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The Jacobi–Davidson method is a popular technique to compute a few eigenpairs of large
sparse matrices. Its introduction, about a decade ago, was motivated by the fact that stan-
dard eigensolvers often require an expensive factorization of the matrix to compute interior
eigenvalues. Such a factorization may be infeasible for large matrices as arise in today’s
large-scale simulations. In the Jacobi–Davidson method, one still needs to solve “inner” lin-
ear systems, but a factorization is avoided because the method is designed so as to favor the
efficient use of modern iterative solution techniques, based on preconditioning and Krylov
subspace acceleration. Here we review the Jacobi–Davidson method, with the emphasis on
recent developments that are important in practical use.
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1 Introduction

The Jacobi–Davidson (JD) method was introduced around ten years ago by Sleijpen and van
der Vorst ([59], see also [61]). It is considered to be one of the best eigenvalue solvers,
especially for eigenvalues in the interior of the spectrum. Given ann × n real or complex
matrix A, whereA is typically large and sparse, we look for some relevant eigenpairs(λ,x)
satisfyingAx = λx. Here, “relevant” means that one is interested in a specific part of the
spectrum, for instance in the eigenvalues closest to some given targetτ .

Before the introduction of JD, such problems were often attacked either by the Davidson
method, or by a scheme from the Lanczos or Arnoldi family. Davidson’s method [12] is
efficient for computing a few of the smallest eigenvalues of a real symmetric (or Hermitian)
matrix that is close to a diagonal one in some sense, which often arises in computational
chemistry. Unfortunately, this method is not well established outside this specific context, and,
in fact, it was not yet very well understood a decade ago—two decades after its introduction.
(The development of the JD method had a better understanding of the Davidson method as
side effect, see [59, 51].)
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4 M.E. Hochstenbach and Y. Notay: The Jacobi–Davidson method

Lanczos [40] and Arnoldi [3] are well-known eigenvalue methods, which, however, exhibit
slow convergence and tend to have difficulties finding interior eigenvalues. This is cured by
“shift-and-invert” variants of these methods, but these require a factorization of the shifted
matrixA− τ I (I denotes the identity matrix), which may be very expensive or even not fea-
sible. This factorization is needed to solve “inner” linear systems of the form(A−τ I)x = y.
Therefore, a natural alternative to a factorization is offered by iterative solvers. Unfortunately,
it is often unattractive to combine this approach with Lanczos and Arnoldi, mainly because
these methods require accurate solutions of inner systems, implying much numerical effort if
an iterative solver is used. In the JD method, this pitfall is avoided thanks to a clever combi-
nation of ideas stemming from Jacobi [34, 35] and the Davidson method.

JD belongs to the class of subspace methods, which means that approximate eigenvec-
tors are sought in a subspaceU . Each iteration of these methods has two important phases:
the subspace extraction, in which a sensible approximate eigenpair is sought, of which the
approximate vector is in the search space; and the subspace expansion, in which the search
spaceU is enlarged by adding a new basis vector to it, hopefully leading to better approximate
eigenpairs in the next extraction phase. One of the strengths of JD is that both phases may
cooperate to approximate difficult-to-find interior eigenvalues.

Here we present a short review of the JD method with some of the latest developments. For
more discussions on Jacobi–Davidson and other eigenvalue methods, see, e.g., [74, 78, 41, 4,
68, 71, 64, 75, 77]. Sections 2 and 3 deal with the main two phases in a subspace method: the
subspace expansion and the subspace extraction. Convergence and the solution of the correc-
tion equation are the subjects of Sections 4 and 5. Practical aspects, recent developments and
variants are discussed in Sections 6 and 7. We conclude with some numerical illustrations.

