3¢ and 3, are the matrices deduced from X by setting to zero the offdiagonal
blocks corresponding to the pairs of processors whose label is not equal to respectively
"flor 'l

With this formalism, the above results extend as follows: if, for all ¢, 7, ¢ # 5 such

that ¢;; # 0 or uj; # 0 or p;; # 0 or p;; # 0, one has

(a) 1,5 € P, for some p € [1, N]

(b) j € P,N P, for some p,q € [1, N] with p # ¢
label(p,q) ="'

(¢c) € P,N P, for some p,q € [1,N] with p# ¢
label(p,q) ="f"

}:ieppmpq

}ije&mg
then

SUTYPAS LTS, =S, U A, PL S, =L UV PLT LY, (2.14)
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where Ay is the diagonal matrix such that
AJTI e=2Xse.

This will be proved in the next Section. Note that the two results given above are
particular cases of (2.14), the first one corresponding to the case where label( p,q) = "¢’
for all p, ¢ and the second one to the case where label(p,q) ='f"' for all p, q.

Remark 1

For preconditioners B = U! P71 U, since

-1

ar = (re,gx) = (re, B rg) = ((U‘t k), P(U_t Tk)) ,

it is proposed in [2] to overlap the communication needed to update oy with the com-
putation of U~!y, where y, = P U ry.
This trick may be applied within the present framework since

(Frogp) = (P, S0 PAGS, U S5 1y)
= ((U‘tEffk),PAng (U_tszk))) .

Remark 2

Considering incomplete factorization preconditioners with parallel orderings, it is shown
in [8] that the scalability of the algorithm is improved when adding a coarse grid correc-
tion to the preconditioner, that is when using

Bl'=UT'PL™' + V(VIAV) V!,

where V = [v1,...,v,] is a collection of a few vectors.
This is easily implemented in the present framework since, if (2.14) holds, then letting
V=LV =[Luv,...,Lv,] be the corresponding collection of replicated vectors, one has

S, U PAS 0TS, + V(VPAY) T VLB L
because
VAV V= oV (VL ALY) T VIL = LV (VAT VL

The additional term requires global communication but, if one uses the technique
recalled in Remark 1, this communication may be grouped with that needed for the
computation of ay and overlapped with the computations related to U~!.



3 Theoretical results

In general, most interface nodes ¢ will be such that the label of any pair of processor
sharing them is either '’ or '¢’. However, except in the cases where all labels are set to
either '’ or '¢' and in some special situations like strip partitioning, there will be some
nodes which belong simultaneously to both types of boundaries.

The following lemma, as well as its corollary, are useful to better understand the
consequences of our assumptions (Properties 1 and 2) for these nodes.

LEMMA 1
For any i € [1,n] , the relation whose set of couples are

RY = {(p,q) € 1, N] x [I,N] | i € P, N\ P, and label(p,q) ="'}

induces a partitioning of the subset of processors to which @ belongs, which is such that any
class of the partitioning contains the same number of elements. Similarly, the relation
whose set of couples are

RY ={(p,q) € [L.N] x [L,N] | i € P, P, and label (p,q) ="L"}

induces another partitioning of the same subset whose each class has the same number
of elements. In addition, the number of elements in a class of the partitioning induced
by Rgf) (resp. Ry)) is equal to the number of classes in the partitioning induced by Ry)
(resp. Rgf)).

Proof. Consider two classes (Cy,C3) of the partitioning induced by Rgf). For all p €
C1,q € Cy | label(p, q) is either 4" or 'o’. By Property 2, there is at least one ¢; € C;
such that label(p,q1) = '¢'. This ¢ is unique because label(p,q1) = 0" = label(p, ¢2)
with ¢1 # ¢2 would imply (Property 1) label(g1,q2) = '¢', while ¢1, g2 € Cy implies
label (g1, q2) ="f" .