2 Subspace expansion

For the subspace expansion phase, we are given an approximate eigenpair(θ,u) to (λ,x),
with u ∈ U , whereU is a lowk-dimensional subspace, the search space, and

θ =
u∗Au
u∗u

is the Rayleigh quotient ofu, taken as approximate eigenvalue because it minimizes the two-
norm of the residual:‖r‖ = ‖Au− θ u‖ = minη ‖Au− η u‖. Then we are interested in an
expansion ofU by an appropriate direction to get an even better approximate eigenpair. The
idea is now to look for an orthogonal corrections ⊥ u such thatu+ s satisfies the eigenvalue
equation:

A(u + s) = λ(u + s). (1)

Let λ̃ be the best available approximation to the unknown eigenvalueλ. In practice, this means
λ̃ = θ if the approximate eigenpair(θ,u) is already good enough (as may be checked by
computing the residual norm). However, far from convergence, if one looks for the eigenvalue
closest to some targetτ , it may be better to simply select̃λ = τ . Equation (1) can now be
rewritten using this approximatioñλ to obtain

(A− λ̃I)s = −r + (λ− θ)u + (λ− λ̃)s. (2)
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During the process,λ and hence alsoλ − λ̃ andλ − θ are unknown. However, both‖s‖ and
|λ− λ̃| are expected to be small, indicating that the last term on the right-hand side is smaller
than the other ones and therefore that it is sensible to neglect it. In fact, in an asymptotic
situation (close to the eigenpair) this term represents a error of second order (O(‖s‖2)) when
λ̃ = θ; for Hermitian matrices it is even of third order. The second term on the right-hand
side, however, is one order of magnitude larger, and the idea is to project it out, rather than
discarding it. At the same time, we would like to fix the information that is present in the
residualr.

Sincer ⊥ u, both of these wishes are met if we multiply both sides of (2) on the left by the
orthogonal projectionI − uu∗. Remembering that we neglect the last term on the right-hand
side, this results in(I − uu∗)(A − λ̃I)s = −r. Sinces ⊥ u, we arrive at the JD correction
equation:

(I − uu∗)(A− λ̃I)(I − uu∗)s = −r wheres ⊥ u. (3)

From this form it is clear that the shifted operatorA − λ̃I is restricted to the orthogonal
complement ofu. If we solve this equation exactly, then we find [59]

s = −u + α(A− λ̃I)−1u, (4)

whereα = (u∗(A− λ̃I)−1u)−1 is such thats ⊥ u. The solution is used to expand the search
spaceU . Sinceu is already in this space, the expansion vector is effectively(A − λ̃I)−1u,
which is the same as for inverse iteration ifλ̃ = τ , and the same as for Rayleigh quotient
iteration (RQI) if λ̃ = θ. Therefore, JD where we solve the correction equation exactly is a
“subspace accelerated” inverse iteration or RQI, depending on the phase in which we are. The
subspace acceleration stems from the fact that(A − λ̃I)−1u does not directly give the next
approximate eigenvector as in the standard version of these methods: a hopefully even better
approximation is sought in the subspace formed byU expanded by this new vector.

Note that the combined use of inverse iteration and RQI is very sensible [70]. Indeed, the
asymptotic convergence of RQI is fast: quadratic, or cubic for Hermitian matrices [54] (see
also Section 4). However, before this asymptotic phase, it is difficult to control towards which
eigenvalue RQI will converge. This motivates the selectionλ̃ = τ during the initial phase,
since inverse iteration favors unconditionally the convergence towards the eigenvalue closest
to τ .

Now, the key idea in JD is to solve the linear system (3) only approximately (or “inex-
actly”), for example by an iterative method, see Section 5. The fact that we only neglect
a second-order term (or an even third-order term for Hermitian matrices) in the derivation
of the method suggests that JD where we solve the correction equation exactly is a Newton
method, which is true indeed [60]. Therefore, JD combined with an iterative solver for the
correction equation is also an accelerated inexact Newton method [16].

3 Subspace extraction

Now we come to the subspace extraction phase, that is, we are interested in sensible ap-
proximate eigenpairs(θ,u), whereu ∈ U . For exterior eigenvalues, JD generally uses the
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6 M.E. Hochstenbach and Y. Notay: The Jacobi–Davidson method

well-known Rayleigh–Ritz approach as follows. LetU be ann × k matrix whose columns
form an orthonormal basis ofU . We can writeu as a linear combination of these basis vectors,
u = Uc, wherec is a small (k-dimensional) vector. The Rayleigh–Ritz method imposes the
Ritz–Galerkin condition

r = Au− θu = AUc− θUc ⊥ U . (5)

This holds if and only if(θ, c) is a solution of the low-dimensional projected eigenproblem

U∗AUc = θc.

An approximate eigenvectoru = Uc is called a “Ritz vector”, whereasc is a “primitive Ritz
vector”, andθ is a “Ritz value”. Note that the Galerkin condition (5) impliesr ⊥ u and hence
thatθ is the Rayleigh quotient ofu.

However, the Rayleigh–Ritz method generally gives poor approximate eigenvectors for in-
terior eigenvalues. Basically, the Galerkin condition (5) does not imply anything about the
residual norm. The refined Rayleigh–Ritz extraction addresses this issue. Given an approxi-
mate eigenvaluẽλ, for instance a Ritz valueθ or the targetτ , we solve for

ĉ = argmin
c∈Ck, ‖c‖=1

‖(AU − λ̃U)c‖.

Often, the refined Ritz vector̂u := U ĉ is much better than an ordinary Ritz vector; we can
take the Rayleigh quotient of this vector to determine a new approximate eigenvalue. Since
the refined Ritz extraction mainly got its popularity after the publication of [59] (see [38]),
the combination of JD and the refined extraction was not mentioned in the original paper;
however, it was used in available software, see also [13].

A second alternative extraction method is the harmonic Rayleigh–Ritz method. The eigen-
values closest to the targetτ are the eigenvalues of largest magnitude of the shifted-and-
inverted matrix(A − τI)−1, which is favorable for a Galerkin approach. This suggests im-
posing a condition of the form

(A− τI)−1ũ− (θ̃ − τ)−1ũ ⊥ V,

for a certain test spaceV. To avoid working with the inverse of a large sparse matrix we
chooseV = (A − τI)∗(A − τI)U . With ũ = U c̃, this leads to the projected generalized
eigenvalue problem

U∗(A− τI)∗(A− τI)U c̃ = (θ̃ − τ)U∗(A− τI)∗U c̃,

where our interest is in the pair(s) with the minimal|θ̃ − τ |; the harmonic Ritz vector̃u, like
the refined Ritz vector, is generally a better approximate eigenvector than an ordinary Ritz
vector, mainly because we have the bound‖(A − τI)ũ‖ ≤ |θ̃ − τ | for the residual norm.
Again, usually the Rayleigh quotient of an harmonic Ritz vector is taken as approximation to
the eigenvalue, since this quantity is often better than the harmonic Ritz valueθ̃ [62]. See [68]
for an overview of the different extraction processes, and [26] for some variants.
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4 Convergence

As mentioned in Section 2, with exact solution of the correction equation, the JD method
behaves either as subspace accelerated inverse iteration or as subspace accelerated RQI, de-
pending on the choice of̃λ. In both cases, lettingλ1 be the eigenvalue closest tõλ, the
convergence depends mainly on the ratio

ρλ̃ =
|λ1 − λ̃|

minλ∈σ(A)\{λ1} |λ− λ̃|
, (6)

whereσ(A) is the spectrum ofA. Thus, the RQI approach is expected to be faster when the
Rayleigh quotientθ is closer toλ1 than the fixed targetτ . The fact thatρθ decreases asθ
converges toλ1 already indicates a superlinear convergence of the method. As mentioned
before, the convergence of RQI is quadratic in general and cubic ifA is Hermitian.

Since the JD method has been introduced with an iterative solution of the correction equa-
tion in mind, it is important to know how the above convergence factor is affected when the
inner iteration is solved only up to some modest accuracy. There are a few results available.
Concerning the initial phase where we selectλ̃ = τ , if the matrix is Hermitian and ifτ is
smaller than the smallest eigenvalue, the JD method is very close to preconditioned inverse it-
eration, for which analysis shows that it is not necessary to solve the inner systems accurately
[39].