Conversely, for all ¢ € Cy there is a unique py € Cy such that label(p,q) = 0.
Hence, there is a bijection from C; to Cy, showing that #C; = #C5. The proof that the
classes of the partitioning induced by R/) have same number of element is similar.

It we now let Cy,...,C,, be the classes of the partitioning induced by Rﬁf), for all
p1 € C1, there is exactly one p; in each C; such that label(py,p;) = '0’, showing that m

is the number of element in a class of the partitioning induced by R/ .0

COROLLARY 1
For all i € [1,n], let m; be the number of processors to which © belongs and m

(0

iy
(f)

the number of elements in a class of the partitioning induced by respectively R’ and

R,
One has
(f) G

10



and, for all i € [1,n] such that L;; =1

(Xe), = m; = 1 + #{q#p|Tke P, st Ya=11}
(Xre), = mgf) = 1+#{q7ép|5|kEqut Y. =1 with label (p —’f}
(Xre), = my) = 1 + #{q#p|§|kEPq s.t. Y. =1 with label ( —’ﬁ}

Proof. Straightforward. O

The remaining of this section is organized as follows. First we prove (Theorem 1)
that, when an n x n matrix C is such that requirements (a), (b), (c¢) in Section 2 are
satisfied for all 7,7, 7 # j such that ¢;; # 0, then, the 7 x 7 matrix C' = diagy;,4(LCLY)
satisfies

YA O =0 (3.15)

and

2,0y =LCL . (3.16)
With € = I, this shows in particular that

and

Y, %, =LL0 (3.18)

Next, we prove (Theorem 2) that, if (C’, (') is any couple of invertible matrices satis-
fying (3.15), (3.16), then the couple of their respective inverse (é"l C‘l) also satisfies

(3.15) and (3.16). Furthermore, we show (Theorem3) that if (Cl, C1) and (CQ, C3) both
satisfy (3.15), (3.16), then their products (C CiCy, C =04 02) still satisfies (3.15)
and (3.16).
Finally, we prove (Theorem 4) that if (C’l,Cl) and (OQ,CQ) both satisfies (3.15),
(3.16), then
S CIA R, 0L, = LCHC, L

It is trivial to check that the combined application of these four theorems proves in
particular the results stated in the preceding section.

In theorem 1, any notation not explicitly referred to is assumed to be defined as in
Section 2 and satisfying all basic requirements stated there. Theorems 2,3 and 4 hold
under the weaker assumption that £ is an 7 X n matrix of rank n and that ¥, Ay and
Y, are symmetric n X 7 matrices satisfying (3.17), (3.18).

THEOREM 1 )
Let C be an n x n matriz and C = diagy, (L C LY. If, for all i, j such that ¢;; # 0,

11



(a) 3 pell,N] such thati, j € P,,

(b) 7€ P,NPF, for some p,q € [1,N] with p# q
label (p,q) = "1’

(¢c) 1€ P,NP, for some p,q € [1,N] with p# q
label (p,q) ="f"

}:m'ePmeq,
}:>jePmeq,

then
(1) ;005 =03
and

(2) 2,CL,=LCL .

Proof. Here, we shall refer block entries of n X 1 matrix, i.e. for any n X 1 matrice G,
(), 4 denotes the block component connecting the nodes in po to the nodes in ]Sq. When
a scalar entry of such a block component is needed, it will be noted (G, ,);;, notation
which implies 2 € Pq and j € Pq. For any i € [1, 7], we shall also use 7 without any further
comment to denote the corresponding node in [1,n], i.e. the node such that £;; = 1.

To prove (1), we first note that

YpAp=Apdy,
because, with Corollary 1,
Y1)
(XfAy), = (m;)r;]
and )
(Ag Zf)ij = mzfij
whereas ¥;; # 0 implies ¢ = 7 and therefore mgf) = mgf).

On the other hand, since C is block diagonal,

(ézf) = Cpp (Ef)pq

P
Hence, with (Cpp)ij = ¢;j and

> ) 1 if k=j and either p=¢ or label(p,q)="f"'
(( f)pq)k]_

0 otherwise ,

one obtains
((ézf)p()” = Z (Cpp)iig ((Ef)pq),;j
I keP,
cij ifp=gqorp#q
= with label(p,q) ="'f"and j € P,N P,

0 otherwise ,

12



only one term in ¥ ;_» may be nonzero., and there is such a term only if § € P, since
y kep, y ) y g P

((Ef)m)igj # 0 requires k = j).

Next, using a similar reasoning

<(Efézf)pp)“ B <<C’Ef)pp>“+ Z Z ((Ef)pq)“; <(Ozf)pq)fc‘
h Y e Zhorpr e :

= Cij - M)

where

Yi;=1+#{qg#p|label(p,q)="f"and 1,5 € P,N F,} .

But, by assumption (b), ¢;; # 0 implies y € P, N P, for any ¢ such that label(p,q) =
'f"and ¢ € P,. Therefore, v;; = mgf), whence

((Afzfézf)pp)m = ((zfAfézf)m)M
DR <(CY Zf)pq)gj
Similarly, we find, for p # ¢

((rew,), = ((024),),

ij ij

+ ((20),),
Y Y (), ((€x),).

T keb,
TED
r#q

7
= G (7(;) +917 + V(f))
where

) {1 if j € P, N P, and label (p,q) ="'
0

Ty = otherwise

(2 _{ 1 ifi € P,n P, and label (p,q) ="f"

7)1 0 otherwise

v = #{r £ p,q | label (p,r) = label (r,q) ="' and i, j € P,} .

But, for all » # p, ¢ € P, N P, | label(p,r) ='f" and ¢;; # 0 imply j € P, N P,
whence . )

7%] +7€]

#{r #p|label(p,r)="f"and i € P,NF, }
4

% ’
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Therefore, if j € P,N P, and label(p,q) ="f’, ’yg) + 79) + ’y@ = mgf), whence

v] v] v]
((arzom) ) =e= ((0),,)

On the other hand, <<C’ Ef) > is zero if j & P, or label (p,q) # 'f’. But then, A
e/ ;

. ij
3
is obviously zero while cij’yi(]%) = 0 because ¢ € P,N P, , label(p,q) ='f" and ¢;; # 0

would also imply j E P, N P, (assumption (a)). Finally, the proof of (1) is concluded

by noting that ¢;; ’y 75 0 implies j € P, N P, for some r # p,q (assumption (a)), i.e.
J € PNPNPF,;it follows then from Property 1 that label(p,q) ='f' (because label(p, )

= label(r,q) ="f"), i.e. ¢ ’yg) # 0 is not compatible with j ¢ P, and label(p,q) #'f".
To prove (2), we first note that

(ccct) =

@]
for all 7, 7, while
((E@ é Ef)pp) = G + Z (Eﬁ)pq (é)qq (Ef)qp

I a#p

because one may not have simultaneously (X,),, # 0 and (Xy) # 0.
Next, we have, for all p # ¢,

((mzf)pq)w _ ((ozf)pq)M + ((m)m)M
Y Y (),), (c‘*xf)q%

r#ED LeP,
= ¢ (5(1)_|_5( )_|_5(3))
where

1 ifyj € P,Nn P, and label(p,q) ="'f'
i 0 otherwise

0 otherwise

s _ { 1 ifi € P,N P, and label (p,q) = "L’

=#{r # p,q | label(p,r) ="0", label(r,q)="f"and i, j € P.}

We shall first show that 5%) + 5;? + 55;) < 1. Obviously, one may not have simulta-
neously 5;;) =1 and (55? = 1.