With respect to the asymptotic phase where we selectλ̃ = θ, assuming that the matrix is
Hermitian and that the eigenvalue closest toτ is the smallest one, it is proved in [50] that the
convergence factorρθ becomes

ρ̃θ,γ =
ρθ + γ

1 + ρθ γ
, (7)

whereγ is the relative error left in the correction equation, measured with respect to the energy
norm associated with the matrix(I−uu∗)(A−θ I)(I−uu∗) 1. Thus, as long asγ � ρθ, any
progress made in the linear system solution is reflected in the outer convergence towards the
desired eigenvector. On the other hand, to recover the cubic convergence of RQI, it suffices
to makeγ = O(ρθ), so thatρ̃θ,γ = O(ρθ). However, to avoid waste of numerical effort,
it is wise to stop the inner iteration as soon as the “outer” convergence (towards the desired
eigenpair) slows down. This requires a careful implementation, see [49] for an example.

Although the scope of these theoretical results is limited, they reflect the behavior of the
method as observed in practice in more complicated situations well. Whenλ̃ = τ , a modest
tolerance in the solution of the correction equation is enough and generally represents the most
cost effective option; wheñλ = θ, it may pay off to increase the accuracy as the convergence
proceeds, but this should be implemented with care.

Complementary results on the convergence of JD can be found in [73, 57, 53, 52].

1 The energy norm associated with a matrixC is given by‖x‖C = (x , C x)1/2; it is well defined only if
C positive definite; in the present case, it can be proved that if the eigenvalue closest toθ is the smallest one, then(
I − uu∗

)(
A− θ I

)(
I − uu∗

)
is positive definite onu⊥ (that is, the subspace of vectors orthogonal tou) [49].
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8 M.E. Hochstenbach and Y. Notay: The Jacobi–Davidson method

5 Solving the correction equation

A basic iterative scheme to solve a linear systemC x = y may be sketched as follows

x0 : initial approximation (default:x0 = 0)

g0 = y − Ax0

For m = 0, 1, . . . until convergence:

dm = B−1 gm

xm+1 = xm + dm

gm+1 = y − C xm.

In this scheme,B is the preconditioner, a matrix that approximatesC and has the property
that computingB−1g for someg is relatively cheap. The closerB−1C is to the identity
matrix, the faster the convergence (one iteration is enough ifB = C); see, e.g., [6, 56] for a
recent review of modern preconditioning techniques.

Nowadays, one seldom uses such a simple scheme to solve large linear systems. Instead,
methods based on Krylov subspaces are used which accelerate this basic scheme by enforcing
the residualgm to be orthogonal to an auxiliary subspace of increasing dimension, thanks to
the use of more complex relations to define the “search direction”dm and the approximate
solutionxm; see, e.g., [56, 76] for more details.

If C is Hermitian positive definite, the conjugate gradient (CG) method is the method of
choice, because it minimizes the energy norm of the error while requiring only little extra
work per iteration compared with the basic scheme sketched above. MINRES minimizes the
residual norm. It is slightly more costly per iteration than CG, but is applicable to Hermitian
indefinite systems, provided that the preconditioner is positive definite and given in factored
form B = M M∗, which is not always true in practice. In all other cases, one may select
either a “short recurrence method”, which remains cheap but loses the minimum residual
property, or a method like GMRES, which minimizes the residual norm at the price of a “long
recurrence”. This means that the cost of each iteration increases linearly with the iteration
number, implying that in practice the method has to be stopped from time to time, and restarted
with the best computed approximation so far as initial guess. In the context of the solution of
the correction equation this drawback is not serious because only a modest accuracy is wanted
for which a limited number of iterations should hopefully be enough.

The system matrix in the correction equation (3) is

C =
(
I − uu∗

)(
A− λ̃ I

)(
I − uu∗

)
. (8)

In practice, this matrix is never formed explicitly; instead the matrix vector productC x is
carried out by sequentially applying each ofC ’s three factors. To find a good preconditioner
for C, we first use any standard technique to build a preconditionerK for the shifted matrix
A − λ̃I; for instance, one may compute an incomplete factorization of the matrix, or some
sparse approximate inverse [6, 56]. Then we restrictK to the same subspace, that is, we define

B =
(
I − uu∗

)
K

(
I − uu∗

)
. (9)

This preconditioner is singular, but this is not an issue because the correction equation is
solved in the subspaceu⊥, and the entire iterative process is carried out in this subspace. Thus,
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one will have to solve systemsB d = g only for g ∈ u⊥, which ensures the compatibility of
the system ifK is nonsingular. Moreover, one is only interested in the solution that belongs
to u⊥, which is given by

d =
(

I − K−1uu∗

u∗K−1u

)
K−1g . (10)

This requires two applications ofK−1, but one of them (the computation ofK−1u) can be
done beforehand once for all the iterations.

Some preconditioning techniques require non-negligible numerical effort to set up the ma-
trix K. Fortunately, numerical experiments show that it is not necessary to update the precon-
ditioner at each JD step. For instance, one may compute a preconditionerK for the matrix
A−τ I corresponding to the phase where one uses a fixed target, and then use the same precon-
ditioner throughout all iterations. IfA is Hermitian and one looks for its smallest eigenvalues,
it is very sensible to buildK from A − τ I with τ smaller than the smallest eigenvalue (e.g.,
τ = 0 if the matrix is positive definite). Indeed, standard preconditioning techniques gener-
ally perform better for a positive definite matrix than for an indefinite matrix; one can also
consider some more specific methods such as (algebraic) multigrid [72].

Again, available theoretical results are restricted to the case where one wants to compute
the smallest eigenvalues of a Hermitian matrix, with the targetτ smaller than the smallest
eigenvalue. The quality of the preconditionerK for A− τ I may then be assessed through the
spectral condition number

κ(K−1(A− τ I)) =
νmax(K−1(A− τ I))
νmin(K−1(A− τ I))

, (11)

whereνmax(K−1(A− τ I)) andνmin(K−1(A− τ I)) are the largest and the smallest eigen-
value of the pencil(A−τ I)−ν K, respectively. Indeed, when solving a system(A−τ I)x =
y, the relative error in energy normγ afterk CG iterations is bounded by

γ ≤ 2
(√

κ− 1√
κ + 1

)k

(12)

(see, e.g., [76]). When solving the correction equation, the latter bound still applies but the
condition numberκ has to be defined as the ratio of the extremal eigenvalues of the pen-
cil C − ν B considering only nontrivial eigenvalues, that is, only those with corresponding
eigenvector orthogonal tou.

Interestingly, this quantity may be bounded as follows [50]:

κ ≤

{
κ(K−1(A− τ I)) if λ̃ = τ

κ(K−1(A− τ I))
(
1 + θ−τ

λ1+λ2−2 θ

)
if λ̃ = θ < λ1+λ2

2 ,
(13)

whereλ2 is the second smallest eigenvalue ofA. Hence, solving the correction equation is
essentially as fast as solving a system(A − τ I)x = y with preconditionerK (as long as
the convergence is well described by the bound (12), that is, neglecting further acceleration
stemming from so-called superlinear convergence effects).
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10 M.E. Hochstenbach and Y. Notay: The Jacobi–Davidson method

This validates the use of the projected preconditioner (9) withK kept constant throughout
all JD steps. Note that combining (13) with (12), one obtains a bound on the parameterγ
appearing in (7). Thus, one is able to trace the convergence towards the desired eigenpair as a
function ofκ(K−1(A− τ I)) and of the number ofinner iterations, see [50] for details.

We refer to [5, 4] for more details, including pseudocodes, on the implementation of iter-
ative solvers for the correction equation. Specific preconditioners for the correction equation
are discussed in [18, 63].

6 Practical aspects

In Algorithm 6.1, we give a pseudocode for the basic Jacobi–Davidson algorithm. Here,
rgs stands for repeated Gram-Schmidt or any other numerically stable method to expand an
orthonormal basis.

Input : A device to computeAu for arbitraryu, a starting vectoru1, and a toleranceε
Output : An approximate eigenpair(θ, u) closest to the targetτ

1. s = u1, U0 = [ ]
for k = 1, 2, . . .