Next, for any r # p,q, 3 € P, N P. N P,, label(p,q) ="'f', label(p,r) ='f' and
label(gq,r) ='0" is in contradiction with Property 1, i.e. one may not have simultaneously,
55? > 1 and 52%) = 1. Similarly, 55? > 1 is not compatible with (52(? = 1, and, finally, one
easily checks that (55(?) < 1 because for any ry,7ry # p,q with ry #ry, ye P,N P, NP,

14



label(p,r1) = label(p,ry) = 'f" imply = label(r1,r2) ='f', whereas i € P,N P,, N P,,,
label(p,r1) = label(p,r2) = "L imply = label(ry,ry) = "0".

It remains thus to prove that ¢;; # 0 = 75(;) + ’yi(? + ’yi(?) >1. As¢; #0=1,5 € P,
for at least one r € [1, N], we distinguish the following cases :

e 1,7 € P,N P, : then, ’Yz(;) = 1 if label(p,q) ="f"; %(]%) = 1 if label(p,q) = "¢’ and

75(?) > 1 if label(p, q) = "o’ because, by Property 2, there is then some r such that
i € P,N P, NP, with label(p,r) ="'f" and label(r,q) = '¢' while assumption (b)
further implies 57 € P,.

e ic P, , j¢& P, then, label(p,q) ='f' would be in contradiction with assumption
! !

(b); hence, either label(r,q) = "¢’ in which case %‘(?) = 1 or label(r,q) = '0o’, in

which case the same argument as above shows ’yg) >1

o i & P, j € P, here, label(p,q) = "¢’ would be in contradiction with assumption

(c); hence, either ’yi(}) =1, or label(p,q) ='o' , in which case there is some r such

that j € P, N P, N P, with label(p,r) ='f' and label(q,r) ="1" ; ’yg) > 1 follows
then from assumption (b) which implies ¢ € P,.

e i & P, j & P, then, Ir # p,q such that i, j € P,; as label(p,r) ='f' would
be in contradiction with assumption (b) and label(r,q) = "¢’ in contradiction with
assumption (c) 75(? > 1 except if label (p,r) ='0" or label(q,r) ="0’; but label(p, )
='o' implies that : € P,NP.NP; for some s such that label(p,s) ='f" and label(r, s)
="', while label(p,s) = 'f' implies together with assumption (b) that j € P,,
case which is excluded here; similarly, one may not have label(q,r) = "o’ and thus

(3)
Yi; =1

THEOREM 2
Let C be an n X n matriz and C an n X n matriz such that

SiA 08 =0
and )
2,08, =LC L

where £ ts a 7 X n matriz of rank n and X5, Ay Yy are symmetric i X 1 matrices
satisfying (3.17), (3.18).
If C and C are invertible, one has

N

SiA OIS, =07y

and

$,CrS, =L07 L

15



Proof. First, because £ is an n X n matrix of rank n, its Moore-Penrose generalized
inverse LT is an n X i matrix satisfying

LY L=1, (3.19)

(see [3]). On the other hand, letting n be the rank of ¥s, 7 > n because of (3.18).
Therefore, see [3, p. 22] , there exists an 7 x n matrix £ of rank n such that

Ny =L LY (3.20)
Similarly to (3.19), one has
LTLy=1I5, (3.21)
and the multiplication of (3.17) to the left by L'}F and to the right by (E?)t then gives
LENf Ly =15 . (3.22)
We next define
Lo=LyAf L (3.23)
and check that
L=LsL, (3.24)

(because ,Ct = L1+ Eg Ef = ,C+ Eg Ef Af Ef = Et Af Ef )C‘I;c = L‘é/j}) X
With these relations, it is then not difficult to see that, for any n x 1 matrix GG and
n X n matrix G, letting

G=LYAGLy
one has ) ) ) )
Y AGYE =Gy & LiG=GLy (3.25)
(= multiplying both sides to the right by (L'j{)t ; <= multiplying both sides to the right
by L% ) and
SIS AGY =LGL & LLG=GL) (3.26)

(= multiplying both sides to the left by £t and to the right by (/J;'[)t ; < multiplying
both sides to the left by £ and to the right by £% ).