2. Uk = rgs (Uk−1, s)
3. Computekth column ofAUk

Computekth row and column ofHk = U∗k AUk

4. Compute eigenpair(θ, c), whereθ ≈ τ of the projected system
using standard, harmonic, or refined extraction techniques

u = Ukc
5. r = AUkc− θu
6. Stop if‖r‖ ≤ ε
7. Solve (approximately)s ⊥ u from

(I − uu∗)(A− θI)(I − uu∗) s = −r

ALGORITHM 6.1: The basic Jacobi–Davidson method for the computation of an approximate eigenpair
(θ, u) closest to the targetτ .

The practical performance of the JD method can be speeded up considerably by several
practical enhancements. First consider restarts. In practice it is necessary to shrink the search
spaceU every now and then to ensure modest computational and memory costs. When the di-
mension ofU reaches a given maximal valuemaxdim , themindim most promising approx-
imate eigenvectors are extracted to form a new reduced basis forU , with which the method
is restarted. Experiments suggest not to restart using too few vectors; popular values are
5 ≤ mindim ≤ 10 and for20 ≤ maxdim ≤ 30. Inspired by the three-term recurrence
processes for CG and BiCG, Saad and Stathopoulos have launched ideas for a thick restart
[67, 66], where also one or more of the approximate eigenvectors of the previous step are
used.

Since the JD method can be seen as an accelerated inexact Newton process with favorable
local convergence properties, it is advisable to start with a sensible approximate eigenpair. In
Sleijpen’s JDQR and JDQZ codes [37], this is done by first generating a Krylov search space
of dimensionmindim , before the genuine JD process sets in.
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Two other techniques which often lead to a considerable performance improvement were
already mentioned in Sections 2 and 5: switchingλ̃ from the targetτ to the Rayleigh quotient
θ at an appropriate time (for instance based on the residual norm), and carrying out a suitable
number of inner iterations.

Block methods generally may perform well if there is a cluster of eigenvalues. Geus [20]
and Brandts [10, 11] have experimented with a block JD variant, and given attention to its
relation with the Riccati equation.

Deflation is a technique that is used in the situation in which we have detected an eigenpair
(λ,x) and would like to find other pairs. An orthogonal deflation approach replacesA by
(I−xxH)A(I−xxH) after findingx. Adding these projections is both natural in the Jacobi–
Davidson context as well as attractive from a numerical point of view, since this involves
orthogonal transformations onx⊥ that are inherently stable with respect to rounding errors.
The resulting JD variant, called JDQR [17], computes a partial Schur decompositionAQ =
QS, whereQ is an × k matrix whose columns, the “Schur vectors”, are orthonormal andS
is k × k upper triangular with eigenvalues ofA as diagonal elements. IfA is Hermitian,S is
diagonal and the Schur vectors are also eigenvectors ofA. If A is not Hermitian, eigenvectors
of A corresponding to eigenvalues appearing on the diagonal ofS are easily recovered by
formingu = Qc, wherec is a (k-dimensional) eigenvector ofS. A partial generalized Schur
form AQ = ZS, BQ = ZT for the generalized eigenvalue problemAx = λBx is computed
by JDQZ [58, 17, 37].

7 Variants

The JD method has several interesting variants for nonsymmetric matrices and for matrices
with a special structure. In several applications the matrixA is complex symmetric,A ∈
Cn×n, AT = A; most notably in the field of electro-magnetic simulations [1, 69]. A JD
variant for complex symmetric matrices is discussed in [2].

Two-sided Jacobi–Davidson (also called bi-Jacobi–Davidson) was studied in [66, 30], see
also [58]. This method is particularly suitable in applications where it is favorable to have
an approximation to the left eigenvectory and/or an approximation to the condition number
|x∗y|−1 of the eigenvalue during the process. Alternating Jacobi–Davidson [30] can be seen
as a combination of standard and two-sided JD. For real matrices, we know that the eigenval-
ues and vectors come in complex conjugate pairs; this fact is used in [80].