One the other hand, if & is invertible, G is also invertible (because, by (3.22), Ay
and Lj are of rank > n, and

LG =GLy & G Ly=L;G (3.27)
whereas, if G is also invertible,
LiG =Gt & GlLh=Lrat (3.28)
This is for any G,AG. Now, letting C =LA C Ly, one has O71 = LA, O L5
because, since Sy A; €'Y, = 'Sy by assumption,
LYA; O L LA CLy = LA 078,008, (c})
= LA GOy (c})

LA L
= I;.

16



Then, with (3.25), (3.27) :

EfAféEfZéEf = /Jf (L‘I}Aféﬁf) = éﬁf
& Ly (Lha,0Ly) = 0Ly
& L (,c;AAfc—l,cf) = C7 Ly
4 EfAfC‘lEf = C‘lEf

Similarly, 8, C X, = LO L & £, 0718, = LO71 LT by virtue of (3.26), (3.28). O

THEOREM 3
Let C1,Cy be n x n matrices and C1,Cy n X n matrices such that

SrAFC S =00 Yy : NrAF Oy, =y Ny
and

2,018 =LC L , 2,08 =LC, L

where £ s a 7 X n matriz of rank n and X5, Ay Yy are symmetric i X 1 matrices
satisfying (3.17), (3.18).
One has
SrAC Oy 8 =00y %y

and

Egél ézzf :L‘Cl Czﬁt .

Proof. First, we have
SiAFCCoNp = SA;CI N ALYy
= 18 A;C,Yy
= 1 0L%y

Next, we note, as in the proof of Theorem 2, that the Moore-Penrose inverse £ of £
satisfies LT £ = I,,, relation which implies with (3.18) that £' = £t %, ;. Therefore :

2,008 = 3,015 05055
= LOLA;CL Yy
= LO LY A0, Y
= LO LYY, %y
= LCLTLC, L
= LCCy L

17



THEOREM 4
Let C1,Cy be n x n matrices and C1,Cy n X n matrices such that

SiAC N, =0 Yy : SrACy Y, =0y %y
and ) )
EgClZf:/SCpCt , EngZf:,CCQEt,

where £ ts a 7 X n matriz of rank n and X5, Ay Yy are symmetric i X 1 matrices
satisfying (3.17), (3.18).
One has
S;CTA S, CyXy=LCHCL L

and

SO A Oy = LCHCL LY

Proof. Taking into account £ £ = I,, and L' = Lt X, ¥ (see proof of Theorems 2 and
3), where LT is the Moore-Penrose inverse of £, the proof is straightforward :

S,CUA R, 0% = S;00A LOL
= N, CIAL Y, (L) Oy L
= N0, (LN oy L
= LOLLY (L) Cy L
= LCIC, L.

This also proves
R . t t
(Sr G, Ci8y) = (LCieLt)

i.e.

S0 AL Gy N = LOTOLLE

4 Applications

The results in this paper allowed the design of the parallel algorithms in [7] and in [10, 11],
which were quite successful for solving two and three dimensional discrete second order
elliptic PDEs on respectively MIMD and SIMD computers.

The present paper is more with theoretical concern, and we have unfortunately no
room to present these applications here. Let us only mention that it is addressed there the
case of regular grids and that, thanks to an appropriate choice of the labels, the parallel
ordering strategy proposed in [8] turns out to be fully compatible with conditions (a),
(b), (¢), i.e. (2.14) holds without having to discard any entry from the triangular factors
(for the 5 (2D) or the 7 (3D) point stencil and factorizations without fill).
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Another interesting feature is that this global ordering strategy is implemented by
means of local lexicographic orderings whose initial node is shifted according the position
of the subdomain. Hence, the matrices /Al, [A/, U, ¥ and 3, on the augmented system
keep a nice regular structure, which explains the efficiency on SIMD computers of an
algorithm first designed for MIMD architectures.