We mention that Jacobi–Davidson type methods have also been developed for eigenvalue
problems of more general type: the generalized eigenvalue problem [58, 4, 75], constrained
eigenvalue problem [75], polynomial eigenvalue problem [58, 4, 43, 75, 32, 31], nonlinear
eigenvalue problem [8, 81], singular value problem [24, 25], generalized singular value prob-
lem [27], and multiparameter eigenvalue problem [29, 28]. These papers show that JD type
methods may be quite attractive for “more complicated” eigenproblems, also without precon-
ditioning. For the multiparameter eigenvalue problem for instance, the JD type methods are
actually the first suitable methods for even moderately sized matrices.
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12 M.E. Hochstenbach and Y. Notay: The Jacobi–Davidson method

8 Numerical illustration

The JD method has been successfully applied in several practical contexts, see for instance
[9, 79, 22, 65, 42, 46, 23, 47, 42, 83, 15, 82, 7, 19, 55, 33]. In [45], JD is compared numerically
with Davidson and Lanczos.

Here we illustrate the method by computing the smallest eigenvalues and associated eigen-
vectors of the matrixA resulting from the 5-point finite difference approximation of the Lapla-
cian on the unit square with Dirichlet boundary conditions on the entire boundary, using a
uniform mesh with mesh sizeh in both directions. We consider a JDQR flavor of JD to com-
pute up to the 8 eigenpairs corresponding to the 8 smallest eigenvalues. Forh = 1/180,
these eigenvalues areλ1 ≈ 19.7, λ2 = λ3 ≈ 49.34, λ4 ≈ 78.95, λ5 = λ6 ≈ 98.68,
λ7 = λ8 ≈ 128.3; they do not change much for smaller mesh sizes. As we look to the eigen-
values closest to zero, we selectτ = 0 as “target”. The tolerance on the residual norm for the
convergence of the eigenpair is10−12. The restart parameters aremindim = 7 andmaxdim
= 14. For inner iterations, we use the stopping strategy proposed in [49], that implements
the ideas in Section 4, based on an estimation of the outer residual during the course of inner
iterations.

For K, we consider the algebraic multilevel (AML) preconditioning defined in [48], for
which the spectral condition number (11) may be bounded independently ofh. In Figure 1, we
have plotted the norm of the residual in the eigenvalue equation against the number of matrix
vector multiplications; the diamonds� correspond to true residual norms as computed at each
JD (outer) step, whereas at other points the plot follows the estimation of the residual as it may
be computed during inner CG iterations, see [49] for details. In the pictures to the right, each
peak that follows the convergence of an eigenpair corresponds to the reinitialization of the
process in order to compute the next eigenpair, according to the deflation strategy sketched
above. For purpose of comparison, we also plot the evolution of the residual norm when
solving a linear systemAx = y using the CG method with preconditionerK.

One sees that the convergence in the eigenvalue computation is essentially as fast as in the
linear system solution, with some overhead proportional to the number of JD steps. Further-
more, the convergence towards the desired eigenpair(s) appears to beh-independent, which
is explained by theh-independency of the condition number ofK−1A. It should also be
observed that no specific difficulty arises from the multiplicity ofλ2 , λ5 andλ7 .

Finally, we plot in Figure 2 the evolution of the relative error for the first eigenvalue, com-
paring Lanczos iterations [21] with the JD method, using three different techniques to define
K: algebraic multilevel preconditioning (AML) as above, the standard incomplete factoriza-
tion preconditioning without fill-in (ILU) [44], and the modified version of the latter for which
K andA have same row-sum (MILU) [14]. One sees that the better the preconditioner, the
more impressive the gains.

9 Concluding comments

The Jacobi–Davidson method is one of successes of numerical linear algebra. Although the
principle behind it (Newton) is basic, the method is very flexible and easily generalizable. A
Matlab implementation of JDQR and JDQZ was written by Sleijpen [37]. Notay modified this
code for his JDCG [36]. Geus [20] wrote a C implementation of JD for symmetric matrices.
Pseudocodes for several of the mentioned algorithms can be found in [4].
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FIG. 1: Residual norm against MVM for AML preconditioning.
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