Besides this technical detail, the success of this ordering strategy, used together with
the implementation scheme derived in this paper, seems lie in a reasonable compromise
between an implementation of the preconditioner as is (that is without reordering), which
may lead to very poor efficiencies, see e.g. [4], and, on the other hand, an empirical
troncation of the preconditioner, which may have a dramatic effect on the convergence
rate, see e.g. [12].

Our results are on the other hand not confined to regular grids. They may be applied
to parallelize preconditioners on unstructured meshes as well, although . if the processor
grid is irregular too, it will generally be difficult to make a sophisticated choice for the
labels, i.e. one will use either label(p, q) = "¢’ for all p,q or label(p,q) ="'f" for all p, q.
The former choice seems more advantageous as it requires twice less communication than
the latter.

Note that, on such grids, one will have generally to discard from the triangular
factors some entries originally present in the system matrix. Indeed, even if one orders
all interface nodes lastly of first, according the choice of the labels, this cannot help for
the entries connecting nodes on different boundaries (i.e. nodes ¢, such that there is
some p,q with¢ € P,, 7 ¢ P, and j € P,, ¢ ¢ P,). This is however not a shortroming
of our analysis. Indeed, if such nonzero entries are present, one cannot, whatever the
implementation features, perform the forward and backward solves along the concerned
boundaries independently; hence, one should either treat these computations sequentially
or foresee some additional communication/synchronization points.

The results in this paper, before allowing to design a parallel implementation, may
thus also be seen as a tool to systematically analyse what is to be handled in the precon-
ditioner to allow an efficient parallelization without sequential bottleneck or excessive
number of communication steps. Since the equivalence with a well defined sequential
preconditioner is kept, one may guess that this handling will have only limited impact
on the convergence rate, compared with the dramatic effects which may result from
empirical troncations. (For instance, it is know that, instead of the system matrix, one
may perform an incomplete factorization of a sparser approximation, and still get similar
convergence properties; techniques to derive such approximations are presented in e.g.
[1, 5]; they were first designed to enforce the matrix which one factorizes be a Stieltjes
matrix, but they may be usefull in the present context as well).

Another application of the results in this paper is the comparison of parallel incom-
plete factorization with additive Schwarz methods. It is indeed not difficult to see that
the latter may be implemented in the framework defined in section 2, using for the
preconditioning step

M =2y (4.29)

where C is some block diagonal matrix (the first multiplication by ¥ brings the trace of
the gradient on each processor and corresponds to the restriction operator; the second one
sums the correction on nodes in the overlapping parts and correspond to the prolongation
operator).
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If exact subdomain solvers are used then
C = (diagblock (/3 A/j))_l ;

in many cases however, it does not pay off to make exact inversion and approximate
inverses are used instead.

Comparing (4.29) with (2.13), for instance, it is seen that parallel incomplete fac-
torization and additive Schwarz methods are more closely related than one would have
thought at first sight, and that our results should allow a better understanding of both
family of methods. On the one hand, approximate factorization preconditioners can be
improved by integrating some ingredients of the Schwarz methods like overlapping and
coarse grid correction. The results in [8] (see Remark 2 in Section 2) may be seen as a
very first step in this direction.

On the other hand, the Schwarz algorithms which use minimal overlap and incom-
plete factorization as approximate inverse on subdomains are not much different from
parallel incomplete factorizations, and we hope that our analysis can help to improve
them. For instance, if many subdomains are used, the standard coarse grid correction
for Schwarz methods may become costly, whereas the results in [8] show that, concerning
its counterpart in the incomplete factorization context, scalability is obtained without
increasing the coarse mesh together with the number of processors.

5 Parallel computation of the approximate factors

The practical application of the results in Sections 2 and 3 raises the question of the
computation of the preconditioner. Indeed besides ¥,,3 and Ay, the factors involved
in our parallel preconditioner are defined on each processor as the restriction to the local
grid of the corresponding factor in the sequential preconditioner. Hence, at first sight,
one has to compute it sequentially before entering the parallel solution algorithm. This
may be impractical and represents anyway a serious bottleneck.

In this section we show how this problem can be solved in the case of a symmetric
approximate factorization preconditioner

B=U'P1U

parallelized by means of (2.14). Our analysis is based on the results in the following
theorem.

THEOREM 5
Let 1,5 € [1, N] be such that
(a) i, j € P, for some pe[l,N],
(b) 7€ P,N P, for some p,q € [1,N] with p# q
label (p,q) = "1’
(¢c) 1€ P,NP, for some p,q € [1,N] with p# q
label (p,q) ="f'

}:w’eppmpq,

}:>jePmeq,
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Then :
0,

m!
() _ gz) = j € P, for all p such thati € P, ;
(3) my=mm)
() ()

where m;"’ and m;”’ are defined as in Corollary 1 and where

=#{pe[l,N]|i,j5€Pb}

Proof. Let p be such that 2,5 € P,. Since

Y= 1 4 #{g#pliePnP,, label(p,q) ="0"} ,

(
m = 1+ #{g#pli€PNP,, label(p,q)="t"} ,

() ()

(1) is obvious from (b). Next, assume m;’ = m;’ and that there is some ¢ such that
i€ Py, 3¢ P,;label(p,q) ="f"is not possible because of (c); label(p, q) ="¢" implies on
the other hand either my) > mg-g) or that there exists some r # p such that j € P, with
label(p,r) ="¢" and ¢ ¢ P,, but this is in contradiction with (b); finally, label(p, q) = "o’
is also not possible because there is then (Property 2) some r such that ¢ € P,N P, N P,
with label(p,q) ='f" and label(r,q) = "{’; this would imply j € P, by (c), and we have
already seen that ¢,j € P, , i € P, , j & P, and label(g,r) =0’ is in contradition with
(f) ()

= m;
To check (3), let C be the n x n matrix such that ¢, , = 0k,; 6r,;. Theorem 1 shows
that )
S5, CY;=LCL

where ' = diagy, . (C) .

Now, (Zfe)fC2 = mg) and (de);ﬁ = mg) , where ky, ky are such that £; , =
L;, 1, = 1. Hence, using the same notation for block components as in the proof of
Theorem 1,

but (épp)fﬂ b is nonzero if and only if ky =12, k; =7 and ¢, 7 € P,. Thus,

etEgC'Efe = Z my) m)

On the other hand,

(he), =#{pell,N] ke P} =m
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and therefore
¢ t,
e LCLle = kal Mk, Cky ko
Ey ko
= m; m;

0 ()

The required results then readily follows from Corollary 1 witch proves m; = m;”’ m;
for all 2. O

Consider now the following version of the symmetric incomplete factorization algo-

rithm.
initialize :
U = Qg foralll <:<j3<n
Si = Yisg foralll <1 <n
fork=1,...,n :
foralli >k : up #0 :
2
e Ug; Wg Uk; .
Uij 1= Uy — o — Tk (s — uk;)
for all j > 1 :ug; # 0 and if fill-in is permitted in position (i,7) :
0r . e g, Uki Uk
Uij 1= Ui e
L Uk; UL
S; 1= 8§; — Jkk 2
P U Uk
Ui 1= U — Wg, — =
Py Ugs Uk
Ujj 1= Ujj — Wk =, =

If all fills are discarded, this algorithm is standard, the term —%(sk—uki) meaning
that these discarded fills are added to the diagonal with a relaxation factor wy which may
depend on k (wy = 0 correspond to IC and wy = 1 to MIC, but several other choices
are possible and even recommanded, see [6] and the references therein, for instance).

In cases where some fill entries are accepted, one sees that the algorithm above (which
is on that point non standard) first adds them to the diagonal together with the discarded
fills, and next substracts them once it is checked that fill-in was actually permitted.

Let now discuss the parallelization of the algorithm above. Of course, we assume
that all possible nonzero u;; in U are compatible with (a), (b), (c).

Theorem 5 (1) implies then that one may reorder the computation, and first eliminate
the nodes k with mgf) = 1, next those with mgf) = 2, etc, without affecting the resulting
triangular factor. Next, Theorem 5 (2) shows that, for any node ¢ present on some
processor p, all the nodes k such that ug, # 0 and mgf) = my) are also present on that
processor. Hence, at least for factorization without fill, one can manage to eliminates
the nodes k& with same value of mgf) independently of all processors.

When some fill-in is allowed, the situation is more tricky because it may happen
that, when eliminating k, one has to update some entry u;; where ¢ belongs to some
processor p on which j is not present. Then, the record of the update of u;; and s; on
56) = mgf). Note that 7 belonging
to some processor on which ¢ is not present raises no similar difficulties since then we

processor p requires an additional communication if m
have anyway mg-g) > my) > mgf).

In the algorithm below, we assume that it is forbidden to update some entry wu;;
it © € P, for some p such that ;7 ¢ P,. We guess that this will be sufficient for most
applications.
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This algorithm directly computes the diagonal blocs ('Ag)) , p=1,...,N, of the

upper triangular factor U on the augmented system. Similarly, the dlagonal blocks of
A are noted (a( )) We assume A block diagonal, which means (see Section 2) that the
true system matrix A (the one which one has to factorize) corresponds to the assembly
of these diagonals blocks.

The basic principle is to consider successively the different classes of nodes with same
value of mgf), and, for each class, first assemble the corresponding rows in U and next
eliminate the nodes as in the sequential algorithm above. When an entry is updated in
a not yet assembled row, the correction is divided by the number of processor on which
the same update is simultaneously performed.

To evaluate this number is easy since, by Theorem 5, the number of processors which
share both £ and : is equal to mgf)mgf) when uy; # O. Moreover, by our additional
restriction on the fill entries, the latter number is also equal to the number of processors
sharing k, ¢ and j when ugux; # 0 and when the update of u;; is permitted.

We make use of the following notation : the first node in block p is noted ]%]()f) and the

last one ]Aﬁ](f) (i.e. /Aﬁj(gf) = ¢+ 1 and k( ) =3P 1 n,);foralli € [1,7], we use mgf)

)

and m; "’ to note the value of respectlvely mgf) and mf ) for the node i such that Lii=1;
by Corollary 1, mf ) = = (¥ye); and m( ) = = (Xse); , i.e. computing these quantities is easy;

1 1fm§;)= g)
T 0 ()

otherwise .

we also let
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FOR ALL p :

matialize :
~(p) _ 2 (p) ) r e n < L
Uz]; = a? foralllf]()f)ﬁzngg k](o)
s = v u® for all k(D < i < k)
form=1,... Muax :
for all l%]gf) <1< ]Ac]ff)such that mf )= m
CUESE TR S v
a#p 1,J€ Py,
Yie=Y5=1
§£p) — §2p) + Z E 5;‘1)
aZp  TEP,
Yir=1

for k = l%]gfh...,l%}f), and ifmg) =m:
foralli >k = 4l £0

s ) 1 Yy (,A(p) i (A(p) _,A(p)))
for all for all ) > 1 : ﬁ%? # 0 and if fill-in permitted in position (i,]) :
) o) 1
ki Uk
(») alP) (P
ki Ui
S0 ) wy e G
+(p) -(p)
N al ar ) ,
) + w; AL Fm® = m
Uiy = A2 o)
' o® W i Vi th .
Ui+ omem Ta, otherwise
k i
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